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Abstract. We study the space of bilinear differential operators on weighted densities
as a module over sl(2,R). We introduce the corresponding space of symbols and we prove
the existence and the uniqueness of canonical projective equivariant symbol and quantization
maps.

1. Introduction. The general problem of quantization is to associate linear operators
on a Hilbert space with Hamiltonian functions on a symplectic manifold. In the simplest
situation when the symplectic manifold is a cotangent bundle T ∗M over a manifold M , the
usual quantization procedure consists of establishing a correspondence between the space
Pol(T ∗M) and the space D(M) of linear differential operators on M called a symbol map:

σ : D(M) → Pol(T ∗M) .

The inverse Q = σ−1 : Pol(T ∗M) → D(M) is called the quatization map. Generally, there
is no quantization map (and symbol map) equivariant with respect to the action the group
Diff(M) of diffeomorphisms of M and the Lie algebra Vect(M) of vector fields on M . Two
spaces: Pol(T ∗M) and D(M) are not isomorphic as modules over Diff(M) or Vect(M).

LetM be a smooth manifold. We consider the space Fλ(M) of tensor densities of degree
λ onM (i.e., the space of sections of the line bundleΔλ(M) = |ΛnT ∗M|⊗λ overM). Clearly,
F0(M) ∼= C∞(M) as a Vect(M)-module. Denote Dλ,μ(M) the space of linear differential
operators from Fλ(M) to Fμ(M). This space is an associative (and, therefore, a Lie) algebra
with the filtration by the order of differentiation:

D0
λ,μ(M) ⊂ D1

λ,μ(M) · · · ⊂ Dk
λ,μ(M) ⊂ · · · .

On the other hand, we consider the space S(M) of symmetric contravariant tensor fields on
M (i.e., S(M) = Γ (STM)). As a Vect(M)-module it is isomorphic to the space Pol(T ∗M).
Therefore, S(M) is a Poisson algebra with a natural graduation given by the decomposition

S(M) =
∞⊕
k=0

Sk(M)
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where Sk(M) is the space of k-th order tensor fields. The algebra S(M) is naturally identified
with the associated graded algebra gr(Dλ,μ(M)), that is

Dk
λ,μ(M)/Dk−1

λ,μ (M)
∼= Sk(M) .

The corresponding projection σk : Dkλ,μ(M) → Sk(M) is called the (principal) symbol.
Several works have been interested in the study of the problem of existence and uniqueness
of symbol and quantization maps. In [2], It was proven the existence and the uniqueness of
a conformally equivariant symbol calculus and quantization on any conformally flat pseudo-
Riemannian manifold. For the flat manifold M = Rn, the authors define in [6] the unique
(up to normalization) symbol map from the 1-parameter space Dλ(Rn) (i.e., λ = μ) of linear
differential operators onFλ(Rn) to the space of polynomial on fibers functions on T ∗Rn, equi-
variant with respect to the Lie algebra of projective transformations sl(n+ 1,R) ⊂ Vect(Rn).
This implies that Dλ(Rn) is isomorphic to Pol(T ∗Rn) as a module over sl(n+1,R). The same
result holds for manifolds endowed with a projective structure (an atlas with linear-fractional
coordinate transformations). In the one-dimensional case (n = 1), in [3] and [4], thanks to the
sl(2,R)-equivariant symbol map, a complete description of the modules Dk

λ,μ(R) was given.
In [1], sl(2,R)-equivariant symbol (and quantization) map was obtained in a more general
situation of pseudodifferential operators. In the case of the supermanifold S1|1 equipped with
the standard contact structure, the authors study in [5] the space Dλ,μ(S1|1) as a module over
the Möbius superalgebra osp(1|2). They introduce the canonical isomorphism between this
space and the corresponding space of symbols and find all cases where such an isomorphism
does not exist.

The main object of our study is the space of bilinear differential operators acting on
weighted densities on R, the space Dλ1,λ2,μ of bilinear differential operators from Fλ1 ⊗ Fλ2

to Fμ is also a Vect(R) (and a Diff(R))-module. Each module Dλ1,λ2,μ has a natural filtration
by the order of differential operators. The graded module gr(Dλ1,λ2,μ), also called the space
of symbols and denoted by Sλ1,λ2,μ, depends only on the shift, δ = μ − λ1 − λ2, of the
weights. Moreover, we show that, as a Vect(R)-module, Sλ1,λ2,μ is decomposed as

∞⊕
k=0

k⊕
�=0

⊕
i+j=�

F δ
2 +i ⊗ F δ

2 +j .

We restrict the Vect(R)-module structures to the particular subalgebra sl(2,R) and look for
sl(2,R)-isomorphisms called respectively projectively equivariant symbol and quantization
maps:

σλ1,λ2,μ : Dλ1,λ2,μ → Sλ1,λ2,μ; Qλ1,λ2,μ = σ−1
λ1,λ2,μ

: Sλ1,λ2,μ → Dλ1,λ2,μ .

