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STOCHASTIC CALCULUS FOR MARKOV PROCESSES ASSOCIATED
WITH SEMI-DIRICHLET FORMS
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Abstract. We present a new Fukushima type decomposition in the framework of semi-
Dirichlet forms. This generalizes the result of Ma, Sun and Wang [17, Theorem 1.4] by re-
moving the condition (S). We also extend Nakao’s integral to semi-Dirichlet forms and derive
1t6’s formula related to it.

Introduction. Let E be a metrizable Lusin space, i.e., E is topologically isomorphic
to a Borel subset of a complete separable metric space, and m be a o-finite positive measure
on its Borel o-algebra B(E). We consider a quasi-regular semi-Dirichlet form (£, D(E)) on
L2(E; m) with associated Markov process M = ((X;);>0, (Px)xeE,), Where A (the ceme-
tery) is an extra point adjoined to E and Eo = E U {A}. Throughout this paper, any function
u on E is considered as a function on Ea by putting u(A) = 0. For u € D(E);,. (see (5)
below for the precise definition), we define the additive functional (AF in short) Al“} by

AM = (X)) — i(Xo)

where i is an £-quasi-continuous m-version of u. The aim of this paper is to establish a
Fukushima type decomposition for A™! and study the stochastic integral fé v(Xs-)d AE"] for
v e D(E)oc-

We refer the reader to [14, 15, 20] for notations and terminologies related to semi-
Dirichlet forms. In particular, we refer the reader to the new monograph [20] for the potential
theory of semi-Dirichlet forms including the correspondence between positive continuous ad-
ditive functionals and smooth measures.

Let us start with a brief introduction to the development of Fukushima’s decomposi-
tion. Fukushima’s celebrated decomposition theorem was originally established for regular
symmetric Dirichlet forms (see [6] and [7, Theorem 5.2.2]) and then extended to the non-
symmetric and quasi-regular ones (cf. [19, Theorem 5.1.3] and [15, Theorem VI.2.5]). If
(€, D(E)) is a quasi-regular Dirichlet form and u € D(E), Fukushima’s decomposition tells
us that there exist a unique martingale AF (MAF in short) M of finite energy and a unique
continuous AF (CAF in short) N!“! of zero energy such that

(1) i(X;) — i(Xo) = MM + N,
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If (£, D(E)) is a strongly local symmetric Dirichlet form, Fukushima’s decomposition
(1) holds also for u € D(E),,, with M1 being a MAF locally of finite energy and N'*J being
a CAF locally of zero energy (cf. [7, Theorem 5.5.1]). For a general symmetric Dirichlet
form (£, D(E)), Kuwae showed that the Fukushima type decomposition holds for a subclass
of D(E);,. (see [12, Theorem 4.2]). If (£, D(E)) is a (not necessarily symmetric) Dirichlet
form, Walsh showed in [26, 27] that for u € D(E),,. there exist a MAF W!“! Jocally of finite
energy and a CAF C!“! Jocally of zero energy such that

(2) A),[u] — Wt[u] + Ct[u] + Vt[u] ,
where

vIiti= 3 @) = BOGD ok —acx, 11 Li<e) — #(Xe ) Tizg) -

O<s<t

Hereafter ¢ denotes the lifetime of M.

If (£, D(E)) is only a semi-Dirichlet form, the situation becomes more complicated.
Note that the assumption of the existence of dual Markov process plays a crucial role in
Fukushima’s decomposition. In fact, without that assumption, the usual definition of energy
of AFs is questionable. If (£, D(E)) is a quasi-regular local semi-Dirichlet form, Ma et al.
showed in [13] that Fukushima’s decomposition holds for u € D(E),,.. For a general regular
semi-Dirichlet form, Oshima showed in [20] that Fukushima’s decomposition holds for u €
D(E)y.

Let (£, D(€)) be a quasi-regular semi-Dirichlet form. We define 1(¢) := [0, ¢[U[& 1,
with ¢; being the totally inaccessible part of . We refer the reader to [9, 3.14] for the definition
of stochastic interval. Denote by J the jumping measure of (£, D(E)). Foru € D(E);,¢, Z. M.
Ma et al. showed in [17, Theorem 1.4] (cf. also [24]) that the following two assertions are
equivalent.

(i) # admits a Fukushima type decomposition. That is, there exist a locally square inte-
grable MAF M (4] on 1(¢) and a local CAF Nl on 1(¢) which has zero quadratic variation
such that (1) holds.

(ii) u satisfies

8 : puuldx):= / (n(x) — ﬁ(y))zl(dy, dx) is a smooth measure .
E

Moreover, if u satisfies Condition (S), then the decomposition (1) is unique up to the equiva-
lence of local AFs. We refer the reader to [7, page 271] for the notion of local AFs.

In the first part of this paper, we will establish a new Fukushima type decomposition for
u € D(E);,. without Condition (S). Define

3) M= 37 ((X) — (X)) a(x,)—a(xe =1 -

O<s<t
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In Section 1 (see Theorem 1.2 below), we will show that, for any u € D(E),,,., there exist a
unique locally square integrable MAF Y!“! on I(¢) and a unique continuous local AF Z[“ of
zero quadratic variation such that

(4) AE“] — Yt[u] + Zt[u] + Ft[u] .

The decomposition (4) gives the most general form of the Fukushima type decomposition in
the framework of semi-Dirichlet forms. It implies in particular that A"! is a Dirichlet process
(cf. [4, 5]), i.e., is the summation of a semi-martingale and a zero quadratic variation process.

In the second part of this paper, we will define the stochastic integral fot v(Xs—)d AE”] for
u,v € D(E)jye and derive the related It6’s formula.

Let (£, D(E)) be a regular symmetric Dirichlet form. For u € D(E) and v € D(E)y,
Nakao studied in [ 18] the stochastic integral fot v(Xs-)d Ag”] by introducing so-called Nakao’s
integral fot (X s_)dNS[“]. Later, Z. Q. Chen et al. and Kuwae (see [3] and [12]) extended
Nakao’s integral to a larger class of integrators as well as integrands. By using different
methods, Walsh ([25]) and C. Z. Chen et al. ([2]) independently extended Nakao’s integral
from the setting of symmetric Dirichlet forms to that of non-symmetric Dirichlet forms. By
virtue of the decomposition (2), Walsh also defined Nakao’s integral for more general inte-
grators as well as integrands in the setting of non-symmetric Dirichlet forms (see [27]). In
all of these references, the related It6’s formulas have been derived for the stochastic integral
3 5(Xy—)d A,

In Section 2, we will define the stochastic integral fé f)(XS_)dAE"] foru,v € D(E)joe
and derive the related It6’s formula in the setting of semi-Dirichlet forms. Owing to the non-
Markovian property of the dual form, all the previous known methods in defining Nakao’s
integral ceased to work. Note that if (£, D(E)) is only a semi-Dirichlet form, its symmetric
part is not a symmetric Dirichlet form in general but a symmetric positivity preserving form
and the dual killing measure might not exist. These cause extra difficulties in defining Nakao’s
integral. In this paper, we will combine the method of [2] with the localization technique of
[13] and [17] to define the stochastic integral fé f)(XS_)dAE"] and derive the related Itd’s
formula.

