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WEIGHTED NORM INEQUALITIES FOR MULTISUBLINEAR
MAXIMAL OPERATOR ON MARTINGALE SPACES
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Abstract. Let v, w1, wy be weights and let 1 < py, pp < oo. Suppose that 1/p =
1/p1 + 1/p; and the couple of weights (wg, wy) satisfies the reverse Holder’s condition. For
the multisublinear maximal operator 2t on martingale spaces, we characterize the weights for

which 91 is bounded from LP1(w1) x LP2(wy) to L% (v) or LP (v). If v = wg/pzwg/pz,
we partially give the bilinear version of one-weight theory.

Introduction. Let R" be the n-dimensional real Euclidean space and f a real valued
measurable function, the classical Hardy-Littlewood maximal operator M, the maximal geo-
metric mean operator G and the minimal operator m are defined by

MY (o) = sup —— ,
Flx) = 525|Q|/ LFO)ldy

G(f)(x)—sugeXP /IOng(y)Idy
xe

and

= inf — dy,
mf(0 = in IQI/ FO)ldy

where Q is a non-degenerate cube with its sides parallel to the coordinate axes and | Q| is the
Lebesgue measure of Q.

Let u, v be two weights, i.e., positive measurable functions. As is well known, for
p > 1, Muckenhoupt [18] showed that the inequality

Ap/ u(x)dxfC/ |f ) |Pv(x)dx, A>0, felL?@)
Mf>2} R"

holds if and only if (u, v) € A, i.e., for any cube Q in R" with sides parallel to the coordi-

nates
(3 fy i) (s fyrrae) <0 oo
|Q| ux)ax |Q| v(x X < s p>1;
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1 / .
— | u(x)dx <Cessinfv(x), p=1.
10l Jo 0

Suppose that u = v and p > 1, Muckenhoupt [18] also proved that
/ (Mf () v(x)dx < C / |f@IPv()dx,  Vf e LP(v)
R" R"

holds if and only if v satisfies

1 1 I p=l
1 — d — T r1d C, VO.
W (IQI /Q”(x) x)(IQI /Q”(x) x) < ©

The crucial step is to show that if v satisfies A, then there is an ¢ > 0 such that v also satisfies
Ap—¢. However, the problem of finding all u and v such that

/ (Mf () u(x)dx < C / |fIPv()dx,  YfeLP(v)
R" R"

is much hard and complicated. In order to solve the problem, Sawyer [22] established the
testing condition S, 4, i.e., for any cube Q in R" with sides parallel to the coordinates

1 1
( / (M(val"”xx))qu(x)dx)q §C< f v(x)“"’dx)‘, VO
0 0

where 1 < p < g < oo. The condition S, 4 is a necessary and sufficient condition such that
the weighted inequality

1 1
( / (Mf<x>)qu<x>dx>" < c( / If(x)l"v(x)dx>1 VfeLP()
R" R"

holds. In this case, the method of proof is very interesting. Motivated by [18, 22], the theory
of weights developed so rapidly that it is difficult to give its history a full account here (see [6]
and [5] for more information). However, it is possible to give a story of weighted inequalities
for the different variants of Hardy-littlewood operator. Let p — oo in (1), it follows that

1 1 1
2) <@ /Q v(x)dx) exp <@/Qlog <m>dx) <C,

which is an alternative definition of Ao, weight (see [10]). It is known that Sbordone and Wik
[23] used (2) to characterize the boundedness of G from L!(v) to L!(v). In the case of two
weights, Yin and Muckenhoupt [24] gave that

