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Abstract. In a certain Banach space called an M-type 2 Banach space (including
Hilbert spaces), we consider a set-valued stochastic differential equation with a set-valued
drift term and a single valued diffusion term, under the Lipschitz continuity conditions, and
we prove the existence and uniqueness of strong solutions which are continuous in the Haus-
dorff distance.

1. Introduction. Theory of stochastic differential inclusions, as an important gener-
alization of that of stochastic differential equations, has been received much attention with
general applications to the mathematical economics, the control field, etc. In this area, we
would like to refer to the nice survey [10, 11] written by Kisielewicz et al. In the n-dimensional
Euclidean space R", much work has been done on stochastic differential or integral inclusions.
Aubin and Da Prato [2] studied the viability theorem for the following stochastic differential
inclusions

dx; € F(xp)dt + gi(x1)d By,  x0=5§,

where F is set-valued, g is single valued and {B;} is an R"-valued Brownian motion. Kisiele-
wicz (e.g., [12, 13, 14, 15, 20]) considered the following integral inclusions

t t
X; — Xo € cl(/ Fr(x;)drt +/ Gr(x,)dBT> , tel0,T],
0 0

where both F and G are set-valued.

However there are only a few literatures considering the set-valued stochastic differ-
ential equations or integral equations because of the complexity of derivative of set-valued
functions and the difficulties in defining set-valued stochastic integrals. For instance, in the
1-dimensional Euclidean space R, even if the integrand is G;(w) = [—1, 1] a.s., Ogura [21]
pointed out that the integral f(; G.dB; is unbounded a.s. Thus it is difficult to consider the
strong solution of the following stochastic differential equation,

t t
X; =X0+/ Fr(Xr)dT+/ G (X)dB,, tel0,T],
0 0
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where F, G and X, are set-valued. In a separable Banach space, Michta [19] studied compact
convex set-valued random differential equation without the diffusion term, where the deriv-
ative of a set-valued function is the Hukuhara derivative. Michta also discussed in [19] the
relationship between set-valued differential equation and differential inclusion.

In this paper, inspired by Aubin and Da Prato [2], in a separable M-type 2 Banach space
X defined precisely in Section 3, we will study the set-valued stochastic differential equation
with a set-valued drift term and a single valued diffusion term, which is presented as follows:

t

t
(1.1) Xi = Xo +/ a(s, Xs)ds +/ b(s, Xs)dBs, 1€[0,T],
0 0

where both X and a(s, X;) are set-valued, b(s, X;) is single valued, and {B;} is a real valued
Brownian motion. The sum of a set X and a single point y isdefinedas X +y ={x+y;x €
X}

There exist quite a few literatures treating stochastic differential or integral inclusions,
and even if there exist, the most of them deal with these subjects in finite dimensional set-
tings. However the set-valued stochastic differential equation of the type (1.1) is a rather new
subject if we compare it with those stochastic inclusions, and further the space, where (1.1) is
considered, belongs to a certain class of Banach spaces including Hilbert spaces.

Under these circumstances, we obtain

THEOREM 1. Suppose a(-,-) and b(-, -) are jointly measurable, H-bounded and sat-
isfy Lipschitz conditions in the following sense:

H{0},a(t, X))+ b, )| <CA+H{0}, X)), XcCX, tel0,T]
for some constant C, and
H(a(t, X),at,Y)) + |Ib(t, X) —b@, Y)I < DH(X,Y), X, YCX, t€][0,T]

for some constant D, where H (A, B) is the Hausdorff distance between sets A and B. Then
for any given L?-integrably bounded, weakly compact, set-valued random variable X, the
equation (1.1) has a unique H -continuous solution.

The paper is organized as follows. Section 2 is for preliminaries of set-valued random
variables and set-valued stochastic processes. Section 3 is devoted to integrals of set-valued
stochastic processes with respect to a Brownian motion and with respect to time ¢. In Section
4, first we state our set-valued stochastic differential equation, and then prove the existence
and uniqueness of solutions.

2. Preliminaries. Let (£2, F, P) be a complete probability space, and {F;};>0 a fil-
tration satisfying the usual conditions such that 7 includes all P-null sets in F. The filtration
is non-decreasing and right continuous. Let B(E) be the Borel field of a topological space E,
(X, |I-]) a separable Banach space X equipped with the norm ||- ||, X* the dual Banach space of
X and K(X) (resp. Kp(X), K (X)) the family of all nonempty closed (resp. closed bounded,
closed convex) subsets of X. Let pbe 1 < p < 400 and LP(£2, F, P ; X), denoted briefly
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by L?($2 ; X), the Banach space of equivalence classes of X-valued F-measurable functions
f : £2 — X such that the norm
1£1lp = {Jo I f@lI7d P}

is finite. f is called LP-integrable if f € LP($2; X).

