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ON FROBENIUS MANIFOLDS FROM GROMOV-WITTEN THEORY
OF ORBIFOLD PROJECTIVE LINES WITH » ORBIFOLD POINTS
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Abstract. We prove that the Frobenius structure constructed from the Gromov—Witten
theory for an orbifold projective line with at most r orbifold points is uniquely determined by
the WDVV equations with certain natural initial conditions.

1. Introduction. The (formal) Frobenius manifold is a certain complex (formal) man-
ifold endowed with the Frobenius algebra structure on its tangent sheaf whose product, unit,
non-degenerate bilinear form and grading operator called the Euler vector field satisfy the spe-
cial properties (for its definition and important properties, see Section 2). This structure was
originally discovered by K. Saito in his study of primitive forms and their period mappings on
the deformation theory of isolated hypersurface singularities ([13] and references therein) and
was rediscovered and formulated by Dubrovin [3] in order to give coordinate—free expression
for a solution of the Witten—Dijkgraaf—Verlinde—Verlinde (WDVV) equations considered in
two dimensional topological field theories. Namely the Frobenius manifold can be also ob-
tained from the Gromov—Witten theory for manifolds or orbifolds. Here the Gromov—Witten
theory for orbifolds by Abramovich—Graber—Vistoli [1] and Chen—Ruan [2] is summarized
briefly as follows: Let X be an orbifold (or a smooth proper Deligne—Mumford stack over
C). Then, for non-negative integers g, n € Zso and B € H»(X, Z), where X is the coarse
moduli space of X, the moduli space (stack) ﬂg,n(X , B) of orbifold (twisted) stable maps
of genus g with n-marked points of degree 8 is defined. There exists a virtual fundamental
class [ﬂg,n(X , ,3)]Vlr and Gromov—Witten invariants of genus g with n-marked points of
degree B are defined as usual except for that we have to use the orbifold cohomology group
H},,, (X, Q)

(Al A p = /7 WAL A AVEA,,  Al,..., Ay € HY (X, Q),
[Manx.p)]

where we denote by ev? : H)., (X, Q) — H*(ﬂg,n (X, B), Q) the induced homomorphism
by the evaluation map. We also consider the generating function (or formal power series)

1

X . X B AL

.7:9 = E ] (t,...,t)g’n’ﬂq , t= E ti A;
n,p i
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and call it the genus g potential, where {A;} denotes a Q-basis of H (X, Q). The main
result in [1, 2] tells us that the point axiom, the divisor axiom for a class in H 2(X ,Q) and
the associativity of the quantum product hold similar to the Gromov—Witten theory for a
usual manifold (see [1, 2] for details of these axioms). In particular, the associativity of the
quantum product implies the WDVV equations and it gives a formal Frobenius manifold
M whose structure sheaf Oy, tangent sheaf 7j; and Frobenius potential are defined as the
algebra A[[H} (X, C)]] of formal power series in dual coordinates {;} of the Q-basis {A;}
of H} (X, Q) over the Novikov field A (roughly speaking, A is the C-algebra of formal
Laurent series in ¢#1, ..., ¢gf» where 1, .. , Bp are effective 1-cycles which generate the
Mori cone of X), Ty = Hor »(&, C) ®c (’)M and the genus zero potential .7-'6Y respectively.

Let r > 3 be a positive integer. Let A be a multiplet (aj, az, ..., a,) of positive in-
tegers such that 2 < a1 < ap < --- < ar and A = (A1,...,A,) a multiplet of pair-
wise distinct elements of ]P’l((C) normalized such that Ay = oo, A = 0 and A3 = 1. Set
ua =2+ y(axr—1)and xa :=2+ > ;_,(—1+ 1/ar). We shall consider the orbifold
projective line with r-orbifold points at A1, ..., A, whose orders are ay, aa, ..., ar, which is
denoted by ]P’1 AA (see Definition 4.2). Here the number 14 is regarded as the total dimen-
sion of the orbifold cohomology group H , (P! a.4» ©) and the number x4 is regarded as the
orbifold Euler number of ]P)lx 4- The main purpose of the present paper is to show that the
Frobenius manifold Mﬂflw
termined by the WDVVAe/éluatlons with certain natural initial conditions. Then we shall show
the following uniqueness theorem which is our main result in the present paper and the natural
generalization of the one in our previous paper [6]:

constructed from the Gromov—Witten theory for ]P’1 A4 can be de-

THEOREM (Theorem 3.1). There exists a unique Frobenius manifold M of rank 4
and dimension one with flat coordinates (t1,t1,1, ..., ti j, ..., tra,—1, tu,) Satisfying the fol-
lowing conditions:

(1) The unit vector field e and the Euler vector field E are given by

Bl T ai—j B
€= —, tl_+ —1 +XA .
a1 ;; ”8tl] 3t

(ii) The non-degenerate symmetric bilinear form n on Ty satisfies

d d d 0
T’ a. A, =77 a. O a. =17
an’ dty, t,, on

( ) 9 ) ﬁ i1 =iyand jo = ai, — ji ,
Ne— 57— =
iy, jy iy, j, 0 otherwise.

(iii) The Frobenius potential F 5 satisfies EFly=0 = 2F alt,=0,

t
FA'[]:O € C[[tl,15 "'5tl,a1—l5 "'7ti,j5 "'5tr,la "‘7tr,ar—laeMA]] .
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(iv) Assume the condition (iii). we have

r
—FA|t]:e[IlA:0 = ng) ’ gg) € (C[ti,lv L] ti,cl,‘—l]v l = ls s I
i=1

(v) Assume the condition (iii). In the frame i, i, R L, 2 of Ty, the prod-
aty’ 9ty 3[,90,.,1 atl‘A

uct o can be extended to the limit t; = t1)| = - = trg—1 = era = 0. The
C-algebra obtained in this limit is isomorphic to

a; aj
Clxy, x2, ..., xr] (xl-xj, a;x;’ —ajx; ) o,
1<i#j<r

where 3/0t; ;j are mapped to xijfori =1,...,r,j=1,...,a; —land d/0t,, are

1
,
ti1)eta
i=1

mapped to alx? .
(vi) The term
occurs with the coefficient 1 in Fa.