As the linear case, for almost all values (λ1, λ2, μ), we prove the existence and the unique-
ness (up to normalization) of the sl(2,R)-equivariant symbol map and calculate its explicit
formula. We also calculate the quantization map Q = σ−1. The proof of the uniqness of
the equivariant symbol map allows us to prove, that in terms of the sl(2,R)-equivariant sym-
bol, every isomorphisms of modules of bilinear differential operators has a ’diagonal’ form.
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Finally, as an example, the case of modules of second order bilinear differential operators is
investigated, we determine, for almost all values (λ1, λ2, μ), the isomorphisms of the modules
D2
λ1,λ2,μ

.
We hope to be able, in the immediate future, using our results, to give a full description

of the modules Dk
λ1,λ2,μ

for all integer k. A work in this framework is currently being.

2. Preliminaries. Denote by Fλ, λ ∈ R (or C), the space of densities of degree −λ
on R (or S1)

(1) Φ = ϕ(x)(dx)−λ; ϕ ∈ C∞(R) .
As a vector space, Fλ is isomorphic to C∞(R). The Lie algebra Vect(R) of vector fields and
the group Diff(R) of all diffeomorphisms of R naturally act respectively on the space Fλ by

(2) LλX(Φ) =
(
X(x)ϕ′(x)− λX′(x)ϕ(x)

)
(dx)−λ := LλX(ϕ)(dx)

−λ

where X = X(x) d
dx

∈ Vect(R) and

(3) ρλ
f−1(Φ) =

(
(f ′)−λ.ϕ ◦ f (x)

)
(dx)−λ ; f ∈ Diff(R) .

Obviously, ∀λ1, λ2 ∈ R, Fλ1 × Fλ2 is also a Vect(R)( and a Diff(R))-module with the action

(4) L
λ1,λ2
X (Φ1,Φ2) = (L

λ1
X (Φ1),Φ2)+ (Φ1, L

λ2
X (Φ2)) .

Consider the space of bilinear differential operators

(5) A : Fλ1 × Fλ2 → Fμ
with arbitrary λ1, λ2, μ ∈ R. This space will be denoted by Dλ1,λ2,μ. The subspace of bilinear
differential operators of order ≤ k will be denoted by Dk

λ1,λ2,μ
. A bilinear differential operator

A ∈ Dk
λ1,λ2,μ

is of the form

(6) A =
k∑
�=0

∑
i+j=�

ai,j (x)
di

dxi
⊗ dj

dxj

where ai,j (x) are smooth functions. More precisely,

(7) A(Φ1,Φ2) =
⎛
⎝

k∑
�=0

∑
i+j=�

ai,j (x)
diϕ1

dxi

djϕ2

dxj

⎞
⎠ (dx)−μ

where Φ1 = ϕ1(x)(dx)
−λ1 ∈ Fλ1 and Φ2 = ϕ2(x)(dx)

−λ2 ∈ Fλ2 .
The Lie algebra Vect(R) acts on the space of bilinear differential operators as follows

(8) L
λ1,λ2,μ
X (A)(Φ1,Φ2) = L

μ
X ◦ A(Φ1,Φ2)− A(L

λ1
X (Φ1),Φ2)− A(Φ1, L

λ2
X (Φ2))

where LλX is the action given in (2). For short we write

(9) L
λ1,λ2,μ
X (A) = L

μ
X ◦ A− A ◦ Lλ1,λ2

X .

The space Dλ1,λ2,μ is thus endowed, thanks to (8), with the Vect(R)-module structure.
In a similar manner, one can make the space Dλ1,λ2,μ a Diff(R)-module.
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The projective Lie algebra, i.e., the Lie subalgebra of the Lie algebra Vect(R) of vector
fields on R generated by the following vector fields:

(10)
d

dx
, x

d

dx
, x2 d

dx

is isomorphic to sl(2,R). Theese vector fields are infinitesimal generators of (locally defined
on R) linear-fractional transformations. Note that the Lie subalgebra sl(2,R) ⊂ Vect(R) is
maximal in the following sense. Given an arbitrary polynomial vector field X /∈ sl(2,R),
then, a Lie algebra generated by X together with the vector fields , coincides with the whole
Lie algebra of polynomial vector fields on R. Obviously, Fλ and Dλ1,λ2,μ are modules over
the projective algebra sl(2,R).

3. Modules of bilinear differential operators.

3.1. The invariant δ = μ− λ1 − λ2.

LEMMA 3.1. For the Vect(R)-module Dk
λ1,λ2,μ

, the difference δ = μ − λ1 − λ2 of
weights is an invariant. That is:

(11) Dk
λ1,λ2,μ

∼= Dk
ρ1,ρ2,ν

⇒ μ− λ1 − λ2 = ν − ρ1 − ρ2 .

PROOF. This is an immediate consequence of the equivariance with respect to the vector
field x d

dx
. �

3.2. Adjoint modules. In this section, the following results and proofs are adapted
from the unary case (see [3] and [4] for more details).