In Section 3, we will give concrete examples of semi-Dirichlet forms for which our
results can be applied.

1. Decomposition of i1 (X;) — u1(X() without Condition (S). The basic setting of this
paper is the same as that in [17], to which we refer the reader for more details. Let (£, D(E)) be
a quasi-regular semi-Dirichlet form on L2 (E; m) with E being a metrizable Lusin space and m
being a o -finite positive measure on B(E). Denote by (7;);>0 and (Gg)a >0 (resp. (f",),zo and
(éa)azo) the semigroup and resolvent (resp. co-semigroup and co-resolvent) associated with
(€,D()). LetM = (, F, (F1)r=0, (X1)1>0, (Px)xecE,) be an m-tight special standard pro-
cess which is properly associated with (£, D(E)).

Throughout this paper, we fix a function ¢ € Ll(E; m) with 0 < ¢ < 1 m-a.e. and
seth = G119, h = Glcf). Denote tp := inf{r > 0| X; ¢ B} for B C E. Let V be a quasi-
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open subset of E. We denote by MY = (X );>0 the part process of M on V and denote
by (£, D(EV)) the part form of (£, D(E)) on L>(V; m). It is known that MV is a standard
process, D(EY) = D(E)y = {u € D) |i =0, E-ge.on V), and (Y, D(E)y) is a quasi-
regular semi-Dirichlet form (cf. [11]). Denote by (7, )i=0, (T, )i20, (G¥)az0 and (G )y=0
the semigroup, co-semigroup, resolvent and co-resolvent associated with (£ v D()vy), re-
spectively. Define 2" := G}¢ and h¥* := ¢=2TV(GY ). Then 1V, h"* € D(E)y and
hY* < hV. Denote D(E)y.p, := Bp(E) N D(E)y.
For an AF A = (A;);>0 of MV, we define

eV (A) ~=1imiE—V (A%
T1l0 2t om0

whenever the limit exists in [0, 0o]. For a local AF B = (B;);>0 of M, we define
eV’*(B) = lt%l %Eﬁvmm(Btsz)
whenever the limit exists in [0, oo].
Define
MY ;= (M| Misan AF of MV, E,(M?) < 00, Ex(M;) =0
forallt > Oand £-q.e. x € V, eV(M) < 00},

NY :={N|NisaCAFof M, E,(|N;|) < oo forallz > 0
and E-q.e.x € V, eV (N) =0},

O := {{V,}| V,, is £-quasi-open, V, C V,41 E-q.e.
VneN, and E =U,V, E-qe.l,

(&) D(&)jpe :={u|3{Vy} € © and {u,} C D(E)

such that u = u, m-a.e.onV,, Vn € N},

Mioe :={M | M is alocal AF of M, 3{V,}, {E,} € © and {M" | M" € M""}
such that E, C Vi, Mipcp, = M, t>0,neN}

IATE,
and
Lc.:={N|Nisalocal AFof M, 3{E,} € © such thatt > Niatg,
is continuous and of zero quadratic variation, n € N}.
In the above definition, { N; ATE, } is said to be of zero quadratic variation if its quadratic vari-
ation vanishes in P,,-measure, more precisely, if it satisfies
[T/er]
Z (Nik+Deyrtg, — N{ksz}/\rsn)z — O as! — oo in Pj-measure,
k=0
for any T > 0 and any sequence {g;};en converging to 0.
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We use £; to denote the totally inaccessible part of £, by which we mean that ¢; is an {F;}-
stopping time and is the totally inaccessible part of ¢ with respect to Py for £-q.e. x € E. By
[17, Proposition 2.4], such ¢; exists and is unique in the sense of Py-a.s. for £-q.e. x € E.
We write 1(¢) := [0, ¢[U[[¢& 1. By [17, Proposition 2.4], there exists a {V,;} € © such that
for any {U,} € O, I(¢) = U,ll0, tv,nu, 1| Px-a.s. for £-q.e. x € E. Therefore 1(¢) is a
predictable set of interval type (cf. [9, Theorem 8.18]). By the local compactification method
(see [15, Theorem VI.1.6] and [10, Theorem 3.5]) in the semi-Dirichlet forms setting, we
may assume without loss of generality that M is a Hunt process and E is a locally compact
separable metric space whenever necessary.

In this paper a local AF M is called a locally square integrable MAF on 1 (¢), denoted
by M € /\/lllo(f), if M € (M2 )1 in the sense of [9, Definition 8.19]. For u € D();ycs
we define the bounded variation process F!“! as in (3). Denote by J(dx, dy) and K (dx) the
jumping and killing measures of (£, D(£)), respectively (cf. [10]). Let (N (x, dy), H;) be a
Lévy system of M and pg be the Revuz measure of the positive CAF (PCAF in short) H.
Then, we have

1
(6) J(dy, dx) = SN, dy)un(dx), K(dx) =N, {A)pn(dx).

Define (cf. [13, Theorem 5.3])

S’E';O == {u € So|Uin < ¢G4 for some constant ¢ > 0},

where Sp denotes the family of positive measures of finite energy integral and Uy is the
1-co-potential.
We put the following assumption:

ASSUMPTION 1.1. There exist {V,} € ® and a sequence of locally bounded functions
{C,,} on R such that foreachn € N, if u, v € D(E)y, , then uv € D(E) and

Ev, uv) < Cp(llulloo + IVlloo) (E1(u, u) + E1(v, v)) .
Now we can state the main result of this section.

THEOREM 1.2. Let (€, D(E)) be a quasi-regular semi-Dirichlet form on L*(E; m)
satisfying Assumption 1.1. Suppose u € D(E);,.- Then,
(i) There exist Y"1 ¢ /\/lllo(g) and ZM € L. such that

(7) X)) —aXo) =Y+ ZM 4 F" 1 >0, Pias. foré-ge xeE.

The decomposition (7) is unique up to the equivalence of local AFs, and the continuous part
of ylu] belongs to M.

(ii) There exists an {E,} € © such that forn € N, {Y,[K]rEn} is a Py-square-integrable
martingale for E-g.e. x € E, eF»*(Y") < oo; Ex[(Zt['/‘\]rEn)z] <oofort >0, E-qe x € E,
ebnx(Zy = 0.
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A Fukushima type decomposition for Al*l has been established in [17] under Condition
(S). Below we will follow the argument of [17] to establish the decomposition for A} — Flx]
without assuming Condition (S). Before proving Theorem 1.2, we prepare some lemmas.