Here we have an important results concerning the condition (iv) in Theorem 3.1.
The polynomial QX) in the condition (iv) can be expressed by the Frobenius potential
Fa; (), 13, A ) of the Frobenius manifold M4, in Theorem 3.1 in [6] where A; = (1, 1, a;)
with a; > 2 and (1], t'3, tua,) = (11, tg’l, e té,a,-—l’ tua,) is the flat coordinate for My;:

PROPOSITION (Proposition 3.18).  For the polynomial QX) in the condition (iv) in The-
orem 3.1, we have

GV = Fa, 0,1,0),

where t; := (t; 1, ..., ti q;—1) is the i-th parts of the flat coordinate in Theorem 3.1.

As a corollary of Theorem 3.1, the Frobenius structure constructed from the Gromov—
Witten theory for ]P’g 4 can be uniquely reconstructed by the conditions in Theorem 3.1:

THEOREM (Theorem 4.5). The conditions in Theorem 3.1 are satisfied by the Frobe-
nius structure constructed from the Gromov—Witten theory for ]P’}L‘ A

Acknowledgement. The author would express his deep gratitude to Professor Atsushi
Takahashi for his valuable discussion and encouragement.

2. Preliminary. In this section, we recall the definition and three elementary proper-
ties of the Frobenius manifold [3]. The definition below is taken from Saito-Takahashi [13].
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DEFINITION 2.1. Let M = (M, Oy) be a connected complex manifold or a formal
manifold over C of dimension © whose holomorphic tangent sheaf and cotangent sheaf are
denoted by Ty and £2 ]{,1 respectively. Set a complex number d. A Frobenius structure of rank
w and dimension d on M is a tuple (7, o, ¢, E), where we denote by 1 a non-degenerate O ;-
symmetric bilinear form on 7y, by o an Op-bilinear product on 7T of an associative and
commutative Oy-algebra structure with the unit e and by E a holomorphic vector field on M
called the Euler vector field, satisfying the following axioms:

(1) The product o is self-adjoint with respect to n: that is,
n@od, 8" =n,808), 648,8"eTy.
(ii) The Levi—Civita connection V: Ty ®,, Tm — Tu with respect to 7 is flat: that is,
[Vs, Vsl = Vissn, 6,8 € Tu.

(iii) The tensor C : Ty ®0,, Tm — Tum defined by Cs8’ := 8 0 8', (8,8’ € Tu) is flat:
that is,

VC =0.
(iv) The unit e for the product o is a V-flat holomorphic vector field: that is,
Ve =0.

(v) The non-degenerate bilinear form 1 and the product o are homogeneous of degree
2 — d and 1 respectively with respect to the Lie derivative Lieg of the Euler vector
field E': that is,

Lieg(n) = 2 —d)n, Lieg(o) =o0.

We shall expose, without their proof, three basic properties of the Frobenius manifold
which are necessary to state Theorem 3.1. Let us consider the space of horizontal sections of
the connection V:

T == (6 Tas | Vg8 = Oforall 8 € Ty}
Then the axiom (ii) implies that Tﬂf; is a local system of rank © on M:

PROPOSITION 2.2. At each point of the Frobenius manifold M, there exists a local
coordinate (11, . .., t,), called flat coordinates, such that e = 9, ijj; is spanned by 91, . .., 9,
and n(9;,9;) € Cforalli, j =1, ..., u where we denote 3/3t; by 9;.

The axiom (iii) implies the existence of the Frobenius potential:

PROPOSITION 2.3. At each point of the Frobenius manifold M, there exists the local
holomorphic function F, called Frobenius potential, satisfying

n(0; 00j,d) =n(0;,dj 00k) = 0;0;hF, 1,jk=1,...,u,
for any system of flat coordinates. In particular, we have

nij = n(9;, 9;) = 010;9;.F .
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Furthermore, the associativity of the product o implies that the Frobenius potential satis-
fies the WDVV equations:

PROPOSITION 2.4. The Frobenius potential F satisfies the following equations:

Iz 1z
D s F 0" - 0:0:04F — Y 4000 F 07" - 00504 F =0,

o,7=1 o,7=1

wherea,b,c,d € {1,..., u}.

3. A Uniqueness Theorem. Letr > 3 be a positive integer. Let A be a multiplet
(ay,an, ..., a) of positive integers such that 2 < a; <ap <--- <agrand A = (A1, ..., Ar)
a multiplet of pairwise distinct elements of P! (C) normalized such that A; = 00, A; = 0 and
A3 = 1. Set

3.1 pa=2+ (-1,

k=1

(1
3.2 =2 ——1].
(32) XA +k§(ak )

We have the following uniqueness theorem for Frobenius manifolds of rank p4 and
dimension one. The proof of this uniqueness theorem, especially Proposition 3.23, is inspired
by Kontsevich-Manin [7] and E. Mann [10]:

THEOREM 3.1. There exists a unique Frobenius manifold M of rank i 4 and dimension
one with flat coordinates (t1,t11,..., 4 j, ... tra—1,1u,) satisfying the following
conditions:

(1) The unit vector field e and the Euler vector field E are given by

d ad ai—j ad
= — E=tj— Ly — :
¢ oty latl +ZZ a; J oty j +XA8IMA

(ii) The non-degenerate symmetric bilinear form n on Ty satisfies

0 d d 0
77 [, ° a. = '7 A, 0 a. = 1 9
ar oty aty, 0

< 3 3 ) Ll i1 =iyand jr = ai, — ji,
N —— ) =
otiy j,  Otiy,j 0 otherwise.

(iii) The Frobenius potential F satisfies EF =0 = 2F |1,=0,

t
FA'[]:O € C[[tl,15 "'5tl,a1—l5 "'7ti,j5 "'5tr,la "‘7tr,ar—laeMA]] .
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(iv) Assume the condition (iii). we have

r
]:A|tl=et/‘A=0 = ng) ) gx) € C[l‘l,la s ti,a,-—l], i = 15 Ry A

i=1

.. P 9 9 9
(v) Assume the condition (iii). In the frame I T Tt Ty of Tu, the prod-
uct o can be extended to the limit t; = t1)| = - = trg—1 = era = 0. The

C-algebra obtained in this limit is isomorphic to
(C . . . a; . Clj
[x1,x2, ..., Xr] XiXj, @iX;' —a;Xx;

where 3/0t; ;j are mapped to xijfori =1,...,r,j=1,...,a; —land d/0t,, are

mapped to aix\".
.
t
(l_[ ’i,l) eva
i=1

(vi) The term
occurs with the coefficient 1 in Fa.