THEOREM 3.2. For each value of k, there exist the following isomorphisms of Vect(R)-
modules:
(12)
Dk
λ1,λ2,μ

∼=Dk
−1−μ,λ2,−1−λ1

∼=Dk
λ1,−1−μ,−1−λ2

∼=Dk
−1−μ,λ1,−1−λ2

∼=Dk
λ2,−1−μ,−1−λ1

∼=Dk
λ2,λ1,μ

given respectively by the sl(2)-invariant maps
(13)

C1:A=
k∑
�=0

∑
i+j=�

ai,j
di

dxi
⊗ dj

dxj
�→C1(A)=

k∑
�=0

∑
i+j=�

(−1)(i)
i∑
s=0

(
i

s

)
di−s

dxi−s
◦ ai,j⊗ dj+s

dxj+s

C2:A=
k∑
�=0

∑
i+j=�

ai,j
di

dxi
⊗ dj

dxj
�→C2(A)=

k∑
�=0

∑
i+j=�

(−1)(j)
j∑
s=0

(
j

s

)
di+s

dxi+s
⊗ dj−s

dxj−s
◦ ai,j

C1 ◦ C2, C2 ◦ C1 and C2 ◦ C1 ◦ C2(or C1 ◦ C2 ◦ C1).

PROOF. For two compactly supported densitiesΦ=ϕ(x)(dx)−λ∈Fλ,Ψ=ψ(x)(dx)1+λ∈
F−1−λ, we consider the Vect(R)-invariant pairing

(14) 〈Φ,Ψ 〉 =
∫

R

ϕ(x)ψ(x)dx .
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Then, for A∈Dk
λ1,λ2,μ

, there exists a unique bilinear differential operator A∗
1∈Dk

−1−μ,λ2,−1−λ1
such that

(15) 〈A(Φ1,Φ2), Ψ 〉 = 〈Φ1, A
∗
1(Ψ,Φ2)〉

where Φ1 ∈ Fλ1,Φ2 ∈ Fλ2 and Ψ ∈ F−1−μ. We easily show that the map C1 : A �→ A∗
1 is

Vect(R)-invariant, that is

(16) C1 ◦ Lλ1,λ2,μ
X = L

−1−μ,λ2,−1−λ1
X ◦ C1 .

The explicit expression of the map C1 (or C2) given in (13) is produced immediately trough

integration by parts. Indeed, let A = ai,j
di

dxi
⊗ dj

dxj
, Φ1 = ϕ1(x)(dx)

−λ1 ∈ Fλ1,Φ2 =
ϕ2(x)(dx)

−λ2 ∈ Fλ2 and Ψ = ψ(x)(dx)1+μ ∈ F−1−μ. Then

〈A(Φ1,Φ2), Ψ 〉 =
∫

R

ai,j (x)ϕ1(x)
(i)ϕ

(j)
2 (x)ψ(x)dx

= (−1)
∫

R

ϕ1(x)
(i−1)

(
ai,j (x)ϕ

(j)

2 (x)ψ(x)
)′
dx

...

= (−1)(i)
∫

R

ϕ1(x)
(
ai,j (x)ϕ

(j)

2 (x)ψ(x)
)(i)

dx

= (−1)(i)
∫

R

ϕ1(x)

i∑
s=0

(
i

s

) (
ψ(x)ai,j (x)

)(i−s)
ϕ
(j+s)
2 (x)dx

= 〈Φ1, A
∗
1(Ψ,Φ2)〉

where A∗
1 = (−1)(i)

∑i
s=0

(
i
s

)
di−s
dxi−s ◦ ai,j ⊗ dj+s

dxj+s . Since C1 is linear, formulas (13) are thus

proved. �

DEFINITION 3.3. We call the modules Dk
−1−μ,λ2,−1−λ1

,Dk
λ1,−1−μ,−1−λ2

,Dk
−1−μ,λ1

,

−1−λ2,Dk
λ2,−1−μ,−1−λ1

,Dk
λ2,λ1,μ

the adjoint modules of Dk
λ1,λ2,μ

.

Especially, Dk
−1−μ,λ2,−1−λ1

(respectively Dk
λ1,−1−μ,−1−λ2

) is called the left-adjoint (respec-

tively the right-adjoint) module of Dk
λ1,λ2,μ

.

The module Dk
λ2,λ1,μ

is called the symmetric module of Dk
λ1,λ2,μ

.

A module of the form Dk
λ,λ,−1−λ, λ ∈ R will be said a self-adjoint module.

A module will be said singular if it is not isomorphic to any module other than itself and
previously mentioned modules.

3.3. Explicit formulas for the action of Vect(R) on Dk
λ1,λ2,μ

. Let X = X(x) d
dx

∈
Vect(R) and A = ∑k

�=0
∑
i+j=� ai,j d

i

dxi
⊗ dj

dxj
∈ Dk

λ1,λ2,μ
. The following result gives the

expression of Lλ1,λ2,μ
X (A).

PROPOSITION 3.4. The action of the vector field X on the operator A is given by

(17) L
λ1,λ2,μ
X (A) =

k∑
�=0

∑
i+j=�

aXi,j
di

dxi
⊗ dj

dxj
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where:
(18)

aX0,0 = LδX(a0,0)+
k∑
s=1

(as,0λ1 + a0,sλ2)X
(s+1)

aXp,0 = L
δ+p
X (ap,0)+

k−p∑
s=1

(
ap+s,0(−

(
s+p
s+1

)
+ λ1

(
s+p
s

)
)+ ap,sλ2

)
X(s+1); 1 ≤ p ≤ k−1

aX0,p = L
δ+p
X (a0,p)+

k−p∑
s=1

(
a0,p+s(−

(
s+p
s+1

)
+ λ2

(
s+p
s

)
)+ as,pλ1

)
X(s+1); 1 ≤ p ≤ k−1

aXi,j =Lδ+pX (aij )+
k−p∑
s=1

(
as+i,j (−

(
s+i
s+1

)
+λ1

(
s+i
s+1

)
)+ai,s+j (−

(
s+j
s+1

)
+λ2

(
s+j
s

)
)
)
X(s+1);

1 ≤ p = i + j ≤ k − 1
aXi,j = Lδ+kX (aij ); i + j = k .