We fix a {V,} € O satisfying Assumption 1.1. Without loss of generality, we assume
that A is bounded on each V,,, otherwise we may replace V,, by V,, N {h < n}. Since h" =
éi/”qﬁ < élqﬁ = fz, 1" is bounded on Vi To simplify notations, we write

ﬁn = P_LV" .
LEMMA 1.3 ([17, Lemma 1.12]). Letu € D(E)v, ». Then there exist unique Ml e
MVn and N1 ¢ ./\/CV" such that for E-q.e. x € Vy,

(8) ax;"y —axyy =M 4 NP >0, Peeas.

We now fix au € D(E);,.. Then, there exist {an} € © and {u,} C D(E) such that
u = u, m-a.e. on an. By [16, Proposition 3.6], we may assume without loss of generality
that each u, is £-quasi-continuous. By [16, Proposition 2.16], there exists an £-nest {Fnz} of
compact subsets of E such that {u,} C C{F, kz}). Denote by Vn2 the fine interior of Fn2 Then
{V2} € ©. Denote V> = V,, N V! N V2. Then {V,}} € ® and each u,, is bounded on V..

Forn € N, we define E,, = {x € E|fz:,(x) > %}, where h, := GY"¢. Then {E,} € ®
satisfying E_,,g C Epy1 E-qe.and E, C V, £-q.e. foreachn € N (cf. [11, Lemma 3.8]).
Hereafter, for B C E, we use B to denote its &-quasi-closure. Define f,, = ni;, A 1. Then
fne DE)v, b, fn=10nE, and f;, = 0on VY. Denote by Q, the bound of |u,| on Vn3. By
[11, (2.1)] and Assumption 1.1, we find that [(—Q, f,,) V un A (Qnfu)lfn € D(E)v,.». To
simplify notations, below we still use u, to denote [(—Qp fr) V uy A (Qn fn)]. Then we have
Up, Unfn € DE)v, p,andu = uy, = u, fyon E, N V,f.

Denote by J"(dx, dy) and K" the jumping and killing measures of (", D(E")), re-
spectively. Let (N"(x, dy), H]') be a Lévy system of MV and ppn be the Revuz measure
of H". Then J"(dy,dx) = %Nn(x,dy)pl,[_]n(dx) and K"(dx) = N"(x, {ADugn(dx). For
n € N, since f,,unf, € D(E)v, », we obtain by [17, Proposition 1.8] that f,, u, f, sat-
isfy Condition (S). That is, ,u’}n (dx) := an (fn(x) — fu(y)2J"(dy, dx) and ,uﬁnfn (dx) :=
an ((Un fu)(x) — (uy fn)(y))ZJ”(dy, dx) are smooth measures with respect to MV Let V be
an £-quasi-open set of E. We define

Oy := {{Rk} | Rk is £-quasi-open, Ry C Ry4+1 £-q.e.

o
VkeN, andV = U Ry £-q.e.}.
k=1

Then, for each n € N, there exists a {R,’;}keN € Oy, such that foreach k € N,

&) K" (Ry) < oo, /Rn /v (fa @) = fa()*T"(dy, dx) < o0,
k n
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/ / ((tn f) () = (n fr) V)T (dy, dx) < 0.
R IV,

By [11, Lemma 3.8], we may assume without loss of generality that R_,?S C R/ &qe.

Since {V,,;} € O, by [11, Lemma 3.6] and the separability of D(E) with respect to the
811 / 2-norm, we know that there exists a sequence {§,} satistying &, € D(€)y, forn € N
and {§,|n € N}is Ef/z-dense in D(E). For each n € N, we select an a, € N such that
infeene) &6 — &6 — &) < L Then U2, D(©)ry is £"*-dense in D(E) and thus
limy, - o0 canp¢(E \Rz,) = 0 by [14]. We select a subsequence {n;} such that cap, (E \RJ!

ny
——&

% for each I € N. Define f ; := (2, Ray, forl € N. Then, {f} is an £-q.e. increasing

sequence of £-quasi-closed sets satisfying lim;—, oo capy(E\F ;) = 0. For/ € N, we define by

V,fl the fine interior of f ;. Therefore, we obtain by [11, Lemma 3.7] and (9) that {V,fl 2, €0

and foreach/ € N, Vn41 C Vi,

) <

K" (V) < o0, fv ) fv (fu () = fu, 2T (dy. dx) < 00,
ny ny

/ / (Ut for) (¥) = Gty fu) P2 T (. dx) < 00

Vi I Vi

To simplify notations, we still use {n} to denote {n;} and use E, to denote E,, N Vn3l N V,,4l.
Then we have {E,} € ® and foreachn € N, E,, C Vy, un fu € D(E)v,.p, 4 = U fr on Ep,

(10) K"(En) < o0, / ; (fu () = fu(3)? " (dy, dx) < o0,

/E /V (@ f) (x) = (n f) ()" (dy, dx) < 00.

LEMMA 1.4. Letu € D(E)jpc. Denote

FIMY = Y @(X) = (X)) iy —acx, 1<) -

O<s<t

Then, FI[K]T’; is integrable with respect to P, := [ Pyv(dx) foranyv € .§6ko satisfying v(E) <
00.

PROOF. Letv € S‘(’)ko with v(E) < oo. By [13, Lemma A.9], there exists a constant
C, > 0 such that for any PCAF A with Revuz measure 14, we have

an Ev(A) < cu(1+t)f Fdpa. 150,
E
Note that u(X;) = u,(Xy) forany s < tg,. By [7, (A.3.23)], (6) and (11), we get

(12) E,[F¥*]

INTE,
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<E, |: Z (un(Xs) — un(Xs—))zl{u,,(XS)—u,,(XS_)51}i| +v(E)

0<s<tAtg,

_E, [ /0 o /E 1) = X P a1z N O dy)st} +v(E)
<Cy(1+1) . 2()6) /EA (tn () = un )y () -1y <1} N (%, dY) i1 (dx) + v(E)
=Cy(1+1) {2 /E n ho) fE W () = 10 O fun ()t 01111 (', )

+ /E 2(3()”3(30l{Iun(X)|Sl}K(dx)} +v(E)
=C(1+1) {2 /E n hx) fv (n(3) = ) iy -1 (. )

+/E fz(x)u,%(x)1{|un(x)|<1}1<"(dx)}+u(E).