1 1 1
P d — I —_— d C’ Y G P00y
<|Q|/Q”(’” x>exp<|Q|/Q Og(v(x)) ")< Qe s NGflr<oo

and
| 60 xoutndx < €I0l. YO & swp 1 GF lurw< .
0 I fllLp =1
which generalize the results of [11]. Recently, Cruz-Uribe [4] (see also the references therein)
also studied the minimal operator and reverse Holder’s inequality. There are still other vari-
ants of Hardy-littlewood operator, for example, the generalized maximal operator and the
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strong maximal operator which were considered in [20, 21] and [14], respectively. Now, the
multisublinear maximal function
m
Mo o0 = swp [T oo [ 10l
re0r 1101 Jo
associated with cubes with sides parallel to the coordinate axes was studied in [15]. They
introduced the multilinear A7,> condition which is an analogue of the A, weight for multiple
weights. The more general case was extensively discussed in [9, 8].
The above operators can be defined in martingale space, and the weighted inequalities
also have their martingale versions. In fact, all of them have been discussed in [26, 17, 1,
12, 3, 16] (see also the references therein), except the one for multisublinear maximal func-
tion. In this paper, with stopping times and a kind of reverse Holder’s condition, we discuss
weighted inequalities for multisublinear maximal operator on martingale spaces. One of our
main results is the martingale-variant of A—, and the other is the equivalence of S and
strong weighted inequality in martingale space. We also discuss the convergence of martin-
gale, which is partly a bilinear version of the results in [13].
The rest of this section consists of the preliminaries for our paper.
Let (§2, F, u) be a complete probability space and (F,),>0 an increasing sequence of
sub-o-fields of F with F = \/ F,. A weight w is a random variable with > 0 and

n>0
E(w) < 0o.Foranyn > 0and f € L', we denote the conditional expectation with respect to
Fu by E,(f), E(f|Fy) or f,, then (f,)n>0 is an uniformly integrable martingale. Suppose
that functions f, g are integrable, the maximal operator and multisublinear maximal operator
are defined by
Mf =sup |[E,(f)| and IMN(f, g) = sup |En (I En(9)],

n=0 n>0

respectively. For B € F, we always denote [, xpdu and [, xpwdu by |B| and |B|,,
respectively. For (§2, F, i) and (F,),>0, the family of all stopping times is denoted by 7.
Throughout this paper, C will denote a constant not necessarily the same at each occurrence.

Acknowledgement. This paper was completed while the first author was at the Faculty of Math-
ematics of the University of Seville, Spain. He is very grateful for the hospitality. The authors thank

Gang Li for many valuable comments on this paper. They also thank the anonymous referee for his/her
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1. Results and their proofs.

DEFINITION 1.1. Letw, wy be weights and 1 < pj, p» < oco. Suppose that 1/p =
1

T

1/p1 +1/p2 and 0; = w; el i=1,2 We say that the couple of weights (w1, ®2)
satisfies the reverse Holder’s condition RH (p1, p2), if there exists a positive constant C such

that
P A
P1 P2 £ L
</ ald,u> </ Uzd,u) §C/ oMoy ?dn, VteT.
{r<o0} {r<o0} {r<o0}
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REMARK 1.2. In literature there exist many inverse Holder’s inequalities of the type

IflIpligly = Cllfgllis

where 1/p + 1/q = 1, C is a constant and the functions f and g are subjected to suitable
restrictions. The suitable restrictions can be found in [19, 25]. In our paper, we find that the
reverse Holder’s condition is useful for bilinear weighted theory in martingale context.

DEFINITION 1.3. Let v, w;, wy be weights and 1 < p1, p» < oo. Suppose that
1

1/p = 1/p1 + 1/p2. Denote that B = (p1, pp) ando; = o, ' € L', i =1, 2. We
say that the triple of weights (v, w1, w») satisfies the condition A, if there exists a positive

constant C such that

1 1-p} < 1-p) %
SUPEn(U)”En(U)l ) En(wz ) <C,
n>0

where 1/p; +1/p; =1, i =1, 2.
DEFINITION 1.4. Letv, w;, wy be weights and 1 < p1, p» < oo. Suppose that
1