REMARK 3.2. The conditions in Theorem 3.1 are satisfied by natural ones for the orb-
ifold Gromow—Witten theory of ]P)k’ - The condition (i), (ii) and (v) come from the conditions
for a homogeneous basis of the orbifold cohomology group, the orbifold Poincaré pairing and
the large radius limit for the orbifold Gromov—Witten theory respectively. The condition (ii)
and (v) are essential to obtain coefficients corresponding to genus zero three points degree
zero correlators. The condition (iii) comes from the divisor axiom. The condition (iv) and (vi)
come from some geometrical meanings of the orbifold Gromov—Witten invariants. Namely,
the coefficient of the term in the condition (vi) corresponds to a certain genus zero r-points
degree one correlator.

We shall notice different and common points between the present proof of Theorem 3.1
and the one for Theorem 3.1 in [6]. Surprisingly, Theorem 3.1 can be proven by the parallel
way to the one in our previous paper [6]. However, for general cases r > 4, we have to modify
the arguments in [6] related to the reconstruction of the coefficients corresponding to the genus
zero degree one correlators, e.g., the terms in the WDVV equations whose coefficients give
the recursion relations. In particular, the arguments in Proposition 3.9 except for Lemma 3.17
are very natural generalizations of the one for Proposition 3.36 in [6]. In contrast to this,
some arguments in [6] can be also applied without major modifications, e.g., the arguments
in [6] related to the reconstruction of the coefficients corresponding to the genus zero higher
degree correlators. From now on, we will mark with asterisks (x) on propositions, lemmas
and sublemmas whose proofs are (almost) same with the ones in [6] and mark with daggers
(1) on them whose proofs need some modifications. In order to make the proof self-contained,
we shall include all details of arguments even if the arguments are common to the ones in our
previous paper [6].
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We shall use the same notations with the ones in our previous paper [6]. By the condition
(iii) in Theorem 3.1, we can expand the non-trivial part of the Frobenius potential F4|;,—¢ as

r H,‘—l
o
Faly=0 = Z cla, m)t¥e™ra | % = l—[ l—[ 1 ‘Jf’ .
a:(‘xl,lwwar,ar—l) i=1 j=1

Here we note that, by Proposition 2.3, the terms in F4 including #; are only cubic terms
11t jti a;—j and their coefficients can be determined by the condition (ii).

Consider a free abelian group Z/4 =2 and denote its standard basis bye j,i=1,...,7,
j=1,...,ai— 1. Theelementa =}, ; o, jei j, & j € Z of ZH4 ~2 is called non-negative
and is denoted by o > 0 if all o; ; are non-negative integers. We also denote by c(e1 +¢; ; +
eiqa;—j, 0) the coefficient of t1#; j#; 4;—; in the trivial part of the Frobenius potential . For a
non-negative o € ZH4A—2 we set

r oai—1

CIEDIDICAE

i=1 j=1
and call it the length of . Define the number s, ; . for a, b, ¢ € Z as follows:
1 if a, b, c are pairwise distinct,

Sa,b,c = 6ifa=b=c,

2 otherwise.

Fora,b,c,d € {1, ..., s}, denote by WDV V (a, b, c, d) the following equation:

nA HA
D b0 F - 17" - 0:0:00F — Y 006 F - 07" - 90504 F =0,
o,7=1 o,7=1

where (777) := (n5:)" .
3.1. Coefficients c(«, 0) and c(«, 1) can be reconstructed.

PROPOSITION* 3.3.  Coefficients c(, 0) with |a| = 3 are determined by the condition
(v) of Theorem 3.1.

PROOF. Note that Cjjx = n(9; o 9}, d) and the non-degenerate bilinear form 7 can be
extended to the limit ¢, e/ — 0. We denote by 1’ this extended bilinear form. By the condition
(v), the relation x;x; = 0 if i # j holds in the C-algebra obtained in this limit. Therefore, we
have c(zzzl e, jr» 0) # O only if iy = ip = i3. In particular, we have

3
. - 1 SN | B - I
Sjijonjs " € E €ij- 0] = lim 8 j9; j,0; jsFa =10 X%, x;7)
k=1 L,e'=0

it
1

=n'(1-x{""2 xP) = lim 819;.j+5,9.jsF 4

t,el—
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by Proposition 2.3 and

1 3.
. a lf —1Jk=4ai,
lim 010 j,4,0i, 3 F = % Zk. !
t,e'—0 0 otherwise.

a

PROPOSITION* 3.4. A coefficient c(a, 1) with |«| < r is non-zero if and only if o =
> ki ek.1. In particular, we have c¢(_j_, ex,1. 1) = 1 by the condition (vi) of Theorem 3.1.

PROOF. We shall split the proof into following two cases.

LEMMA* 3.5 (Case 1). Lety € ZM4~2 be a non-negative element satisfying that |y | =
randy —e; j > 0 forsomei, j. Ifa; > 3 and j > 2, then we have c(y, 1) = 0.

PROOF. Since deg(t¥e™4) < 2, we have c(a, 1) = 0 if |a| < r — 1. We shall calculate
the coefficient of the term t” ~¢.je'a in WDV V((i, 1), (i, j — 1), 14, ta). Then we have

Slj—lai—j - clei1 +eij—1+eiaq—j,0) -a -y j-cly,1)=0.
Hence we have c(y, 1) = 0. O

LEMMA* 3.6 (Case2). Ifanon-negative elementy € Z*A~2 satisfies that |y| = r and
Y =D p—1 Yk.1€k1 for some yi 1, ..., vr1 such that [ [, yk,1 = O, then we have c(y, 1) =
0.

PROOF. Note that ¢(et,0) = Oif |¢| = 4 and o — ¢;, j, — ej,j, = 0 foriy # io
by the condition (iv) and that c(er, 1) = 0 if |a| < r — 1 since deg(t*e™4) < 2. Assume
that y;,1 = 0. We shall calculate the coefficient of the term ([T}, /' )" in the WDVV
equation WDV V((i, 1), (i,a; — 1), ta, ta). Then we have

cler+eig—1+e€.1,0)-c(y,1)=0.
Hence we have c¢(y, 1) = 0 and hence Lemma 3.6. o
Therefore we have Proposition 3.4.