Note here that K" (dx) = K(dx) +2J(VS,dx)on V, and J" = J on 'V, x V,.
Further, we obtain by f;, = 1 on E,, (10) and (12) that

EJFip ]
scv(1+r>||fz|E,,||oo{2/E £2(x) /V(un(w—un(x))zl{um_unm<1}J"(dy,dx>+K"(En)}
+ v(E)

<Co(1+ D)l {4/}2 /Vn(fnm — OGNy, dx)

vaf n fv SO0~ (0l ) + K"(En>} (B
<Co(1 + D)l oo {4/E /Vn(fnoc) — NIy, dx)

8 /E n fv (i) = f) ). )

+ SfE uﬁ(x)/v (fu@) = fuON2I"(dy, dx) + K"(En)} +v(E)

<.
O

Proof of Theorem 1.2 (i). Let {V,}, {E,} and {u, f,} be given as before. By Lemma 1.3, for
n € N, there exist unique M”41 fal € AqVn and N™[unfal € AZY" such that for E-q.e. x € V),

Mnfn(Xtvn) _ Llnfn(X(‘)/n) — Mtn,[unfn] + Ntn,[unfn]’ t > O, Px-a.s.
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Hereafter, for a martingale M, we denote by M¢ and M? its continuous part and purely

discontinuous part, respectively. By [17, Lemma 1.14], for n < I, we have MLl _

INTE,
MII’A[ZQ{’]’C .1 >0, Py-as. for E-q.e. x € V,,. Therefore, we can define (M0 <t < o0}

by MM = Timy_ oo MU for 0 < ¢ < 7, andn € N; MM := 0 for ¢ > ¢ if there
exists some n € N such that 7z, = ¢ and ¢ < oo, or MM := 0 fort > ¢ if 1, < ¢ for any
n € N. Following the argument of the proof of [17, Theorem 1.4], we can show that M€ is
well defined, M"-¢ € My, and M€ € Mlln(f)

Denote Au(Xs) := u(X5) — it(Xs—). By Lemma 1.4,

.
D DR-VIC OIS I -U1e ST

O<s<t O<s<t

= Z Au(Xs)l{}S\Au(Xs)lsl}

O<s<t

t
—/f @(y) — u(Xs))N (X, dy)d Hy
0 J{l<lim—i(x,)|=1)

is well-defined. Hereafter 7 denotes the dual predictable projection. Further, by Lemma 1.4
and following the argument of the proof of [17, Theorem 1.4] (with M! therein replaced with
Y' of this paper), we can show that for £-q.e. x € E, YZQTE" converges uniformly in 7 on each
finite interval for a subsequence {/; — oo} and for each k,

Ik _ v Ik 3
Y(HS)MEH = Yineg, + Yoneg, 0 Oinrg,, iIf0 <15 <o00.

Thus, L", the limit of {Y, f’j\r £ Joo |- 18 @ Py-square integrable purely discontinuous martingale
for £-q.e. x € E and satisfies:

L'('HS)MEn = L;’ME" + L;’ME” 0Oz, IF0<t,5 <o00.
By the above construction, we find that L?*TEM = L;lirE,,l forny < ny. We define {Yz[u]’d |0
<t < oo} by Yt[”]’d =L} for0 <t <t1g,andn € N; Y,[”]’d := (0 for ¢t > ¢ if there exists

some n € N such that tg, = ¢ and ¢ < 0o, or Y,["]’d :=0fort > ¢iftg, < ¢ foranyn € N.
Then Y114 ¢ M ®) | which gives all the jumps of #(X;) — ii(Xo) on I(¢) with jump size
less than or equal to 1. Since {Ytl} is an MAF for each /, we find that {Y,[”]’d} is a local MAF
by the locally uniform convergence on 1 (¢).

We define ¥14) := pMlule 4 ylld and Z[U) = (X ey, ) — i (Xo) — YL, — FL

INTE, INTE,
for each n € N. Then Z["! is a local AF of M. Note that

AZ[M]

INTE),

=Ai(Xipry,) — AV AFMY

tATE, — INTE,
=Au(Xineg,) = A (Xenrg, ) (| 8a(Xopey, )11}
_ AIZ(X,MEn)l”A,;(XWEn)|>1}
=0.
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Hence t — Zt[ At 1S continuous. Now we show that {z iatg, } has zero quadratic variation and
thus Z[“) € L.. Note that f, = 0 on V. By Fukushima’s decomposition for part processes,
we have that
(13) unfn(Xt/\rEn) — un fu(Xo)
Vn
=up fn (Xz/\rE — Unfn (X"
M un ful + Nt [un fnl

INTE), NTE,

MtAruEnfn] ‘+ Mz lun ful.d + N/ Lin il

NTE, INTE,

M unfn]L+Mt unfn]sSd_I_Mt unfn]sbd_'_Nt [un fn]

INTE), ATE, ATE, NTE, )

where

n,[un fulsd __ . Vi Vo
M = lim D n fu(XJ") = fu(X{)1 (1 <l o Xyt Fa KV 1)

O<s<t

t
- / f (U fo ) —ttn fo (XY )N (XY dy)d HY
{7 <lttn fun(y)—un fn(X;")|<1}

and
n,[uy ful bd _ Vu Va
M; - Z (unfn(Xc ) - M"fn(XS_))1{\Mnfn(xy")—Mnfn(X:/f)bl}
O<s<t
t
-/ WS = fu XN (X dy)d H
[n fu (V) —un fu(Xg™)|>1}
We define

B, = {(ﬁ(XrEn) = 84X g, - N a(X ey )Xoy, )1

—(un frn(Xep,) — unfn(XrEn—))l{mfn(xfEn>—unfn<xf5n7>\sl}} Vg, <) -

{B;} is an adapted quasi-left continuous bounded variation process and hence its dual pre-
dictable projection {B/’} is an adapted continuous bounded variation process (cf. [7, Theo-
rem A.3.5]). By comparing (13) to

i(Xinrg,) — i(Xo) = MUbe pyfibd ozl
we get

(14) z

INTE,

+ Mt unfn ,bd _ F[u]

ATE, INTE,

[un fn n,[Un fn
Nt/\'[E f + Mt/\'[E f Yt[KIE

+ M(Xt/\rEn - unfn (XtArE )
nJjn nJjnis» d d
Nt/\rljg Jnl + (Mt/\tuE Jnls t/I<]IE + Bt Btp) + Btp

INTE), v
_/ / v (unfn(y)_unfn(Xgn))
0 {lun fu (V)= fr (Xs™)|>1}
- N"(XJ", dy)dH]!
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Hence {M]’ A’[T“E”nf nhsd _ Y,[K]T’Edn + B; — B}’} is a purely discontinuous martingale with zero jump,
which must be equal to zero. The quadratic variation of { N}’ /’\[T”E"nf "]} vanishesin P;  -measure
(see the proof of [17, Lemma 1.14]) and the quadratic variation of {B/} vanishes in Py.n-
measure since {B/} is a continuous bounded variation process. Denote by C! the last term
of (14). By (10), one finds that {C['} is a P,-square-integrable continuous bounded variation
process for any v € g, satisfying v(E) < oo. Hence its quadratic variation vanishes in
Py.n-measure. Therefore, the quadratic variation of {Zt['/‘\]rEn} vanishes in P,,-measure since
m(E,) < oo, i.e., {Zt['i]rEn} has zero quadratic variation.