1/p = 1/pi + 1/pa. Denote that B = (p1, p2) ando; = w, ' ' € L', i = 1, 2. We
say that the triple of weights (v, w1, wy) satisfies the condition S7,>, if there exists a positive
constant C such that

> 1
(/ E)j’t(o'l)({r«)o}y UZX{t<oo})pvd/1«) <Clr < oo}ltlrll Hr < OO}|(1,22 , VYreT.
{r<o0}

REMARK 1.5. If we substitute p;y = p» and w; = wy into Definition 1.3 and Def-
inition 1.4, they reduce to the A, condition and the S, condition in martingale spaces,
respectively (see, e.g., [17]).

1.1. Bilinear version of two-weight inequalities.

THEOREM 1.6. Letv, wi, wy be weightsand 1 < p1, p2 < oo. Suppose that 1/p =
1/p1+ 1/pa2 and (w1, w2) € RH(p1, p2), then the following statements are equivalent:
(a) There exists a positive constant C such that for any t € T, any f € LP'(w1) and
any g € L (),

P
3) (/ (|fr||9r|)pvdﬂ) < ClfllLrr@plgllLr ) s
{t <00}
(b) There exists a positive constant C such that

4) 1M, DllLrewy < Clfllei@pllgllLrm ), Yf € LP (1), g € LP*(wn);
(c) The triple of weights (v, w1, wy) satisfies the condition AT;.

PROOF. We shall follow the scheme: (a)<>(b)<=(c)<=(a).
(a)=(b). It is trivial and we omit it.
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(b)=(a). Fixn € N and B € F,. For f € LP'(w;) and g € LP2(w»), let
F=fxpand G = gxp,
respectively. Then E,(F) = f, xp and E,(G) = g, xp. Moreover
[ fngnlxB < M(F, G).

Combining with (4), we have
)J’/ vd i 5)»”/ vd i
BO{| fugnl>A} {9 (F,G)>A}

’r 7
§C</ IFI”‘andu) (/ |G|P2w2du>
2 2
A P
P1 P2
=C</ Ifl”lwldu> (/ Iglpzwzdu)
B B

Fork € Z, let
Bi = 28 < | fullgal < 211}
Note that
02F < fallgnl <2y € 2F < | fullgnl}
Then

/(|fn||gn|>"vdu Zf (1 fullgn))P vd

keZ

ey | 27 ud
kez ¥ BeN{1 fullgn|>2%)

=cy (f Iflp'wldu) (/B |g|P2wzdu)p_2

keZ

1 2
( / Iflp‘w1du) ( / Igl”za)gdu)
keZ keZ

1 73
=C</ Iflp'wldu) (f |g|P2wzdu) ,
2 2

where we have used Holder’s inequality. As for t € 7, it is easy to see that

/{ (1 fellge NP vdp = Zf (1 fullgn))Pvd e

n>0

n>0

543

P

n 2
< CZ </ | f Xie= n}Ip'wldM) </Q |gX{r_n}|p2w2dM)
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L P

P P2
§C<Z/Q|th=n}lmw1du) <Z/Q|9X{r=n}|p2w2dﬂ)

n>0 n>0

T @
C(/ Iflp'wldu) (/ Igl”zwzdu> .
2 2

P
(/ (|fr||gr|)1’vdu> < ClfllLrr@plgllLr w,) -
{r<o0}

(c)=(b). For f € LP'(w1), g € LP'(wp) andn € N, we get

IA

Therefore,

1

1

1 L L s ——L
|E(H)] < En(1fPl o) P En(w, """ and  |En(g)] < En(1g72@2]) 72 En(w, 7' )72 .

N\"“

Furthermore,

1 P

v vl T T
|En(£)En(@))? < En(|fP 1)) 7T En(lgP@2]) 72 Ep(@) ") Eg(y ™) 7

1 )4 1

r L2 TN T -
=EX(|fP o™ NP EL(1gP 0w )72 Ey () En(o, ™ "y En(wy hn,

S

where E;(-) is the conditional expectation relative to the probability measure ﬁd n. Be-
cause of (v, wy, wy) € A7, we get