COROLLARY* 3.7. Ifa; > 3, then we have

1
c(ei;1 +2ei4-1,0) = —4712 .

PROOF. By the condition (iv), we have c(y,0) = 0if y —¢;, j; —ei, j, = 0 fori; #
i>. We shall calculate the coefficient of the term ([]}_, tx,1)e™a in WDV V((i, 1), (i,a; —
1), a, a). Then we have

,
cler+ei1+eia-1,0)-1-¢ (Z €k, 1 1)+

k=1

p
4. c(eij1+2e4,-1,0)a;-c (Z k.1, 1) =0.
k=1
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We have c(e1 +¢;,1 + €j4;—1,0) = 1/a; and C(ZZ=1 er.1, 1) = 1 by the conditions (ii) and
(vi) in Theorem 3.1. Hence we have c¢(2¢;,1 4 2¢; 4,—1,0) = — l/4al.2. O

COROLLARY™* 3.8. Ifa; = 2, then we have

c(4ei,1, O) = —% .

PROOF. By the condition (iv), we have c¢(y,0) = 0if y —e;, j, —ei,,j, = Oforiy # is.
We shall calculate the coefficient of the term ([ ;_, tk.1)ea in WDVV ((i, 1), (i, 1), wa, ia).
Then we have

r r
2c(er +2€;1,0) - ¢ (Zek,l, 1) +24c(2e; 1 + 2€i,4,-1,0) -2 - ¢ (Zek,l, 1) =0.

k=1 k=1

We have c(eq + 2¢;,1,0) = 1/4 and ¢(3";_, €1, 1) = 1 by the conditions (ii) and (vi) in
Theorem 3.1. Hence we have c(4e; 1, 0) = —1/96. O

PROPOSITION' 3.9.  Assume that c(«, 0) and c(o', 1) are reconstructed if || < k + 3
and |&'| < k + r for some k € Z>o. Then coefficients c(y, 0) with |y| < k+4 and c(y’', 1)
with |y'| < k+r + 1 are reconstructed from coefficients c(a, 0) with |a| < k+3 and c(a’, 1)
with |o/| <k +r.

PROOF. We shall split the proof of Proposition 3.9 into following four steps.

LEMMAT 3.10 (Step 1). Ifanon-negative element g € Z'*A~2 satisfies that | | = k+1,
then the coefficient c(B + e; j + €; jy + €i a1, 0) for some i, j, j’ can be reconstructed from
coefficients c(a, 0) with |a| < k + 3 and c(a’, 1) with |&'| < k +r.

PROOF. Without loss of generality, we can assume i = 1. First we shall show that the
coefficient c(B8 +e1,1 +e1,j4+j—1 +e1,4,—1, 0) can be reconstructed from coefficients c(a, 0)
with |a| < k + 3 and c(¢/, 1) with |&/| < k + r. We have deg(t’#] j;j—1) = 1. By the
condition (iv), there exist ey ;, e; i such that

o B+erjrj—1—ei—e >0,

o deg(ry,) +deg(t; ) < 1.
We put 8" := B +e1,1+ey jyj—1 —e1 — ey . We shall calculate the coefficient of the term
tﬂ,(ﬂzzz tk,1)e’”A in the WDVV equation WDV V((1,1), (1,1'), jta, t4). Then we have

,

B+ DB+ DB+ D c(Breri+erjrj1+era-1,0-a-c (Z k.1, 1)
k=1

+(known terms) =0.

By the condition (vi) in Theorem 3.1, the coefficient c(8 +e1,1 +e1,j4j/—1 + €1,4,-1, 0) can

be reconstructed from coefficients c(a, 0) with |a| < k + 3 and c(o/, 1) with |o/| < k +r.
Next we shall show that the coefficient c(8 + (3 ;_, ex,1) + €1, j+j» 1) can be recon-

structed from coefficients c(«, 0) with |a| < k+3 and c(a’, 1) with |&’| < k+r. We shall cal-
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culate the coefficient of the term t#([Tj_,t 1)e4 in the WDVV equation
WDVV((1,1),(d,j+,; —1),(@2,1),3,1)). Then we have

St j+j —la—j—j -cler,1 + e jyj—1+era—j—j,0) - ar

B, j+j + DB +D(B31+1)-c(B+ (Z ek,l) +ejrj D
k=2
+(known terms)

+(Br.1+ DB, j+j—1 + D(Bra—1 + 1) -c(B+er1+eyjyj—1+e1,4-1,0)-ar-

,
c (Zek’l’ l) =0.
k=1

By the previous argument and Proposition 3.3, the coefficient c(8 + (3, ex,1) +e1,j+j7. 1)
can be reconstructed from c(«, 0) with |a| < k + 3 and c(a’, 1) with |&/| < k + 7.

Finally we shall show that the coefficient c(8 + e1,; + 1, + e1,4,—1, 0) can be recon-
structed from coefficients c(a, 0) with |a| < k + 3 and ¢(/, 1) with |&'| < k + r. We shall
calculate the coefficient of the term tﬂ(]—lz=2 tx1)e™a in WDV V((L, j), (1, '), a, a).
Then we have

@ Br,; + DB, + D(Brag—1+1)-c(B+erj+erj+e1,q-1,0)-ar-c (Z k.1, 1)
k=1

+(known terms)

+5j.jmai—j—j - clerj el +era—j—j.0)-

,
ap - (Brj+j+ 1D -c(B+ (Zem) +eyjyj D=0

k=2
ifa—j+a—j >a+1,

.
@) (Bi1,; + DB1,js + D(Bra-1 + 1) -c(B+erj+erj+era-1,0 a1 -c (Zek,l, 1)
k=1

+(known terms)

.
+c(er,j +erjr+e,0)-1-c(B+ (Z%l) ,1)=0

k=2
ifay—j4+a—j =a,

.
(iii) (B1,;+D(B1, ;s + DBrag-1 + 1) -c(B+erj+erj+erq-1,0)-a1-c (Z ek, 1, l)
k=1

+(known terms) =0

ifag—j4+a—j <a.
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By the second argument and Proposition 3.3, the coefficientc(8+e1,j+ey, j +e1,4,~1, 0) can
be reconstructed from coefficients c(c, 0) with || < k+3 and c(a’, 1) with |o/| < k+r. O
LEMMAT 3.11 (Step 2). For a non-negative y € Z*A =2 with |y| = k+r + 1, a
coefficient c(y, 1) can be reconstructed from coefficients c(a, 0) with |a| < k+3 and c(a’, 1)
with |a'| < k +r.
PROOF. We shall split the proof of Lemma 3.11 into following three cases.