PROOF. Let Φ1 = ϕ1(x)(dx)
−λ1 ∈ Fλ1,Φ2 = ϕ2(x)(dx)

−λ2 ∈ Fλ2 . Upon using (2)
and (8) we get

L
λ1,λ2,μ
X (A)(Φ1,Φ2) = L

μ
X ◦ A(Φ1,Φ2)− A(L

λ1
X (Φ1),Φ2)− A(Φ1, L

λ2
X (Φ2))

= (dx)−μ
[ k∑
�=0

∑
i+j=�

(
ai,j ϕ

(i)
1 ϕ

(j)
2

)′
X − μϕ

(i)
1 ϕ

(j)
2 X′

−ai,j
(
ϕ′

1X − λ1ϕ1X
′
)(i)

ϕ
(j)

2 − ai,jϕ
(i)
1

(
ϕ′

2X − λ2ϕ2X
′
)(j)]

.

On the other hand, from (17), we have

L
λ1,λ2,μ
X (A)(Φ1,Φ2) = (dx)−μ

k∑
�=0

∑
i+j=�

aXi,j ϕ
(i)
1 ϕ

(j)
2 .

Then, formulas (18) are easily obtained by identification. �

3.4. Space of symbols of bilinear differential operators. Consider the graded
Vect(R)-module gr(Dλ1,λ2,μ) associated with the filtration

(19) D0
λ1,λ2,μ

⊂ D1
λ1,λ2,μ

⊂ · · · ⊂ Dk−1
λ1,λ2,μ

⊂ Dk
λ1,λ2,μ

⊂ · · · .
i.e., the direct sum

(20) gr(Dλ1,λ2,μ) =
∞⊕
�=0

D�
λ1,λ2,μ

/D�−1
λ1,λ2,μ

with the convention that D−1
λ1,λ2,μ

= {0}. We call this Vect(R)-module the space of symbols
of bilinear differential operators and denote it Sλ1,λ2,μ. The space of k-th order symbols is

(21) Skλ1,λ2,μ
:=

k⊕
�=0

D�
λ1,λ2,μ

/D�−1
λ1,λ2,μ

.
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PROPOSITION 3.5. The Vect(R)-module Sλ1,λ2,μ depends only on the shift, δ = μ −
λ1 − λ2, of the weights and not on μ, λ1 and λ2 independently. Moreover, for every k ∈ N,
we have

(22) Skλ1,λ2,μ
= Skδ ∼=

k⊕
�=0

⊕
i+j=�

F δ
2 +i ⊗ F δ

2 +j .

PROOF. We consider the projection called the principal symbol map

(23) σpr : Dk
λ1,λ2,μ

→
⊕
i+j=k

F δ
2 +i ⊗ F δ

2 +j

defined for A = ∑k
�=0

∑
i+j=� ai,j (x) d

i

dxi
⊗ dj

dxj
∈ Dk

λ1,λ2,μ
by:

(24) σpr(A) :=
∑
i+j=k

ai,j (x)dx
δ
2 +i ⊗ dx

δ
2 +j .

One easily checks that σpr is a Vect(R)-equivariant map. �

REMARK 3.6. Let (x, ξ) a standard coordinate of T ∗R, we can readily see that the
space of symbols Sδ , being treated as a Vect(R)-module, is isomorphic to Fδ ⊗ C∞(R) ⊗
R[ξ ]⊗2. It will be convenient, in the sequel, to write an element of Skδ in the form

(25) P(x, ξ) = ξδ
k∑
�=0

∑
i+j=�

ai,j (x)ξ
i ⊗ ξj .

4. Projectively equivariant symbol and quantization maps. A map σ : Dλ1,λ2,μ→
Sδ is called a symbol map if it is bijective and for every k ∈ N the following diagram is
commutative:

(26)

Dk
λ1,λ2,μ

σ−−−−→ Skδ
σpr

⏐⏐�
⏐⏐�

⊕
i+j=k

F δ
2 +i ⊗ F δ

2 +j
Id−−−−→

⊕
i+j=k

F δ
2 +i ⊗ F δ

2 +j

where the right arrow is the projection. In other words, the highest-order term of σ coincides
with the principal symbol map defined in (23). The inverse map, Q = σ−1, is called the
quantization map. The following statement is the main result of this paper it shows that for
generic values of δ the sl(2,R)-moduleDk

λ1,λ2,μ
is isomorphic to Skδ . The sl(2,R)-equivariant

map is called a projectively equivariant symbol mapping.
The main theorem of the paper is the following

THEOREM 4.1. If δ = μ − λ1 − λ2 �= −1,−3/2,−2,−5/2, . . . ,−k, then Dk
λ1,λ2,μ

is isomorphic to Skδ as an sl(2,R)-module. The isomorphism is given by the unique (up to
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normalization) following sl(2,R)-equivariant symbol map