€ 1
|Ex(£)En(g)] < CEX(I fPr oo™ NPT EX(lgP2anv™ )72 .
Thus
€ 1
M(f, 9) < CMP(fPlaojw™ )T MY (gPwv™ ") 72

From this, using Holder’s inequality for weak spaces (see, e.g., [7, p. 15]), we obtain
ne 1
1ML, DIl Lroewy < CIMP(FPrarv™ )1 || ooy |MU(gP2 w01 ) 72 || L p2oo

1 1
_ v P1 —1\ P1 v/, D2 —1\ 72
=CIM (P orv Dl oo IM 7 (972 0207 D o

1 1

—1y P —1y P2
<ClfPorw i, lgev

1 1

=Cl "o} g™}

=Cl fllLri@pllglliLrz ) -
__1 __ 1
(a)=(c). Foranyn € N and B € F,, set f = o, "l ypand g = w, 727"y g Then

. 1
([ £t T B, ™y rvan)
B

1 o 1 »
= Pl o 2}
<C o " xpdp w, " xpdp) .
7 7

»
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Furthermore,

1 1 3
) ( f En(w, ") Ey(w, pzl)PEn(v)du)
B

e\ e\
sC(/En(w1 Z )du> (/ En(w, ™ )du) .
B B

We claim that there exists a constant C such that
1 1

_ 1 _ 1
(En(a)l m—l)pEn(a)2 pz—l)pEn(v)) < CE, (‘01 Pl l),,1 En(o, T 1)p2 .

Otherwise, for any C > 0, let
1 1

1
={En(w, ") En(@ 2"2 2P ) > CEn(w, ") Eg(w, ") 72},

then £ (B) > 0. Consequently,

L L L, i,
/ En(@ ") En(w, )P Ey()du > C / En(@. )P En(w, )P dp
B B

-t __1L_ P
(6) Z C/ En(a)1 r1—1pp 602 p2—1 py )d,LL
B
-1 __1 P
C/ o, r1—1pp w, =1 p du
B

2 r
1’1 — Pl 172 =T P2
) >C du du)
B B

where (6) and (7) follow from Holder’s inequality for E, (-) and the RH (p1, p2) condition,
respectively. It follows that

P P
1 1 1 - 2
/ En(@, ") Ey(w, ”2“>PEn<v>du>c< / 'du) ( / , ”2“du> :
B B B

which contradicts (5). By contradiction, we have

i i 1 i L
(En(a)1 e )W E,(w, B )pEn(v)) "< CEq(w, 7=ty E,(w, N

Then
1

1
Ea(0)7 En(@, ") En(wy ™) < C.
This completes the proof. O

THEOREM 1.7. Let v, w1, w2 be weights and 1 < p1, p» < 00. Suppose that 1/p =
1/p1+ 1/pa2 and (w1, w2) € RH(p1, p2), then the following statements are equivalent:
(a) There exists a positive constant C such that

IS Plirw) < CUFllLr @pllglimey . Yf € LM (w1), g€ LP(w);
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(b) There exists a positive constant C such that

&) IM(for, go)lrrw) < Clflleri@oplgliLr,, YfeLl'(o)), gelLP (o),
1
whereo; = w, "', i =1, 2;
(c) The triple of weights (v, w1, wy) satisfies the condition S5

REMARK 1.8. We mention that the first author has also obtained a similar character-
ization for the multisublinear maximal function in function space. The multilinear testing
condition was further discussed by [2] in function space, which generalized the result in [22].