SUBLEMMA' 3.12 (Step 2-Case 1). If a non-negative element y € ZMA~2 satisfies
that |yl = k+r+1and y — e;j > 0 for some i, j such that j > 2, then the coefficient
c(y, 1) can be reconstructed from coefficients c(a, 0) with |a| < k + 3 and c(o’, 1) with
la'| < k+r.

PROOF. Puty’ :=y —¢;j — (22# er,1) +ei1 + ei j—1 + ¢€jq;—1. We shall calculate
the coefficient of the term t” ~¢.je’a in WDV V ((i, 1), (i, j — 1), 14, ta). Then we have

S1,j—l,a—j - clei1 +eij—1+eiaq—j,0)-a; -y, j -cly, 1)

+(known terms)
,

ViVl j—1Vig-1 ¢, 0) -ai - c (Zek,l, 1) =0.
k=1

By Lemma 3.10, the coefficient ¢(y’, 0) can be reconstructed from c(a, 0) and c(ca’, 1) with
@] < k+ 3 and |o/| < k + r. Hence the coefficient ¢(y, 1) can be reconstructed from
coefficients ¢(w, 0) with |a| < k + 3 and ¢(o/, 1) with |o/| <k +r. O

SUBLEMMA* 3.13 (Step 2-Case 2). If a non-negative element y € ZMA~2 satisfies
that |yl =k+r+1landy =Y j_, vk1€k1 for some yi 1, ..., yr1 suchthat [[_, vi,1 0,
then we have c(y, 1) = 0.

PROOF. By counting the degree of the term ¢ e’#4, we have

,
deg(tyet;m) > deg ((l_[ tk,l) etﬂA) =2.
k=1

Then we have c¢(y, 1) =0. O

SUBLEMMA' 3.14 (Step2—Case 3). Ifa non-negative element y € Z/*A-2 satisfies that
lyl=k+r+1landy =Y }_, vk1ek1 for some yi 1, ..., vr1 such that [[,_; vi,1 = 0,
then the coefficient c(y, 1) can be reconstructed from coefficients c(c, 0) with |o| < k+3 and
c(a, 1) with |&'| <k +r.

PROOF. Assume that y;,; = 0 and put ' = y — (ZZ# ex1) + el + eig-1 +
¢i.a;—1. We shall calculate the coefficient of the term ([T; 4, £ )e'4 in the WDVV equa-
tion WDV V((i, 1), (i,a; — 1), na, a). Then we have

clei1 +e1,q—1+e1,0)-c(y, 1)+ (known terms)
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.
+yi/,lyi/,ai—lyi/,ai—1 'C()’/, 0)-a;-c (Zek,l, 1) =0.
k=1

We have y’ — ex,; > O for some k # i. Then we have c(y’,0) = 0 by the condition (iv).
Hence the coefficient c(y, 1) can be reconstructed from coefficients c(¢, 0) with |o| < k + 3
and c(a’, 1) with |&'| < k + r. Therefore a coefficient c(y, 1) can be reconstructed from
coefficients c(a, 0) with |a| < k + 3 and c(o/, 1) with |o/| < k +r. O

Then we have Lemma 3.11. O

LEMMAT 3.15. If a; > 3, then we have

r 1 . . .
a fa—j#j+1,
c ei,j+1+ei,ai_j+zek,1,l =14 " LT
koti Hlfa,—sz-l-l
PROOF. We shall calculate the coefficient of the term ([ £i fx,1)e'*4 in the WDVV
equation WDV V ((i,a; — j — 1), (i, 1), (i, j + 1), na). Then we have

1 -
@1) —aj-C|eij1t+eia—j +Z€k,1,1
ai ki
—1-1-c(e1 + €jg—j—1+€ij+1,0) =0
ifagj—j#j+1,a—j—1#j+1,

1 r
i) — . g - . Co 1
(i) @ aj-c|eij+1+ eig ,+Zek,1,
k;éll
—1-1-2-c(e1 +eig—j—1+eij+1,0) =0
fa—j#j+lLa—j—1=j+1,

L] a
(i) —-a;-2-c | eij+1 +eig—j+ Z ek 1, 1
ai ki
—1-1-cle1 +eig-j-1+eij+1,00=0
fa—-—j=j+1.
Hence we have Lemma 3.15. O

LEMMAT 3.16 (Step3). Ifanon-negative element y € 7Z/*A~2 satisfies that |y | = k+4
andy —e; ;1 > 0 for some i, then the coefficient c(y, 0) can be reconstructed from coefficients
c(a,0) with |a| <k +3andc(a’, 1) with|o'| <k +r.

PROOF. We will show this claim by the induction on the degree of parameter f; ;. By
Lemma 3.10, the coefficient c(B8+e;, j+e; jr+eiq;—1,0) with | 8] = k+1 can be reconstructed
from coefficients c(a, 0) with |«| < k+3 and c(o/, 1) with |&’| < k+r. Assume that c(y’, 0)
with |y/| = k + 4 isknownif y’ —e; 1 —ejn > 0,n > 1.
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We shall show that a coefficient c(y, 0) can be reconstructed from coefficients c(«, 0)
with |o| < k+3and c(e/, 1) with |&/| <k +rif |y|=k+4andy —e;1 —e;jj—1 > 0. We
have deg(¢¥ ~¢.1=¢I-1) = [ /a;. By the condition (iv), there exist e; ,, €; 7 such that

oy —e1—¢j1—¢€m—¢€emw=>0,

L4 deg(ti,m) + deg(ti,m’) =< l/ai .
Note that deg(#; ,») + deg(;;) < 1 and a coefficient c(«, 1) with |¢| = k + r + 1 can be
reconstructed by Lemma 3.11. We put 8 := y — ¢;;—1 — €;,m — €; . We shall calculate
the coefficient of the term 7 (]_[2# ty.1)e™a in WDV V ((i,m), (i, m"), (i1, 1), wa). Then we
have

.
VimViwVia-1-c(v,0)-ai - ¢ | eig11+eir+ Y ex1, 1| + (known terms) = 0.

k#i
By Lemma 3.15, the coefficient c(y, 0) can be reconstructed from coefficients c(«, 0) with
el <k+3andc(e/, 1) with || <k+rify —e;1 > 0. O

LEMMA™* 3.17 (Step 4). A coefficient c(y, 0) with |y| = k + 4 can be reconstructed
from c(a, 0) with |a| < k + 3 and c(a’, 1) with |a'| <k +r.