1(¢)

loc and

Finally, we prove the uniqueness of decomposition (7). Suppose that Y’ € M
Z' € L, such that

u(X;) —u(Xo) =Y +27Z; + F,[“], t >0, Py-as. for€-qe.x € E.

By [17, Proposition 2.4], we can choose an { E,} € ® such that I (¢) = U,[[0, tg, ]| Py-a.s. for
£-q.e. x € E. Then, foreachn € N, {(Y!*] — Y/)™} is a locally square integrable martingale
and a zero quadratic variation process. This implies that P, (Y] — Y")%n), = 0,Vt €
[0, 00)) = 0. By [13, Theorem A.8], following the proof of [7, Lemma 5.1.10(iii)], we have
that P, (((Y!) — Y")"En), = 0,Vt € [0, 00)) = O for £-q.e. x € E. Therefore ¥“! = v/,
0 <t < 1R, Pc-as. for £-q.e. x € E. Since n is arbitrary, we obtain the uniqueness of
decomposition (7) up to the equivalence of local AFs.

Proof of Theorem 1.2 (ii). By (i), Yl ¢ MIIO(E) Hence (Yluld), = (/] S, G(X5) —
ﬂ(y))21{|g(xs)_g(y)‘51}N(XS,dy)dHS)ll(;) is a PCAF on 1(¢) and can be extended to a
PCAF by [3, Remark 2.2]. The Revuz measure of (Y“}9) is given by

1, (dx) =2 /E @(x) — A —ic) <1y (dy. dx)
+ @2 (0) Lo < K (dx) .

By [17, Lemma 1.1], M?u) is a smooth measure. Therefore, there exists an {E),} € © such that

/L‘(IW(E;) < oo for each n € N. To simplify notations, we still use E, to denote E, N E,.
The remaining part of the proof is similar to that of [17, Theorem 1.15]. We omit the details
here. O

REMARK 1.5. (i) As in [17, Theorem 1.4], if we use M} :*! instead of M, ¢ | then
the uniqueness of the decomposition (7) may fail to be true.

(ii) For u € D(&)jye¢, if Condition (S) holds, i.e., u, € S, then by [17, Theorem 1.4],
there exist unique Ml e Mllu(f) and Nl € L. such that

(15) i(X) —i(Xo) =M" + Nt >0, Pe-as. foré-ge.x€E,
with

(16) M = My
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and

[ ]’d EERT ~ ~
a7 M;" —,I_IH}O Z @(Xs) = (XD e —acx, N

77
O<s<t
t
—f/ @(y) —u(Xs))N(Xs,dy)dHs ¢ .
0 J{t<lay—i(xs))

By comparing (15)-(17) with

(X)) — @(Xo) =Y[" + Z}" 4 F

ul,d

ZMZ[M]’C + Yt[ + Z),!u] + Ft[u] ,

wld _ - -
= tim 3 Y @) = AT o, ik, i<1)

O<s<t

t
- / / @(y) — G(X,)IN (X, dy)dH, | |
0 J{F=<li(y)—ii(X,)|<1}

we get
M =yt 3 (X) — (X)) ) —a(xe )= 1)
O<s<t
t
- / / @(y) — G(X,))N (X dy)dH, |
0 J{lu(y)—iu(Xs)|>1}
and

t
NI =zl 4 / / @(y) — i (Xs))N (Xs, dy)d Hy .
0 J{lu(y)—ia(Xs)|>1}

2. Stochastic integral and Ito’s formula. Let (£, D(E)) be a quasi-regular semi-
Dirichlet form on L2(E; m) with associated Markov process M = ((X1)r>0, (Px)xeEL)-
Throughout this section, we put the following assumption.

ASSUMPTION 2.1. There exist {V,,} € ©, Dirichlet forms (n™, D(n"™)) on L2(V,,;
m), and constants {C,, > 1} such that for each n € N, D(n™) = D(€)y, and

1
" ) < E1ww) < G (w,w). Vu € DE)y, .
n

By [15, Corollary 4.15], Assumption 2.1 implies Assumption 1.1. In this section, we

will first define stochastic integrals for part forms ("7, D(€)y,) and then extend them to
(&, D(&)).
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2.1. Stochastic integral for part process. We fix a {V,,} € © satisfying Assumption
2.1. Without loss of gsnerality, we assume that / is bounded on each V.., otherwise we may
replace V, by V,, N {ft < n}. Forn € N, let (", D(E)yv,) be the part form of (£, D(E))
on L?(Vy,: m). Then, (£, D(E) v,) is a quasi regular semi-Dirichlet form with associated
Markov process MY = ((X,")1=0, (PY")xe(va) (cf. [11]).

Let u € D(&)y, and denote AP = IZ(XIV”) - ﬂ(XX"). By Lemma 1.3, we have
the decomposition (8). For v € D(E)y, », we will follow [2] to define the stochastic inte-
gral fot 5(XY")d A" and derive the related 1td’s formula. Note that since (¥, D(E)y,)
is only a semi-Dirichlet form, its symmetric part (EV, D(€)y,) might not be a Dirichlet
form. However, we can use (77", D(n™)), the symmetric part of (y™, D(n™)), to substitute
(5 Vi D(E) v, ) and then follow the argument of [2] to define Nakao’s integral fot (X :/ YNy oL
and prove its related properties. Below we will mainly state the results and point out only the
necessary modifications in proofs. For more details we refer the reader to [2].

We use AZ"" to denote the family of all PCAFs of MV, Define

AZ’J“f ={A € Aﬁ’+ | the smooth measure, w4, correspondingto A is finite}

and
t
NI = {N}”J +[ g(Xpds + AV — AP | u € D(E)v,. g € L*(Vysm) and AV, AP € AT
0

Cc

Note that any C € N"* is finite and continuous on [0, 00) Py-a.s. for £-q.e. x € E. Similar
to [18, Theorem 2.2], we can prove the following lemma.

LEMMA 2.2. Let Y be afinely open set such that Y C V,. IfCV, C® e N'* satisfy

1y N R ARG\
Iim-E," [C =lim-E,"” [C;”], Vh e D ,
zlff)lt G '] zlfgt oG] Erp

then CVY = C fort < PxV"-a.s.for E-q.e.x €V,

Foru € D(€)y, and v € D(E)y, 5, we will define [, f)(XSVi)dNS"’[“] to be the unique
AF (Cy);>0 in N2°* that satisfies lim, o %EX%[C,] = —&V"(u, hv) for any h € D(E)v,.»
(see Definition 2.5 and Remark 2.6 below). Denote by (L"", D(L"")) the generator of (£",
D(€)y,). Note that if u € D(L"") then dN"" = LVru(X{")ds. In this case, it is easy to
see that for any v, h € D(E)v, »,

1 t
lim ;E,f"m U v(X;/")LV"u(X;/”)ds} = / hoLY udm = =€V (u, hv)
t 0 M
(cf. [13, Theorem A.8(vi)]). Hence our definition of the stochastic integral f(f (X ;/”)d Nl
for u € D(E)y, is an extension of the ordinary Lebesgue integral fot ﬁ(X;/" YLVn u(XSV" )ds for
ue D(L").