PROOF. Itis clear that (a)<>(b)=>(c), so we omit them. To prove (c)=-(b), we proceed
in the following way. Let f € LP1(01), g € LP2(02). For all k € Z, define stopping times

= inf{n : |E(fo11Fn) E(goa|Fn)| > 25}
Set
A j =t < 00} N {2/ < E(01|Fy)E (02| Fy) < 27115

Brj = {t < 00, Tq1 = 00} N {2/ < E(01|F)E(02|Fy) <221y, jez.
Then Ay ; € Fy, Br,j € Ak, j. Moreover, { By, j}«,; is a family of disjoint sets and

2" < M(fo1,g02) <2} ={nx <00, up1 =00} = | | Brj ke Z.
jezZ
Trivially,
E(fo1lFy) = ECN(f|Fy)E(01|Fy) and  E(go2|Fy) = E7(g|Fy) E(02] Fr) -
On each Ay j, we have

2 <ess inf|E(fo1lF7)" E(gor| Fr)”)

=< eSAS lnflEUI (fl}-rk Eaz(gl}—rk”p €SS sup (E(Gl|-7:rk)E(62|-7:rk))

Ak, j

<27 ess ianE‘”(flfrk)E(’z(gI]:rk)I”IBk,jIv_l/ (E(01|F5)E (021 7)) vdpe .
k.j

Bk,j

To estimate fg M(fo1, gor)Pvdpu, firstly we have
/ M(for, gor)Pvdu
22

-y / i} M(for, gor) v

keZ <£))'I(fa|,go-2)§2k+1}

< 2”2/ 2k vdp

kez J RE<M(for,gon) <2kt

'y 2

By, j
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: p
D essinf|ET(f1Fy) E™ (g1 F)l” f (E(01|F) E(021 Fr)) vdp.
kez,jez “*i By j

It is clear that @ is a measure on X = Z2 with
Ok, j) = / (E(01|1F) E(02] Fr))  vdpe .
Bg.j

For the above f € LP1(01), g € LP2(02), define
Trg(k, j)= ess inf [E7' (f | Fr ) E7 (g Fe)I”
k.j

and denote

E), = [(k, 7);essinf | E7N(f|Fg ) ET (9| Fe )P > A} and G = U A j
Akj (k.j)eE;,
for each A > 0. Then we have

Ty >l = 3 / (E(01|Fo) E(0al Fop)) v
(k,j)eE; ¥ Br.j

= ¥ [ (e IF0 B F) v
(k.j)eE; B

< | M(oi1xG,,02x6,) vdu .
G,

Let T = inf{n: |E7 (f|F)E®(glF)|P > A}. We have G, € {M7-2(f, 9)P > A} =
{t < o0}, where IM°2(f, g) = sup|E°L(f|F)IIE2(g|Fn)l|. It follows from S77> and

n>0
RH (p1, p2) that

Ty > Mo < / M1 X4e <oy 02 (<o) vt
{r<o0}
r p
< Cl{r < oo)|2 T < 00}|Z

PP
< C/ am 2dﬂ
{r<o0}

Therefore,

o0
/ m(fal,gaz)pvdu§4p/ Ty qd? =4p/ {Trg > ApdAr
2 0

<C / / zdud)»
{r<oo}

2 2
= C/ / o/ oy dpdx
M2 f,g)P>A}

L2 2

—C 9:)*{0’1 Uz(f g)po,ll’l szd“’
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p P

<c f MO (F)P M ()0 o) dp
2

§C< / Mal(f)mﬁldﬂ)pl< / M‘”(f)”zazdu>p2
2 2

< CUAIL o o 1912 o -
where we have used Holder’s inequality. Hence (8) is valid. O

__L
COROLLARY 1.9. Letv, w be weights and 1 < p < oco. Suppose that o 71 € L.
Then the following statements are equivalent:
(a) There exists a positive constant C such that

1
P
(/ Ifrlpvdu> <ClfllLrw, VTeT, feLl(w);
{r<oo}
(b) There exists a positive constant C such that

IMfliLrewy < CllifllLr@) . YfeLP(w);

(c) The couple of weights (v, ) satisfies the condition A .