PROOF. We will show this claim by the induction on the degree of parameter f; ;. By
Lemma 3.16, a coefficient c(y, 0) can be reconstructed from c(w, 0) with |¢| < k + 3 and
c(@, 1) with |&'| < k+rify —e;1 > 0. Assume that c(y’, 0) with |y’| = k + 4 is known
if y/ — e, > 0forn < [. We shall show a coefficient c(y, 0) can be reconstructed from
coefficients c(a, 0) with |¢| < k+3 and c(¢/, 1) with || < k+rif y —e; ;41 > 0. We shall
calculate the coefficient of the term ¢V ™%/ %/ "¢+ in WDV V ((i, 1), (i, 1), (i, j), (i, j')).
Then we have

S1lai—1—1 - c(ei1 +eig + eiai—1-1,0) - ai - vi j¥i j Vig+1 - (v, 0) + (known terms) =0.

Hence a coefficient c¢(y, 0) can be reconstructed from coefficients c(«, 0) with |o| < k + 3
and c(a’, 1) with |o| <k +r. O

Therefore we have Proposition 3.9 |

By Proposition 3.3, Proposition 3.4 and Proposition 3.9, coefficients c(y, 0) and c(y, 1)
can be reconstructed from c(8, 0) with |8| = 3.

Let Fy, (ti '3, e ) be the Frobenius potential for the Frobenius manifold M4, in The-
orem 3.1 in [6] where a multiplet of positive integers A; is (1, 1, a;) such that @; > 2 and
we denote by (7], t'3, tﬂAi) = (1, té,v e, té’ai_l, tuAi) the flat coordinate for the Frobenius
manifold M4, . Inspired by Proposition 3.3, Corollary 3.7, Corollary 3.8 and Lemma 3.15, we
have the following Proposition 3.18.

PROPOSITION 3.18.  For the polynomial QX) in the condition (iv) in Theorem 3.1, we
have

GV = Fa, 0,1, 0)
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where t; := (t; 1, ..., ti q;—1) is the i-th parts of the flat coordinate in Theorem 3.1.

PROOF. We can expand the Frobenius potential Fy; (0, t's, A ) uniquely as follows:

a,-—l

t mt, o i

Fa, (0,13, ") = > o myt' e i, 1 = T3
j=1

a=(0t 15 ,a; —1)

The coefficients ¢’(«, m) are uniquely determined by Theorem 3.1 in [6]. We already proved
c(a,0) = c'(a, 0) if || = 3 and c(a’~|—22¢i er.1, 1) = (&, 1) if || = 1 in Proposition 3.3
and Proposition 3.4. We shall show the proposition by the induction concerning the length and
split the proof into the following four steps.

LEMMA 3.19 (Step 1). Assume that c(a,0) = ¢/(a, 0) and c(o’ + ZZ# ek1,1) =
@, ) ifla] <k+2and|d| <k for some k € N. Then we have c(B + ZZ# ek.1,1) =
B DIfIBl=k+1.

PROOF. If B —¢;1 > 0, then we have c¢(8 + ZZ# ex1,1) = (B, 1) = 0 since
both deg(t? ]_[k#i tx.1€"4) and deg(tﬁet”"i) are greater than 2. Hence we have § —¢; j > 0
for some j > 2. The coefficient of the term tP—eij (Hk# tk,l)et“A in the WDV'V equation
WDVV((i, 1), j— 1), ua, nua) for F4 gives the same recursion relation with the one
provided by the coefficient of the term tB—¢ii ™A in WDVV((i,1), 3, j—1), wa,;, ia,;) for
Fa; by the assumption and elementary calculation. O

LEMMA 3.20 (Step 2). Assume that c(a,0) = '(a, 0) and c(o’ + ZZ;A;’ er1,1) =
@, 1) ifla| < k+2and|d| < k for some k € N. Then we have c(B + e; j + ¢; j +
iai—1,0) =c'(B+eij+ej+eiq-1,0) forsomei, j, j if|Bl =k.

PROOF. The coefficient of the term ¢# ([Tezn t, €™ 4 in WDVV((L, j), (1, j'), ta, pta)
for F4 gives the same recursion relation with the one provided by the coefficient of the term
tPe'a in the WDVV equation WDV V((1, j), (1, j'), a,, ta,) for Fa, by the assumption
and Lemma 3.19. O

LEMMA 3.21 (Step 3). Assume that c(a,0) = '(a, 0) and c(o’ + ZZ;A;’ er1,1) =
@, 1) ifla| < k+2and|d'| < k for some k € N. Then we have c(y,0) = c'(y,0) if
lyl=k+3andy —e;i1 >0.

PROOF. We will show this claim by the induction on the degree of parameter f; ;. By
Lemma 3.20, we have c¢(8 + e;,j + ¢; jy + €i4;—1,0) = (B + e j+eij + eig-1,0)if
|B] = k. Assume that c(y’,0) = /(y’,0)if |y'| =k +3and y' —e;1 —e;, > 0forn > 1.
Then we shall show that c(y,0) = ¢/(y,0) for |y'| =k +3and y' —e;;1 —eij—1 > 0. We
have deg(¢¥ ~¢17¢1-1) = [ /a;. By the condition (iv), there exist e; ,,, €; » such that

oy —¢i1—¢€i-1—¢€m—¢€n =0,

L4 deg(ti,m) + deg(ti,m’) =< l/ai .
Note that deg(t; ) +deg(t;;) < 1. We put B := y —e; —1 — €; m —e; n’. Then the coefficient
of the term 7 (]—[k#i tk,1)e’”A in the WDVV equation WDV V ((i, m), (i, m’), 1, ua) for Fa
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gives the same recursion relation with the one provided by the coefficient of the term 77 i
in the WDVV equation WDV V ((i, m), (i, m’), [, ia,) for F4, by the assumption and Lemma
3.19. O

LEMMA 3.22 (Step 4). Assume that c(a,0) = /(a, 0) and c(o’ + ZZ;A;’ er1,1) =
@, ) ifla] < k+2and|d'| < k for some k € N. Then we have c(y,0) = c'(y, 0) with
lyl =k + 3.