A set-valued function F : 2 — K(X) is said to be measurable if for any open set
O C %, the inverse F~1(0) = {w € 2; F(w) N O # @} is in F. Such a function F is
called a set-valued random variable. Let M(§2, F, P ; K(X)) be the family of all set-valued
random variables, briefly denoted by M (£2 ; K(X)).

A mapping g from a measurable space (E, .41) into another measurable space (E2, A2)
is called A / Ay-measurable if g~ (B) = {x € E; g(x) € B} isin A forall B € A,.

For any open subset O C X, set

Zo={EcKX); ENO # 0},
C:={Zop;0 C X, Oisopen},
and let o (C) be the o-algebra generated by C.

PROPOSITION 2.1. A set-valued function F : 2 — K(X) is measurable if and only if
F is F/o(C)-measurable.

PROOF. If F : (2, F) — (K(X),0(C)) is F/o(C)-measurable, then for every open
subset O C X, we have

FUO)={weR2:F@)NO0£0 ={we 2; Fw) e Zote F,

so that F' is measurable.
Conversely, if F is measurable, then for each open subset O C X, it holds that {w €
2; F(w) e Zp} e F,sothatforevery Z € 0(C), {w € 2; F(w) € Z}isin F. a

For A, B € K(X), H(A, B) > 0 is defined by

H(A,B) .= max{ sup inf [|[x — y||, sup inf ||x — y||}.
xeAYEB yeBXEA

If A, B € Kp(X), then H(A, B) is called the Hausdorff distance of A and B. It is well known
that Kj (X) equipped with the H-metric, denoted by (K, (X), H), is a complete metric space.
The following results are also well known (see for example [6], [17]).

PROPOSITION 2.2. (i) For A, B,C, D € K(X), we have
H(A+B,C+D)<H(A,C)+ H(B,D).
(ii)) For A, B € K(X), u € R, we have
H(uA, uB) = |n|H(A, B).
For F € M(£2, K(X)), the family of all L?-integrable selections is defined by
SE(F) :={f € LP(2,F,P;X); f(w) € F(w) as.}.
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In the following, Sf; (F) is denoted briefly by Sf;. If Sf; is nonempty, F is said to be L”-
integrable. F is called L?-integrably bounded if there exits a function h € L? (2, F, P ; R)
such that ||x|| < h(w) for any x and w with x € F(w). It is equivalent to that || F|k €
LP(§2; R), where ||F(w)|lK = SUp,ecp(y) lall. The family of all measurable K(X)-valued
(resp. K. (X)-valued) LP-integrably bounded functions is denoted by L”(£2, F, P ; K(X))
(resp. LP (82, F, P ; K.(X))). Write them for brevity as L? (§2 ; K(X)) (resp. L (£2 ; K. (X))).

Let I" be a set of measurable functions f : 2 — X. I' is called decomposable with

respect to the o-algebra F if, for any finite F-measurable partition Ay, ..., A, and for any
fioooosfu €T, xa, f1 + -+ xa, fuisin I', where x4 is the indicator function of set A,
ie.,

() = 1 fweA,
XAWI=10 ifw¢ A.

PROPOSITION 2.3 (Hiai-Umegaki [6]). Let I" be a nonempty closed subset of
LP(82,F, P;X). Then there exists an F € M(2 ; K(X)) such that ' = Sf; if and only
if I is decomposable with respect to F.

LEMMA 2.4. Let F be in M (82 ; K(X)). Then F is LP-integrably bounded if and
only lfo, is nonempty and bounded in LP ($2 ; X).

PROOF. The case of p = 1 is due to Hiai-Umegaki [6]. By a manner similar to that of
p = 1, we can also prove the statement for 1 < p < +o0. a

Let R be the set of all nonnegative real numbers and B. = B(R;). An X-valued
stochastic process f = {f;;t > 0} (or denoted by f = {f(t);t > 0}) is defined as a
function f : Ry x £2 — X with F-measurable section f; for each + > 0. We say f is
measurable if f is B4 ® F-measurable. The process f = {f;; t > 0} is called F;-adapted if
fi is F-measurable for every t > 0.

In a fashion similar to the X-valued stochastic process, a set-valued stochastic process
F = {F;;t > 0} is defined as a set-valued function F : R} x £2 — K(X) with F-measurable
section F; foreach t > 0. It is called measurable if it is B4 ® F-measurable, and F,-adapted
if for any fixed ¢, F; is F;-measurable.

PROPOSITION 2.5. Let F = {F;;t > 0} be an F;-adapted and measurable set-valued
stochastic process. Then there exists an F;-adapted and measurable selection f = {f;;t >
0} such that

fi(w) € Fi(w) forall (t,w) € Ry x $2.