1
COROLLARY 1.10. Let v, w be weights and 1 < p < oo. Suppose that o~ 71 € L.

Then the following statements are equivalent:
(a) There exists a positive constant C such that

IMfllLr@w) < CllflliLr@ . Yf € LP(0);

(b) There exists a positive constant C such that

IM(fo)llrwy < CllifllLr@wy, Yf eLP(o),

where o = w »-T;
(c) The couple of weights (v, w) satisfies the condition Sp.

PROOF. If we substitute p; = p2 and w; = w, into Theorem 1.6 and Theorem 1.7,
then the reverse Holder’s condition is trivial and we get Corollary 1.9 and Corollary 1.10. O

1.2. Bilinear version of one-weight theory. We recall the following Proposition 1.11
which characterizes an A, weight in martingale context (see, e.g., [13, 16]). Then, we par-
tially give its bilinear analogue.

1
PROPOSITION 1.11. Let w be a weight and let 1 < p < o0. Suppose that w P! €

L'. Then the following statements are equivalent:
(a) The weight w satisfies the condition A, i.e.,

1
sup En(w) Eq(w 7 1)P~ < C;

n>0
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(b) There exists a positive constant C such that

IEn()Lr@w) < CllfliLrw, YneN, felLl(w);
(¢) If f € LP(w), then E,(f) € L?(w), foranyn € N, and

lim (f |En<f>—f|f’wdu>” ~ 0
n—oo .Q

(d) There exists a positive constant C such that
IMfliLr@w < CllfliLrw . YfeLP(w).

REMARK 1.12. In the proof of Theorem 1.6, the condition (w1, w2) € RH(p1, p2)
has been used only to show that (3) implies (v, w1, @2) € A—p>. Moreover, under the same
assumptions as in Theorem 1.6, the following statements are equivalent:

(a) There exists a positive constant C such that for any n € N, any f € LP!(w;) and

any g € L (w)),

9) (/9 |En(f)En(g)|pvdM) ’ < CUIFILrt o 191 LP2 (o)

(b) The triple of weights (v, w1, wy) satisfies the condition A—p>.
LEMMA 1.13. Let w1, wy be weights and 1 < py1, pa < oo. Suppose that 1/p =
1
L

Upi+1/pr o " e Ll i=1,2andv = o!'"' )P If f € LP (1), g € LP2(2)
and E,(f)E,(g) € LP(v), foranyn € N, then

1
P
(10) lim (/ |En(f)En(g) — fgl”vdu> o0,
n—o0 ]
if and only if, for any € > 0, there is a nonnegative function y € L? (v) such that
1
P
an sup </ |En(f)En(g)X{En(f')En(g)|>)r}|pUdﬂ> <e.
n>0 2

PROOF. Suppose that (11) is valid. We will prove (10). For any ¢ > 0, there is a
nonnegative function y € L?(v) such that

v
sup </Q IEn(f)En(g)X{En(f)En(gnzy}l”vd/t) <e.

n>0
Since | fgllLrw) < 1 f et @pllglrw,) < oo, we can assume that y > | f g|. We also have

lim f, = f and lim g, = g, because the martingales ( f,),>0 and (g,),>0 are uniformly
n—00 n—0o

integrable. Thus
CYP = futnXii fugnl<yy — f9IP = 0, as n— oo.

It follows from the dominated convergence theorem

L gn X4 fagal<yy — S 9lLr ) = 0.
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For the above ¢, there is an ng € N, such that
I fn9n Xt frgal<yy — F9llLry <&, V¥n>no.
Moreover,
I fngn — FallLry =1 fagn (XUl fugal<y) T XU fugal=y) — F9llLr )
<@ v D (ILfon 90 X01 fugal <3y = F 9oy + 1 fn 90 X1 fgal =) 1 L2 )
< 2(21_7p Vv e, Vn > ng,

which implies (10).