(27) σλ1,λ2,μ(A) = ξδ
k∑

p=0

∑
i+j=p

( k∑
�=p

∑
s+t=�
s≥i,t≥j

(
s
i

) (
t
j

) (
2λ1−i
2λ1−s

) (
2λ2−j
2λ2−t

)
(
�−p
s−i

) (
2δ+�+p+1
2δ+2p+1

) a
(�−p)
s,t

)
ξ i ⊗ ξj

where A = ∑k
p=0

∑
i+j=p ai,j d

i

dxi
⊗ dj

dxj
∈ Dk

λ1,λ2,μ
. Note that the binomial coefficients in

(27) are defined by
(
ν
q

)
= ν(ν−1)···(ν−q+1)

q! . This expression makes sense for arbitrary ν ∈ C.

PROOF. Let us denote by

(28) α
s,t
i,j =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

(
s
i

) (
t
j

) (
2λ1−i
2λ1−s

) (
2λ2−j
2λ2−t

)
(
�−p
s−i

) (
2δ+�+p+1
2δ+2p+1

) if s ≥ i, t ≥ j,

α
s,t
i,j = 0 otherwhise

where � = s + t, p = i + j and

σλ1,λ2,μ

(
(L
λ1,λ2,μ
X (A)

)
= ξδ

k∑
p=0

∑
i+j=p

aXi,j (x)ξ
i ⊗ ξj ,

where X ∈ Vect(R). Then, we readily see that

(29) aXi,j (x) =
k∑
�=p

∑
s+t=�

α
s,t
i,j

(
aXs,t

)(�−p) ; p = i + j.

Thanks to Proposition 3.4, forall 0 ≤ p = i + j ≤ k, we get
(30)

aXi,j =
∑
s+t=p

α
s,t
i,j

(
L
δ+p
X (as,t )+

k−p∑
m=1

[
am+s,t (−

(
m+s
m+1

)
+ λ1

(
m+s
m

)
)+

as,t+m(−
(
m+t
m+1

)
+ λ2

(
m+t
m

)
)
]
X(m+1)

)
+

k−1∑
�=p+1

∑
s+t=�
s �=0,t �=0

α
s,t
i,j

(
Lδ+�X (as,t )+

k−�∑
m=1

[
am+s,t (−

(
m+s
m+1

)
+ λ1

(
m+s
m

)
)+

as,t+m(−
(
m+t
m+1

)
+ λ2

(
m+t
m

)
)
]
X(m+1)

)(�−p)+
k−1∑
s=p+1

α
s,0
i,j

(
Lδ+sX (as,0)+

k−s∑
m=1

[
am+s,0(−

(
m+s
m+1

)
+ λ1

(
m+s
m

)
)+ as,mλ2

]
X(m+1)

)(s−p)+
k−1∑
t=p+1

α
0,t
i,j

(
Lδ+tX (a0,t )+

k−t∑
m=1

[
a0,m+t (−

(
m+t
m+1

)
+ λ2

(
m+t
m

)
)+ am,tλ1

]
X(m+1)

)(t−p)+
∑
s+t=k

α
s,t
i,j

(
L
(δ+k)
X (as,t)

)(k−p)
.
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Thus
(31)

aXi,j − L
(δ+p)
X (ai,j ) =

[ ∑
s+t=p+1

− α
s,t
i,j as,t (δ + p + 1)+

k∑
�=p+2

∑
s+t=�

α
s,t
i,j

( (
�−p

2

)
−

(
�−p

1

)
(δ + �)

)
a
(�−p−1)
s,t +

k−1∑
�=p

∑
s+t=�

α
s,t
i,j

(
(−

(
s+1

2

)
+ λ1

(
s+1

1

)
)a
(�−p)
s+1,t + (−

(
t+1

2

)
+ λ2

(
t+1

1

)
)a
(�−p)
s,t+1

)
+

k−1∑
s=p+1

α
s,0
i,j

(
(−

(
s+1

2

)
+ λ1

(
s+1

1

)
)a
(s−p)
s+1,0 + λ2a

(s−p)
s,1

)
+

k−1∑
t=p+1

α
0,t
i,j

(
(−

(
t+1

2

)
+ λ2

(
t+1

1

)
)a
(t−p)
0,t+1 + λ1a

(t−p)
1,t

)]
X′′ + terms in X(n); (n ≥ 3) .

Since αs,ti,j satisfies the equation

(32) (�− p)(2δ + �+ p + 1)αs,ti,j − s(2λ1 − s + 1)αs−1,t
i,j − t (2λ2 − t + 1)αs,t−1

i,j = 0,

the term in X′′ vanishes and the map σλ1,λ2,μ is clearly sl(2,R)-equivariant.
Let χ : Dλ1,λ2,μ → Sδ be an sl(2,R)-equivariant symbol mapping defined by

(33) ai,j =
k∑

�,r=1

∑
s+t=�

χ
s,t,r
i,j a

(r)
s,t ,

where the χs,t,ri,j are generally in C∞(R) . The sl(2,R)-equivariance of χ means that

(34) aXi,j = L
δ+p
X (ai,j ), ∀0 ≤ p = i + j ≤ k, ∀X ∈ sl(2,R) .