Similar to [2, Lemma 2.1], we can prove the following lemma.
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LEMMA 2.3. Let f € D(E)y,. Then there exist unique f* € D(E)y, and f* €
D(E)v, such that for any g € D(E)v,,

(18) (9 =" (" 9)
and
(19) (g =E(fR 9) .

Let f,g € D()y,. We use [LE’}) g) to denote the mutual energy measure of f and g
with respect to the symmetric Dirichlet form (77, D(E)v,). Suppose that u € D(E)y, and
v e D)y, . By [7, Theorem 5.2.3 and Lemma 5.6.1], we get

1 1
~ =~ (n) 2~ \° - (n) :
f| ([ o) ] ..

~ ~ 1 1
<2illoo 7 (h, )2 G (*, u*))2

Hence i — % f v, vd /JEZ?M is a bounded linear function on D(£)y,. By the Riesz represen-
tation theorem, there exists a unique element in D(&)y,, which is denoted by A(u, v), such
that

1

5 / iy o = " (M. v), h), Vh € DE)y, .

n

Let u* and A(u, v)* be the unique elements in D(E) v, as defined by (18) and (19) relative to
u and A(u, v), respectively. Similar to [2, Theorem 2.2], we can prove the following result.

THEOREM 2.4. Letu € D(E)y, andv € D(E)v, p. Then, forany h € D(E)v, p,
1 -
(20) EVi(u, hv) = Elv” (Au, v)>, h) + 5/ hdﬂgz)uﬂ +/ ™ — u)hvdm .
Vi ’ Vi

Note that [ng)u*) is a signed smooth measure with respect to (7, D(n™)) and hence
(&Y, D(E) v,) by Assumption 2.1. We use G (u, v) to denote the unique element in AT —
A" that is corresponding to ﬁgz)m under the Revuz correspondence between smooth mea-

sures of (€Y7, D(E)y,) and PCAFs of MY (cf. [13, Theorem A.8]). To simplify notations,
we define

t
T(u, v), == N,W“’”)A]—/ A, v)>(XVyds, 1>0.
0

DEFINITION 2.5. Letu € D(€)y, and v € D(E)y, ». We define for r > 0,

t t
/ 5(X/yd N = / 5(XVm)d N
0 0
t

=T (u, v); — %G(u, V) — fo w* — wyv(X)/)ds .
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REMARK 2.6. Letu € D()y, and v € D(E)y, ». Then one can check that fot f)(XX”)

dN™" ¢ N™*_ By Definition 2.5, (8), [1, Theorem 3.4], [13, Theorem A.8(iii)] and (20),
we obtain that

Uv [ oy
lim-E," X/m)d N
tlg)lt hml:'/o u( s) s

1 t 1 t
=lim-E," [N,W“’”)A]—/ A, v)2(XY)ds — =G (u, v); —/ (u*—u)v(X;/")ds:|
tJ0 t 0 2 0
= 0wty -~ [ Raa® . - * _ wyhvd
=—&"(A(u,v)7, h) 7 Ry ) V(u u)hvdm

=—EY(u, hv), Yhe DE)v, .

n

Therefore, by Lemma 2.2, f; 5(Xy")dN™"™ is the unique AF (Cy)r=0 in N2°* that satisfies
lim o LE," [C/] = =€V (u, hv) forany h € D(E)v, p.

Similar to [2, Proposition 2.6], we can prove the following proposition.

PROPOSITION 2.7. Letu € D(E)y,, v € D(E)v, » and Y be a finely open set such
that X C V. Suppose that there exist AV, A® € A" such that N = A — 4P for
t < ty. Then

t t
/ ﬁ(XSV")dN;”[ulzf 5(xVd(AWD — AD) forr < Ty
0 0

PXV" -a.s.forE-q.e. x € V.

THEOREM 2.8. Letv € D(&)y, » and {ur}i2, C D(E)y, such that uy converges to

ug with respect to the é 11 12 norm as k — oo. Then there exists a subsequence {k'} such that
forE-q.e.x €V,

t
PXV”<lim / 5(xVmya N !
k'— 0 :

o0
t
= / 5(XVryd N™ 0] uniformly on any finite interval of t) =1.
0

PROOF. By Definition 2.5, we have

P t
/ E(X;/")dN;l’[uk] :Ntrt,[k(uk,v)ﬂ] _ / Auk, U)A(XSV")dS
0 0

l t
~ 5 Glug, vy - f W} — wu(XY)ds .
0

For each term of the right hand side of the above equation, we can prove that there exists a
subsequence which converges uniformly on any finite interval of . Below we will only give
the proof for the convergence of the third term. The convergence of the other three terms can
be proved similar to [2, Theorem 2.7] by virtue of [13, Lemmas 2.5 and A.6].
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We use §; and U lv " to denote respectively the family of positive measures of finite
energy integral and 1-co-potential relative to (£V, D(E)y, ). Define

S’g(’)* ={nesl 01V"u < c(A;Y”qb for some constant ¢ > 0} .

Let A € B(E). By [13, Theorem A.3], if v(A) = O for every v € 380* then Cap¢(A) =0,
where the capacity cap,, is defined as in [14].

Letv € 3'6'(’)*. Recall that for u € D(E)y,, G(u, v) denotes the unique element in
AT — AT thatis corresponding to /:LEZ?M*> under the Revuz correspondence between smooth
measures of (£V, D(E)y, ) and PCAFs of M. Hence G (ux, v) — G (ug, v) = G(ux — ug, v)
for k > 1. We use G+(uk — ug, v) and G~ (ux — ug, v) to denote the PCAFs corresponding

7 (n) + d .
)y an ,u respectively. Then,

1O Ky (ug—ug v(uk up)*)?

E]Y" [ Sup |G(uk, U)_y - G(”Os U)Sl}

0<s<t

=E)" [ sup |G (ug — uo, U)s|:|

0<s<t

<E)r [ sup G (ug — uo, U)s:| + E)n [ sup G~ (ur — uo, U)s]

0<s<t 0<s<t
= E"[G (ug — ug, v) ]+ EV"[G™ (ug — uo, v)¢].