PROOF. We will show this claim by the induction on the degree of parameter #; ;. By
Lemma 3.21, we have c(y,0) = ¢’(y,0) if y —e;1 > 0. Assume that c¢(y’,0) = ¢/(y’,0)
with |y'| = k+ 3 and y' — ¢;, > 0 forn < I. We shall show that c¢(y,0) = ¢/(y,0)
with |y| < k+3 and y — ¢;;4+1 > 0. The coefficient of the term ¥~ ~%.j' ~¢.+1 in the
WDVYV equation WDV V ((i, 1), (i, 1), (i, j), (i, j)) for Fa gives the same recursion relation
with the one provided by the coefficient of the term ¥~/ ~%.// ~¢.+1 in the WDVV equation
WDVV((i, 1), 1), 3, ), 3, ")) for Fa, by the assumption. O

Therefore we have Proposition 3.18. o

3.2. Coefficients c(«, m) can be reconstructed. In Subsection 3.1, we showed that
c(a, 0) and c(«, 1) can be reconstructed from c(8, 0) with || = 3. We define the total order
< on ZZZO as follows:

o (Ja|,m) < (|Bl,n)ifm <n.

o (la|,m) < (18], m) if || < |B].
We shall prove that c(«, m) can be reconstructed from c(8, 0) with |8| = 3 by the induction
on the well order < on Z2>0’

PROPOSITION* 3.23. A coefficient c(y, m) with m > 2 can be reconstructed from
coefficients c(B, 0) with |B| = 3.

PROOF. Assume that c(«, n) can be reconstructed from coefficients c¢(8, 0) with |8| =
3 if (Ja|,n) < (0,m — 1). First, we shall show that ¢(0, m) can be reconstructed. This
coefficient must be zero for the case x4 < 0. For the case that x4 > 0, we have the following
Lemma 3.24:

LEMMA* 3.24. A coefficient c(0, m) can be reconstructed from coefficients c(a, n) with
(lee], m) < (0, m).

PROOF. We shall calculate the coefficient of e™#a in WDVV((i, 1), (i, a;i —1), L4, L 4)-
Then we have

clej1 +€q-1+e€1,0) 1 -m> c(0, m) + (known terms) = 0.

Therefore, the cofficient ¢(0, m) can be reconstructed from coefficients c(w, n) satisfying
(lee], m) < (0, m). o

Next, we shall split the second step of the induction into following three cases.
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LEMMA* 3.25 (Case 1). Ifanon-negative elementy € Z*A~2 satisfies that |y | = k+1
andy —e; j > 0 for some j suchthat j > 2, then the coefficient c(y, m) can be reconstructed
from coefficients c(a, n) with (Ja|,n) < (k + 1, m).

PROOF. We shall calculate the coefficient of the term t” ~¢.i ¢"r4 in the WDVV equa-
tion WDV V((, 1), (i, j— 1), na, La). Then we have
S1,j—Lai—j - c(ei1 +eij—1 + €iaq—j,0) - ai -m* - yi j - c(y, m) + (known terms) = 0.
Therefore, the coefficient c(y, m) can be reconstructed from coefficients c(«, n) satisfying
(lee], n) < (k+1,m). O

LEMMA* 3.26 (Case2). Ifanon-negative elementy € Z*A~2 satisfies that |y| = k+1
andy =Y j_y Vk,1€k,1 for some Y11, ..., yr1 such that [[;_, vk,1 # O, then the coefficient
c(y, m) can be reconstructed from coefficients c(o, n) with (|a|, n) < (k + 1, m).

PROOF. We shall calculate the coefficient of the term ([T;_, #;;')e”" in the WDVV
equation WDV V((i, 1), (i,a; — 1), 4, ita). Then we have
(i) {clei1 + eig—1 +e1,0) -m> +4-c(ei1 4 2ei4,-1,0) - a; -m* - yi1} - c(y, m)
+(known terms) =0
if aj >3,
(i) {2c(2ei1 +e1,0) - m> +24 - c(de;1,0) - 2-m? - y; 1} - c(y, m)
+(known terms) =0
if a; =2.
If ;.1 # m for some i, the coefficient c(y, m) can be reconstructed from c(«, n) with («, n) <

(k + 1,m). If y;,1 = m for all i, we have deg(([];_, t,i”kl’l)e’"t“A) = 2m > 2 and hence
c(y,m) = 0 except for the case m = 1. O

LEMMA* 3.27 (Case3). Ifanon-negative elementy € Z/*A~2 satisfies that |y | = k+1
andy =Y j_y Vk,1€k 1 for some y1 1, ..., yr1 such that [[;_, yk,1 = O, then the coefficient
c(y, m) can be reconstructed from coefficients c(o, n) with (|a|, n) < (k + 1, m).

PROOF. Assume that y;; = 0. We shall calculate the coefficient of the term
(I Tizy t,Zkl")em’#A in the WDVV equation WDV V ((i, 1), (i, a; — 1), 4, t4). Then we have

cler +eiq—1+e€1,0) m> - c(y,m) + (known terms) = 0.

Therefore, the coefficient c(y, m) can be reconstructed from coefficients c(«, n) satisfying
(lee], n) < (k+1,m). O

Hence, we have Proposition 3.23. o

We finish the proof of Theorem 3.1.

4. The Gromov-Witten Theory for Orbifold Projective Lines. Letr > 3 be a pos-
itive integer. Let A = (ay, ..., a,) be a multiplet of positive integers and A = (A1, ..., A;)
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a multiplet of pairwise distinct elements of P! (C) normalized such that A; = oo, A, = 0 and
M =1.

Following Geigle-Lenzing (cf. Section 1.1 in [5]), we shall introduce an orbifold pro-
jective line. First, we prepare some notations.