The equivariance of χ with respect to the vector fields X1 = d
dx

quickly leads to
dχ

s,t,r
i,j

dx
= 0.

Indeed, we have

(35) a
X1
i,j =

k∑
�,r=1

∑
s+t=�

χ
s,t,r
i,j

(
a
X1
s,t

)(r) =
k∑

�,r=1

∑
s+t=�

χ
s,t,r
i,j

(
a′
s,t

)(r)

and

(36) L
δ+p
X1

(ai,j ) = (ai,j )
′ =

k∑
�,r=1

∑
s+t=�

(
χ
s,t,r
i,j a

(r)
s,t

)′
.

Thus, the equivariance condition (34) provides the conclusion. By a similar reasoning, thanks
to the following equation

(37) L
δ+p
Xx

(ai,j ) = x(ai,j )
′ − (p + δ)ai,j
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where Xx = x d
dx

, the equivariance of χ with respect to the vector fields Xx leads to the
equation

(38)
k∑

�,r=1

∑
s+t=�

χ
s,t,r
i,j

(
xa

(r+1)
s,t −(δ+�−r)a(r)s,t

)
=

k∑
�,r=1

∑
s+t=�

χ
s,t,r
i,j

(
xa

(r+1)
s,t −(δ+p)a(r)s,t

)

which means that ai,j = ∑k
�=1

∑
s+t=� χ

s,t
i,j a

(�−p)
s,t . The map χ is bijective if and only if,

forall p ∈ {0, 1, . . . , k}, the matrix (χj,p−j
i,p−i ) 0≤i≤p

0≤j≤p
is invertible.

Finally, if we impose the equivariance with respect to the vector fields Xx2 = x2 d
dx

, as the
previous cases and given that

(39) L
δ+p
X
x2
(ai,j ) = x2(ai,j )

′ − 2(p + δ)xai,j ,

by a direct computation, we get

(40) χ
s,t
i,j = s(2λ1 − s + 1)χs−1,t

i,j + t (2λ2 − t + 1)χs,t−1
i,j

(�− p)(2δ + �+ p + 1)
; s + t ≥ p, s ≥ 1, t ≥ 1

and

(41) χ
s,0
i,j =

(
s
p

) (
2λ1−p
2λ1−s

)
(

2δ+s+p+1
2δ+2p+1

) χp,0i,j ; χ0,t
i,j =

(
t
p

) (
2λ2−p
2λ2−t

)
(

2δ+t+p+1
2δ+2p+1

) χ0,p
i,j ; p + 1 ≤ s, t ≤ k.

If we set (χj,p−j
i,p−i ) 0≤i≤p

0≤j≤p
= Ip+1 for all p ∈ {0, 1, . . . , k}, we obtain χs,ti,j = α

s,t
i,j ; ∀i, j, s, t .

The uniqness, up to normalization, of σλ1,λ2,μ is thus proved. �

Let us now give the explicit formula for the quantization map.

PROPOSITION 4.2. The map Qλ1,λ2,μ = σ−1
λ1,λ2,μ

associates to a polynomial

P(x, ξ) = ξδ
∑k
�=0

∑
i+j=� bi,j (x)ξ i ⊗ ξj ∈ Skδ the differential operator Qλ1,λ2,μ(P ) =∑k

�=0
∑
i+j=� b̃i,j d

i

dxi
⊗ dj

dxj
∈ Dk

λ2,λ1,μ
such that b̃i,j = ∑k

�=p
∑
s+t=� β

s,t
i,j b

(�−p)
s,t , where

(42)⎧⎪⎪⎨
⎪⎪⎩
β
s,t
i,j=

�−p∑
m=1

(−1)m
∑

p≤i1+j1<i2+j2<···<im−1+jm−1≤�
α
i1,j1
i,j α

i2,j2
i1,j1

· · ·αs,tim−1,jm−1
if �=s+t>p= i+j

β
s,t
i,j = α

s,t
i,j if s + t = i + j .

5. Intertwining operators. The uniqueness, up to normalization, of the map σλ1,λ2,μ

implies that in terms of the sl(2,R)-equivariant symbol, every isomorphisms of modules of
bilinear differential operators has a ’diagonal’ form in the following sense

THEOREM 5.1. Let δ = μ − λ1 − λ2 �= −1,−3/2,−2,−5/2, . . . ,−k and T :
Dk
λ1,λ2,μ

→ Dk
λ1,λ2,μ

be a linear map.
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For a given A = ∑k
p=0

∑p

i=0 ai,p−i d
i

dxi
⊗ dp−i

dxp−i in Dk
λ1,λ2,μ

, we denote by

(43) σ
p
λ1,λ2,μ

(A) = ξδ
p∑
i=0

ai,p−i ξ i ⊗ ξp−i and σpλ1,λ2,μ
(T (A)) = ξδ

p∑
i=0

aTi,p−i ξ i ⊗ ξp−i

the homogeneous components of order p of σλ1,λ2,μ(A) and σλ1,λ2,μ(T (A)) respectively.
Then, T is sl(2)-equivariant if and only if, for all p ∈ {0, 1, . . . , k} the symbols
σ
p
λ1,λ2,μ

(A) and σpλ1,λ2,μ
(T (A)) are ’proportional’, that is there exits an invertible matrix

ϒp =
(
ε
j,p−j
i,p−i

)
0≤i≤p
0≤j≤p

∈ GLp+1(R) such that

(44) (aT0,p, a
T
1,p−1, . . . , a

T
p,0)

t = ϒp(a0,p, a1,p−1, . . . , ap,0)
t

where the notation ut means the transpose of the vector u ∈ R
n. Equivalently,

(45) aTi,p−i =
p∑
j=0

ε
j,p−j
i,p−i aj,p−j ; ∀i ∈ {0, 1, . . . , p} .