Therefore, by [13, Lemma A.9], we find that there exists a constant C,, > 0 (independent of
k) such that

EYr |: sup |G (ug, v)s — G (uo, v)sl]

0<s<t

<C, (1+t)/ hnd 2 oy

l

1
=2 o _(n) ?
< Cy(1+1) g hn dfi AL g~y

< 2C (1 + O i lloo (0™ (v, 1)) E (0™ (e — 10)* (g — u0)*))? .

which converges to 0 as k — oo. The proof is completed by the same method used in the
proof of [7, Lemma 5.1.2] (cf. [19, Theorem 2.3.8]). O

Similar to [2, Proposition 2.6 and Corollary 3.2], we can prove the following two propo-
sitions.

PROPOSITION 2.9. Letu,v € D(E)yv,. ». Then

t t
[ aoeanz g [t = NP e = o,
0 0
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PXV" -a.s. forE-q.e.x € V.

PROPOSITION 2.10. Letu € D(E)v,» and {vk}32, C D(E)v,.» such that vy con-

. 51/2 .
verges to vo with respect to the || - ||co-norm and the 51/ -norm as k — o0. Then there exists
a subsequence {k'} such that for E-q.e. x € V,,

t
PxV”<lim / O (XYMyd N =
0

k'—o00
t

/ ’170(X;/ "d Ns"’["] uniformly on any finite interval of t) =1.
0

DEFINITION 2.11. Letu € D(£)y, and v € D(E)y, . We define for0 <t < ¢,

t t t
/ B(Xy)d AT = / B M / B(X) )N
0 0 0

Finally, by virtue of [17, Theorem 3.1] and similar to [2, Theorem 3.4], we can prove the
following result.

THEOREM 2.12. (i) Letu,v € D(E)v, p. Then,

t t
Q1) av(x,") —av(xg") = /0 DX d A (x Ty + /0 A(X;")d A (x /)
+ <Mn,[u],c’ Mn,[v],c>t
+ Y AW (X = ) Au(X ") — d(X") Av(X )]

O<s<t
on [0, ¢) va" -a.s. forE-q.e. x € V.
(ii) Let ® € C2(R") and uy, ..., u, € D(E)y, p. Then,

n t
P (X, = X =) /0 ®; (X" ))d AL 1]
i=1

L [ _ |
+3 3 [ op@ontpanuntaie e,
Q=1

+ 3 [m(ﬁ(x&))—Z@(ﬁ(ﬂi))Am(XX")]

O<s<t i=1

on [0, ) PxV" -a.s. for £E-q.e. x € V,, where

2

od ..
q>l(x)=a('x)ﬂ q>lj(x): (x)a laJ:15"'7n7

8xi8x]‘

andu = (uy, ..., uy).
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2.2. Stochastic integral for M. In this subsection, for u, v € D(&)j,¢, we will define
the stochastic integral fot f)(XS_)dAE"]. To this end, we first choose a {V,;} € ©® such that

Assumption 2.1 is satisfied and h is bounded on each Vu. Then, we choose {E,} € ® and
{un, vy} such that E, C V,, up, v, € D(E)v,.p, u = u, and v = v, on E, foreachn € N.
The existence of {E,} and {u,, v,} is justified by the argument before Lemma 1.4. Now we
define [; 7(X,_)dA}" by

t t
(22) f 5(Xs_)dAM := lim f Tn(XVMyd AT 0 <p < ¢,
0 n—0o0 0

where the stochastic integral fot U (X;/i)dA?’[”"] is defined as in Definition 2.11.

THEOREM 2.13. Foru,v € D(E)jpc, the stochastic integral in (22) is well-defined.
Moreover; if u,u’, v, v' € D(E)joc satisfy u = u’ and v = v’ on U for some finely open set U,
then

t t
23) [ scaalt = (5 aan,
0 0
for0 <t < 1y, Py-a.s.forE-q.e. x € E.

PROOF. First, we fix a {V,;} € ® such that Assumption 2.1 is satisfied and h is bounded
on each V,,. Suppose that there are two finely open sets Fy, F; satisfying Fy C Vi, F; C V],

k<1l fi,gc € D) vp,u = fi,v=gron Fg; fi, g € DE)vp,u = fi,v =g onF.
Below we will show that

t , t
(24) f e(x Y )a AR _ / Fx/yaalln,
0 0

for0 <t < tgNnF, Py-as. for £-q.e. x € Vi.
In fact, by approximating f; by a sequence of functions {f;"} in D(L'"), we obtain by
Proposition 2.7 and Theorem 2.8 that

t t t
~ 1, ~ 1, ~ L
(25) fo G XAl = fo Gexam i 4 /0 G (XN

t , r
=[G+ i [ G
0 r—oo Jo
t~ Vi LLfi] . t~ v, l’[flr]
Z/ g(XD)dMgY" + lim / G(X)aN,
0 r—o0 Jq
t
~ l, 3
Z/ G(xdAM 0 <t < tpon
0

Pl-as. for £-q.e. x € V;. Since AiA[{lV]l € }—t‘ﬁrvl—’ (24) holds Py-a.s. for £-q.e. x € V).

Further, we obtain by the integration by parts (21) that

4 t
(26) / ﬁk(X;/L)dAi’[fk] = / ﬁk(X;/L)dAi’[ﬁ] ’
0 0
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for0 <t < tRNF, Ple-a.s. and hence Py-a.s. for £-q.e. x € V;. Note that Mth[,{f;] = Mtl/\[{f;:
Vi

and NfA’[TJZ;] = N;A[{ﬁg P/*-a.s. for E-q.e. x € Vi (cf. the proof of [17, Lemma 1.14]). By
approximating f; by a sequence of functions in D(L "), Proposition 2.7 and Theorem 2.8,
we get

t t
27) / T XV Ha A = / X aam oo <t < 1p
0 0

Pka-a.s. and hence Py-a.s. for £-q.e. x € Vi. Therefore, (24) holds for 0 < ¢t < trnF,
Py-a.s. for £-q.e. x € Vi by (25)-(27).

Now we suppose that (22) is defined by a different {V,,} € ©, say {V,} € ©. By consid-
ering {V, N V,: }, [17, Proposition 2.4] and the above argument, we find that the two limits in
(22) are equal on [0, ¢), Py-a.s. for £-q.e. x € E. Therefore, (22) is well-defined.

From (24) and its proof, we find that if u, u’, v, v' € D(E)j, satisfy u = u’ and v = v/
on U for some finely open set U, then there exists an {E,} € ® such that (23) holds on
(U, [0, Tg,nv), Pr-a.s. for £-q.e. x € E. By [17, Proposition 2.4], this implies that (23) holds
for 0 <t < 1y, Py-a.s. for £-q.e. x € E. The proof is complete. O

From the proof of Theorem 1.2, we find that Ml is well defined whenever u €
D(E)jpc. Therefore, we obtain by Theorem 2.12 and (23) the following theorem.