DEFINITION 4.1. Letr, A and A be as above.
(i) Define aring R4 4 by
(4.121) RA,A ZZ(C[Xl,...,Xr]/IA s
where 1, is an ideal generated by » — 2 homogeneous polynomials
(4.1b) X=X+ 0X{", i=3,...r.

(i) Denote by L4 an abelian group generated by r-letters X i, i =1,...,r defined as
the quotient

.
(4.22) La=@PzXi /M4 .
i=1

where M4 is the subgroup generated by the elements

- -

(4.2b) aiXi—ajX;, 1<i<j=<r.
We then consider the following quotient stack:

DEFINITION 4.2. Letr, A and A be as above. Define a stack ]P)}A,A by

43) P} 4 = [(Spec(Ra, a)\{0}) /Spec(CL4)] ,
which is called the orbifold projective line of type (A, A).

An orbifold projective line of type (A, A) is a Deligne-Mumford stack whose coarse
moduli space is a smooth projective line P'. The orbifold cohomology group of IP’A’ Alds,asa
vector space, just the singular cohomology group of the inertia orbifold:

a;i—1

Py =Py | L] | L] B@az),

1<i<r \ j=1

where (B(Z/a;Z)); := B(Z/aiZ). The age associated to the component PA’A is 0 and the
age associated to (B(Z/a;Z)) is j/ai. The orbifold Poincaré pairing is given by twisting the

usual Poincaré pairing:
/ aUgrbﬂZZ/ aUlB,
P} Zp!

A A A A

where [ is the involution defined in [1, 2]. Then we have the following:
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LEMMA* 4.3.  We can choose a Q-basis 1 = Ay, A1, ..., Aij, ..., Ara—1, Ay of
the orbifold cohomology group H (P! AN Q) such that

24
H) (P 4. Q) >~ QA1 Aije H,J Py 4. Q. HypyPy 4. Q) ~QA,

J

PROOF. The decomposition of H* orb (]P AN C) follows from the decomposition of the

and

Al Uorb AMA =1 s /l Ai,j Uorb Ak,l =

1 .
oA P A 0 otherwise .

!a—{_ ifhk=il=a —j

inertia orbifold IIE”}L 4~ The latter assertion immediately follows from the definition of the
orbifold Poincaré pairing. |

Denote by t1,t1,1,...,tj,---stra—1,tu, the dual coordinates of the Q-basis
A, A, Apja ooy Arge—1, Ay, of H;"rb(IE”i4 A @) in Lemma 4.3. Consider a formal
manifold M whose structure sheaf Oy and tangent sheaf Ty, are given by

(4'4) OM = C((etHA))[[t15tl,15 "'7ti,j7"‘5tr,dr—l]]5 TM = H:rb(PllQ’Aa C) ®C OM5

where C((e"#4)) denotes the C-algebra of formal Laurent series in e’

The Gromov—Witten theory for orbifolds developed by Abramovich—Graber—Vistoli [1]
and Chen—Ruan [2] gives us the following proposition. Note here that, by using the divisor

Pl

axiom, it turns out that third derivatives of the genus zero Gromov—-Witten potential A
are elements of C[[#1,1, ..., % j, ..., tra—1, q[PI]e’ﬂA 1] and hence they can be considered as
elements of Oy by formally setting q[Pl] =1.

PROPOSITION 4.4 ([1, 2]). There exists a structure of a formal Frobenius manifold of

rank A and dimension one on M whose non-degenerate symmetric O yy-bilinear form n on
Tu is given by the orbifold Poincaré pairing.

PROOF. See Theorem 6.2.1 of [1] and Theorem 3.4.3 of [2]. O
The following theorem is the main result in this section:

THEOREM 4.5. The conditions in Theorem 3.1 are satisfied by the Frobenius structure
constructed from the Gromov—Witten theory for ]P’lx A

We shall check the conditions in Theorem 3.1 one by one.
4.1. Condition (i). It follows from Lemma 4.3 that the unit vector field e € Tys and
the Euler vector field E € Ty, are given as

B T ai—j B
o=, —t1—+ -y +xa—
an ;; ”8tl] 3t

which is the condition (i).
4.2. Condition (ii). It is obvious from Lemma 4.3.
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4.3. Condition (iii). The condition (iii) follows from the divisor axiom and the defi-
1

nition of the genus zero potential ff aa

4.4. Condition (iv). The condition (iv) is satisfied since the image of degree zero
orbifold map with marked points on orbifold points on the source must be one of orbifold
points on the target IP’A’ A

4.5. Condition (v). The orbifold cup product is the specialization of the quantum
productatty =t11 =+ =ltrg -1 = e'na = (. Therefore, it turns out that the orbifold cup
product can be determined by the degree zero three point Gromov—Witten invariants.

LEMMA* 4.6. There is a C-algebra isomorphism between the orbifold cohomology

ring H{j‘rb(IE”i4 4> ©) and C[xy, x2, ...,x,]/(xixj, al-x;“ —ajxja.j)lqaéjq, where 3/0t; ; are
mapped to xl-jfori =1,...,r,j=1,...,a; — L and 3/9t, , are mapped to a1xi“.
PROOF. Under the same notation in Lemma 4.3, the orbifold cup product is given as

follows:
Pl
Ay Uorp Ap = Z(Aa, Ag, Ay)og’/(l) ﬂy‘sAa s
s
where we set 1 as follows:

(77)’5) = </[P>1 Ay Uprp Aa)_l .

AA

By the previous argument in Subsection 4.4, we have
Aiyjy Yors Aiyjy = 0if iy #in.

By the formula

l * * *
/pl Aiyjy Yorb Aiy ji Yorb Ay jr = Zja T /pt evy(Aiy j) Uevy (4, i) Uevs(4;, )
A A
_ s atiit i =a,
0 otherwise,

we have
PP ./
Aiyjy Yorb Ay ji = Ay gy i1+ Jp <ai — 1,

and hence

1
AP 1= Ail,l Uorb * - Uorb Ail,l = ;AMA

i,
3

ai times

Therefore we have Lemma 4.6. O
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LEMMA* 4.7. The term

,
[T ) e

i=1

]P)l
occurs with the coefficient 1 in the F,, o

PROOF. This lemma follows from the fact that the Gromov—Witten invariant counts the
number of orbifold maps from ]P’IILL 4 to ]P’}*’ 4 of degree 1 fixing r marked (orbifold) points,
which is exactly the identity map. o
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