In other words, the map σλ1,λ2,μ ◦ T ◦ σ−1
λ1,λ2,μ

on S0
δ

⊕S1
δ · · · ⊕Skδ multiplies each term of

the direct sum by an invertible matrix.

6. Example: second order bilinear differential operators. In this section we plan
the case of the modules D2

λ1,λ2,μ
of second order bilinear differential operators with the con-

dition δ = μ−λ1 −λ2 �= {−1,−3/2,−2}. Let A = ∑2
�=0

∑
i+j=� ai,j d

i

dxi
⊗ dj

dxj
∈ D2

λ1,λ2,μ

and P = ξδ
∑2
�=0

∑
i+j=� bi,j ξ i ⊗ ξj ∈ S2

δ . By Proposition 3.4, the action of Vect(R) on

D2
λ2,λ1,μ

is given by

(46)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

aX0,0 = LδX(a0,0)+ (a1,0λ1 + a0,1λ2)X
′′ + (a2,0λ1 + a0,2λ2)X

′′′

aX0,1 = Lδ+1
X (a0,1)+

(
a0,2(2λ2 − 1)+ a1,1λ1

)
X′′

aX1,0 = Lδ+1
X (a1,0)+

(
a2,0(2λ1 − 1)+ a1,1λ2

)
X′′

aX0,2 = Lδ+2
X (a0,2)

aX1,1 = Lδ+2
X (a1,1)

aX2,0 = Lδ+2
X (a2,0) .

If we set

(47) σλ1,λ2,μ(A) = ξδ
2∑

p=0

∑
i+j=p

ai,j ξ
i ⊗ ξj

and

(48) Qλ1,λ2,μ(P ) =
2∑
�=0

∑
i+j=�

b̃i,j
di

dxi
⊗ dj

dxj
,
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from (27) and (42), the sl(2)-equivariant symbol and quantization maps are respectively given
by the following expressions
(49)⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

a0,0 = a0,0 + λ2
δ+1a

′
0,1 + λ1

δ+1a
′
1,0 + λ2(2λ2−1)

(δ+1)(2δ+3)a
′′
0,2 + 2λ1λ2

(δ+1)(2δ+3)a
′′
1,1 + λ1(2λ1−1)

(δ+1)(2δ+3)a
′′
2,0

a0,1 = a0,1 + 2λ2−1
δ+2 a

′
0,2 + λ1

δ+2a
′
1,1

a1,0 = a1,0 + 2λ1−1
δ+2 a

′
2,0 + λ2

δ+2a
′
1,1

a0,2 = a0,2

a1,1 = a1,1

a2,0 = a2,0

and
(50)⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

b̃0,0 = b0,0 − λ2
δ+1b

′
0,1 − λ1

δ+1b
′
1,0 + λ2(2λ2−1)

(δ+2)(2δ+3)b
′′
0,2 + 2λ1λ2

(δ+2)(2δ+3)b
′′
1,1 + λ1(2λ1−1)

(δ+2)(2δ+3)b
′′
2,0

b̃0,1 = b0,1 − 2λ2−1
δ+2 a

′
0,2 − λ1

δ+2a
′
1,1

b̃1,0 = b1,0 − 2λ1−1
δ+2 b

′
2,0 − λ2

δ+2b
′
1,1

b̃0,2 = b0,2

b̃1,1 = b1,1

b̃2,0 = b2,0 .

Let us now give a complete classification of the modules D2
λ1,λ2,μ

(δ = μ − λ1 − λ2 �=
{−1,−3/2,−2})
THEOREM 6.1. (i) All the Vect(R)-modules D2

λ1,λ2,μ
with (λ1 �= 0 and λ2 �= 0), (λ1 �= 0

and μ �= −1), (λ2 �= 0 and μ �= −1) are isomorphic.
(ii) The modules of the form

(51) D2
λ,0,−1

∼= D2
0,λ,−1

∼= D2
0,0,−1−λ ; λ �= 0

are singular.
The module D2

0,λ,−1 (respectively D2
λ,0,−1) is a self-left-adjoint (respectively self-right-

adjoint) module.