THEOREM 2.14. Let ® € C2(R") and uy, ..., u, € D(E)ipe. Then,

n t
> [ es@oxoduie, s,
0

n t
- A 1
@) AT=3 fo ;i (@(X, )AL +
i=1 ij=1

+ > [Acb(ﬁ(xs»—Zcbi(ﬁ(xs_»mi(xs)]

O<s<t i=1

on [0, ¢) Py-a.s. for E-q.e. x € E, where
2

od ..
Ql(x)za(x)ﬂ Qlj(x): (x)a laJ:15"'7n7

8xi8x]‘
andu = (uy, ..., un).

3. Some Examples. In this section, we give concrete examples for which all results
of the previous two sections can be applied.
First, we consider a local semi-Dirichlet form.

EXAMPLE 3.1 (see [21]). Letd > 3, U be an open subset of R4, g, pE L}UC(U; dx),
0,0 >0dx-a.e.Foru,v € Cgo(U), we define

d

ou dv
E(u,v) = — ——pdx
0 i,]X=:1 U 0x; 0x;
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Assume that
(€, CS°(U)) is closable on L*(U; odx) .

Leta;j, bi,d;i,c e L' (U;dx), 1< i,j <d.Foru,ve CFU), we define

loc

d
ou dv
5(u,v)=Z_:/Uax! axjaljdx+z —vbdx

—G—Z/ u—d,dx—l—/ uvedx .

Setd;j := (aij +aji), dij = ;(a,, aji),bi=(b1,...,bg),andd := (di, ... dd) Deﬁne

lnC(U dx) such that the distributional derivatives a , 1<
i <d,arein L}, (U;dx) such that IVgll(go)* € L®(U; dx) or ||Vg||p(gp+1ap/‘1) 5 e
Ld(U, dx) for some p, g € (1, co) with % + é =1, p < oo, where || - || denotes Euclidean

F to be the set of all functions g € L

distance in R?. We say that a B(U)-measurable function f has property (A 0,0) if one of the
following conditions holds:

(i) f(po)~2 € L®(U: dx).

(i) fP(pP"*H aP/1)=1 € LY(U, dx) for some p, g € (1, 00) with L+l=1 p<oo,
andp € F.

Suppose that

(A.I) There exists n > 0 such that Zf{j:l ajj&i&; > n|§|2, V§ =(&1,...,&) € R,

(AIl) d;jp~' € L®(U;dx) forl <i, j <d.

(AIII) For all K C U, K compact, 1x||b + d|| and 1xc!/? have property (A, ), and
(c + apgo)dx — Zj’ 1 gf is a positive measure on B(U) for some g € (0, 00).

(A.IV) ||b — d]| has property (Ap o).

(AV)b = B+ y such that Il Iyl € L},
positive measure on B(U) and || || has property (A,,).
Then, by [21, Theorem 1.2], there exists @ > 0 such that (Eas C(‘)>o (U)) is closable on
L%(U; dx) and its closure (£, D(Ey)) is a regular local semi-Dirichlet form on L*(U; dx).
Define ng (u, u) := Ey(u, u) — f(Vu, Budx foru € D(Ey). By [21, Theorem 1.2 (ii) and
(1.28)], we know (1, D(E)y) is a Dirichlet form and there exists C > 1 such that for any
u € D(&),

(U, dx), (ego + c)dx — Z?:l g—)’: is a

1
Ena(u, u) < Eu,u) < Cno(u,u).

Let M be the diffusion process associated with (&, D(Ey)). For u € D(Ey)10c, We have the
decomposition (15) and Itd’s formula (28).

Next we consider a semi-Dirichlet form of pure jump type.
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EXAMPLE 3.2 (See [8] and cf. also [22]). Let (E,d) be a locally compact separable
metric space, m be a positive Radon Measure on E with full topological support, and k(x, y)
be a nonnegative Borel measurable function on {(x,y) € E x E |x # y}. Set ks(x,y) =
S(k(x,y) + k(y, x)) and kq = 3(k(x,y) — k(y,x)). Denote by C ”’(E) the family of all
uniformly Lipschitz continuous functions on £ with compact support. Suppose that the fol-
lowing conditions hold:

BDx — f L(IAd(x, W)k (x, y)m(dy) € L} (E; dx).

loc
k2 (x,y)
(BID supyc Jiy: .o, 0201 Eaymdy) < oo.
Define foru, v € C l”(E)

N, v) = / / (1)~ D00~ vk m(dmd).
and

1
£, v) =3, ) + / / () —u ke, ).

Then, there exists « > 0 such that (&, C(l)ip (E)) is closable on L2(E; dx) and its closure
(&x, D(&y)) is a regular semi-Dirichlet form on L%(E, dx). Moreover, there exists C > 1
such that for any u € D(&,),

1
Ena(u, u) < Egu,u) < Cno(u,u).

Let M be the pure jump process associated with (Ey, D(Ey)). For u € D(Ey)ioc, we have the
decomposition (7) and Itd’s formula (28).

Finally, we consider a general semi-Dirichlet form with diffusion, jumping and killing
terms.

EXAMPLE 3.3 (See [23]). Let G be an open set of R?. Suppose that the following
conditions hold:
(C.D) There exist 0 < A < A such that

d
MEP < ) aij(nEg; < Alg* forx e G, & e RY.
i,j=1

(CIN b; € LY4G;dx),i=1,...,d.

(.1 c e LY*(G; dx).

(CIV)x > f LA X — y|2)k (x, y)dy € LlOC(G; dx).

(C.V) sup,cg f”x_y‘zl,yea} |ka(x. )ldy < 00, SUPyc fi1i—yi<1.yeqy Ka(x. MIPdy < o0
forsome 0 < y < 1, and |kq(x, y)|>~7 < Ciks(x,y), x,y € G with0 < |x — y| < 1 for
some constant C; > 0.
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Define for u, v € C}(G),
d
1 ou v
I =3 N N d
nu,v) = i§ﬂj /G T (D5 (dx

1
+ 3 // (u(x) —u(y))(v(x) — v(y)ks(x, y)dxdy
x#y

and

d d
1 du av av
£, v) =5iJZ:1 i a0 3+ Y | bt Sy

i=1

+/ u(x)v(x)c(x)dx
G
1
t3 // (u(x) —u(y))(vx) — v(y))ks(x, y)dxdy
xX#y

+ / / () —HO) ks dedy.
x#y

Then, when A is sufficiently large, there exists @« > 0 such that (&, Cé(G)) is closable
on L?(G; dx) and its closure (£, D(&y)) is a regular semi-Dirichlet form on L?(G; dx).
Moreover, there exists C’ > 1 such that for any u € D(&,),

1

ot 1) < Ea(u,u) < C'no(u, u).
Let M be the Markov process associated with (£y, D(&y)). For u € D(Ey)ioc, We have the
decomposition (7) and It6’s formula (28).
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