Conversely, we assume that (10) is valid. Since fg € LP(v), we obtain that for any
0 < & < 1, there exists 6 > 0 such that whenever E € F satisfies |E|, < §, then
(/e |fg|Pvd/L)1/p < ms. For the above & > 0, there exists an ng, such that

1
(/ |En(f)En(g9) — fglpvdu)p < <+ /\8%>8, Vn > no.
$2 227 V1)

Moreover, for the above ¢ > 0 and n > ng, we obtain that

1
HIER (N En(D] = 1 fgl > e}ly=— ePvdu

eb /{En<f>En<g)—|fg>e}
1

= —/ |En(f)En(9) — fglPvdp < 8.
ep 7

Let y = max{2|fig1l, 21291, ..., 2| fugGnol, 1f gl 4 2¢}. It follows that y € L?(v) and

P
sup </Q IEn(f)En(g)X{En(f)En(g)|>y}|pvdM)

n>0
1
17
= sup (/ |En(f)En(9)|pUdﬂ>
n>ng {{En(f)En(@]=y}
1

i
= Sup</ IEn(f)En(g)—fg+fgI”vdu>
UEn(f)En(9)]=y}

n>ngo

1
(2% v 1) sup (fg |[En(f)En(g) — fgl”vdu>

<
n>ng
1
1—p p
+ @27 V1) sup </ Ifgl”vdu>
n=>no \ HE,(f)En(9I-1fgl>e}
<e.
This completes the proof. O

PROPOSITION 1.14. Let w1, wy be weights and 1 < p1, p2 < 00. Suppose that
1/p=1/p1+1/prandv = w{?/mwg/pz' If the triple of weights (v, w1, wy) satisfies the
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condition A7,> , then

(12)  lim (/ |En(f)En(g) — fglpvdu) "0, VfelM()., geLlPw).
n—o0 Q

PROOF. Let f € LP'(w;) and g € LP2(wy). It follows from the condition Aﬁ and
Remark 1.12 that

(/Q Ea(NEa(@)Pvdpt)” < CIFim gl r . Yn € N,

which is the assumption of the Lemma 1.13. If (11) is valid , we have (12) by the Lemma
1.13. We will prove (11) in the following way. Since f and g are integrable, the martingales
(fu)n>0 and (g,)n>0 are uniformly integrable. It follows from Doob’s inequality that

(13) supAl{Mf = A} < [ |f1dpand supal{Mg > A}| < f gl
A>0 2 A>0 22

Forn € N, fix A > 0, which will be determined later. Then,

P

(/Q IEn(f)En(g)X{|E,,(f)E,,(g)zA}I”UdM>

]

= <fg |En(fX{En<f>En<g>>x})En(9X{En<f>En<g>>x})|”vdﬂ)

1

P
< </ En(|fX{MfMng}|)pEn(|9X{MfMgZA}|)pUdH>
2
(14) < CINf xmgmgz=nll Lot p 19X imf Mgzl LP2 (@) »

where (14) is a result of Remark 1.12. It is clear that
(MfMg = 1) S (Mf = AP} U (Mg = 177},

Thus [(MfMg > A}| < {Mf > AP/P1}| + |{Mg > AP/P2}|. Combing with (13), we get
Alim {MfMg > A}| = 0. Then, (11) follows from (14), because of the absolute continuity
— 00

of the integral. ]

PROPOSITION 1.15. Let w1, wy be weights and 1 < py, p2 < o0. Suppose that

I/p=1/p1+1/prandv = a)f/p'a)g/pz. If there exists a positive constant C such that

IS Plirw) = CUFILr@pllgllirm @), Yf € LP (@), g€LP(w),

we have (v, w1, W) € AT;, ) and (12).

REMARK 1.16. The proof of Proposition 1.15 is clear and we omit it. But we can not
give the converse of the Proposition 1.15 in martingale spaces.
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