PROOF. Let T : D2
λ1,λ2,μ

→ D2
ρ1,ρ2,ν

be an isomorphim of Vect(R)-modules then

obviously δ = μ − λ1 − λ2 = ν − ρ1 − ρ2. Denote by T̃ := σρ1,ρ2,ν ◦ T ◦ σ−1
λ1,λ2,μ

: S2
δ →

S2
δ . Using Theorem 5.1, T̃ is ‘diagonal’, that is there exit ε0 ∈ R∗,ϒ1 =

(
ε

0,1
0,1 ε

1,0
0,1

ε
0,1
1,0 ε

1,0
1,0

)
∈

GL(2,R) and

ϒ2 =
⎛
⎜⎝
ε

0,2
0,2 ε

1,1
0,2 ε

2,0
0,2

ε
0,2
1,1 ε

1,1
1,1 ε

2,0
1,1

ε
0,2
2,0 ε

1,1
2,0 ε

2,0
2,0

⎞
⎟⎠ ∈ GL(3,R) such that

aT0,0 = ε0a0,0 , (a
T
0,1, a

T
1,0)

t = ϒ1(a0,1, a1,0)
t and (aT0,2, a

T
1,1, a

T
2,0)

t = ϒ2(a0,2, a1,1, a2,0)
t
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we set for a, b, c ∈ R,

(52) Γ (a, b, c) =
(

2b(c− a + 1)

2(c− a − b)+ 3
,

2ab

2(c− a − b)+ 3
,

2a(c− b + 1)

2(c− a − b)+ 3

)
,

then by a direct computation, the equivariance condition

(53) L
ρ1,ρ2,ν
X ◦ T = T ◦ Lλ1,λ2,μ

X ,

leads us (in terms of equivariant symbols) to the following matrix equation

(54) ϒ2Γ (ρ1, ρ2, ν)
t = ε0Γ (λ1, λ2, μ)

t .

Since T is an isomorphism, two cases arise
i) Γ (ρ1, ρ2, ν) �= 0 and Γ (λ1, λ2, μ) �= 0, that is (ρ1, ρ2, ν) and (λ1, λ2, μ) are in the set

{(a, b, c) ∈ R
3 : (a �= 0 and b �= 0), (a �= 0 and c �= −1), (b �= 0 and c �= −1)} .

Thus we get a family of Vect(R)-isomorphisms given by the conditions

(55) ε0 = 1, ϒ1 ∈ GL(2,R) and ϒ2Γ (ρ1, ρ2, ν)
t = Γ (λ1, λ2, μ)

t

ii) Γ (ρ1, ρ2, ν) = Γ (λ1, λ2, μ) = 0, then

(56) (ρ1, ρ2, ν), (λ1, λ2, μ) ∈ {(λ, 0,−1), (0, λ,−1), (0, 0,−1 − λ); λ ∈ R
∗}.

This concludes the proof of the theorem.
�

REFERENCES

[ 1 ] P. COHEN, YU. MANIN AND D. ZAGIER, Automorphic pseudodifferential operators, Algebraic aspects of
integrable systems, Progr. Nonlinear. Differential. Equations. Appl. 26 (1997), 17–47.

[ 2 ] C. DUVAL , P. LECOMTE AND V. OVSIENKO, Conformally equivariant quantization: existence and unique-
ness, Ann. Inst. Fourier 49 (1999), no. 6, 1999–2029.

[ 3 ] H. GARGOUBI, Sur la géométrie de l’espace des opérateurs différentiels linéaires sur R, Bull. Soc. Roy. Sci.
Liège 69 (2000), no. 1, 21–47.

[ 4 ] H. GARGOUBI AND V. OVSIENKO, Modules of differential operators on the real line, Funct. Anal. Appl. 35
(2001), no.1, 13–18.

[ 5 ] H. GARGOUBI, N. MALLOULI AND V. OVSIENKO, Differential operators on supercircle: Conformally equi-
variant quantization and symbol calculus, Lett. Math. Phys. 79 (2007), 51–65.

[ 6 ] P. LECOMTE AND V. OVSIENKO, Projectively invariant symbol calculus, Lett. Math. Phys. 49 (1999), no. 3,
173–196.

DEPARTEMENT OF MATHEMATICS

FACULTY OF SCIENCES

BP 1171 3000 SFAX

TUNISIA

E-mail addresses: taher-bechr@hotmail.fr,
jamel_boujelben@hotmail.fr,
Khaled_286@yahoo.fr



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (Japan Color 2001 Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 1
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages false
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages false
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages false
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages false
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages false
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages false
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (Japan Color 2001 Coated)
  /PDFXOutputConditionIdentifier (JC200103)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /Description <<
    /ARA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /BGR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CHT (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /CZE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DAN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ENU (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ESP (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ETI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /FRA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /GRE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HEB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HRV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /HUN (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /ITA (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <FEFFff08682aff0956fd969b6587732e53705237793e306e51fa529b6a5f306b90693057305f002000410064006f0062006500200050004400460020658766f830924f5c62103057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e30593002>
    /KOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LTH (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /LVI (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NLD (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /NOR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /POL (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /PTB (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUM (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /RUS (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SKY (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SLV (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SUO (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /SVE (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /TUR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /UKR (Use these settings to create Adobe PDF documents best suited for prepress printing of International Academic Publishing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /BleedOffset [
        0
        0
        0
        0
      ]
      /ConvertColors /NoConversion
      /DestinationProfileName (Japan Color 2001 Coated)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive true
      /IncludeLayers false
      /IncludeProfiles true
      /MarksOffset 0
      /MarksWeight 0.283460
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /UseName
      /PageMarksFile /JapaneseWithCircle
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