PROOF. Let ¥ = (,.o{Z € By ® F;Z; € F;}, where Z; = {w; (t,0) € Z}.
We know that X is a a-algeTJra on Ry x £2. A function f : Ry x £2 — X (or a set-
valued function F : Ry x £2 — K(X)) is measurable and F;-adapted if and only if it is
Y -measurable. Therefore according to Kuratowski-Ryll-Nardzewski Measurable Selection
Theorem (see e.g., [S]), for every F;-adapted and measurable K(X)-valued stochastic process
F = {F;;t > 0}, there exists an F;-adapted and measurable X-valued selection f = {f; ; t >
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0} such that
fi(w) € Fy(w) forall (f,w) € R+ x 2.
O

3. Integrals of set-valued stochastic processes. In this section we describe the defi-
nitions and properties of integrals of set-valued stochastic processes in a Banach space.

Let p be 1 < p < oo, X aseparable Banach space, T a positive real number, (§2, F, F;, P)
a complete probability space with filtration {F;;¢ € [0, T]} and A the Lebesgue measure
on the interval [0, T']. In the following, the Lebesgue integral f[s’ . fdx will be denoted by
f; Sfzdt for [s,t] C [0, T], where f is a Lebesgue integrable function. Let L?(([0, T] x
£2),B(0,T]) ® F, L x P; X), denoted briefly by L? ([0, T] x £2; X), be the Banach space
of equivalence classes of X-valued, B([0, T']) ® F-measurable functions f : [0, T] x 2 — X
such that

3.1 f I £(t, w)||PdrdP < +oc.
[0,T]x$2

Let £7(X) be the family of all B([0, T]) ® F-measurable, F;-adapted, X-valued stochas-
tic processes f ={f;, F;;t [0, T]} such that E[fOT||fs 1Pds] = f[O,T]x.Q | f(t, w)||Pdrd P<
400, and L?(K(X)) the family of all 5([0, T]) ® F-measurable, F;-adapted, set-valued sto-
chastic processes F' = {F;, F;; t € [0, T]} such that {|| F; ||k };[0,7 is in LP (R).

For a B([0, T]) ® F-measurable set-valued stochastic process {F;, F;;t € [0,T]}, a
B([0, T]) ® F-measurable selection f = {f;, F;;t € [0, T]} is called LP-selection if f =
{fi, Fr;t €[0,T]}isin LP(X). The family of all £?-selections is denoted by S? (F(-)).

In fact, letting F be in £P (K(X)) and setting

Sri= () {ZeBI0.T)®F:Z € Fi},
1€[0,T]
we have, by a manner similar to the proof of Proposition 2.5, that S” (F (-)) is nonempty and
SP(F()={feLP(0, T]x 2,X7,Ax P;X); fi(w) € Fy(w)
for a.e. (t,w) € [0, T] x £2},
where L? ([0, T] x £2, X1, > x P ; X) is the Banach space of equivalence classes of X-valued,
Y r-measurable functions f : [0, T] x £2 — X satisfying (3.1).

3.1. Stochastic integral with respect to Brownian motion in an M-type 2 Banach space.

Let {B;, F;; t € [0, T]} be a real valued F;-Brownian motion, i.e., an F;-adapted continuous

martingale and forany 0 <t <u < T, E[(B, — Bt)z] =u —t (see [16]), with Byp(w) = 0
a.s.

3.2)

DEFINITION 3.1 ([3]). A Banach space (X, ||-||) is called M-type 2 if and only if there
exists a constant Cx > 0 such that, for any X-valued martingale { M}, the inequality
(33) sup E[[|Mi|*] < Cx > Ell| My — My—1 %]
k
k
holds.
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The class of M-type 2 Banach spaces is a wider class than that of Hilbert spaces. The
Lebesgue function spaces L? (p > 2) are examples of M-type 2 Banach spaces (see e.g. [23]).

Now, we review briefly about the stochastic integral studied in [25].
Let ﬁgtep(%) be the subspace of those f € L2(X) for which there exists a partition
0=t <t <---<t, =T forsomen € N, such that f; = f; foreacht € [#, tx+1),0 <
k<n-—1.

For f € L2 p(X), define an X-valued martingale

ste;

n—1

Ir(f) = fu(Bu, — By).

k=0
In an M-type 2 Banach space, due to the crucial inequality (3.3), for f = {f;, F:;t €
[0, T1} € L3y (%), we have

ste;
LEMMA 3.2, E[|Ir(f)I] < Cx [y ElllfiXdt.

Further we proved that every element of L>([0, T]; X) is approximated by a sequence of
bounded continuous functions, which, together with the separability of L2([O, T1; %), yields
the following lemma.

LEMMA 3.3. L2, (%) is dense in L*(X).
Lemmata 3.2 and 3.3 enable us to extend the above I7(f) from £, (%) to £2(X). The

step
extension is the definition of the stochastic integral and has the following properties.

PROPOSITION 3.4. For f € L*(X), we have
() EML(H]1=0,1(f) e L*R,F, P;X)and {I;(f) : t € [0, T1} is a measurable
Fi-martingale,

(i)
t
E[L(HIP] < CaeE[/ ||fv||2dsi| forall t €[0,T], and
0

(iii) there exists a t-continuous (in the norm of X) version of

1
/ fs(@)dBs(w) for t €[0,T],
0

that is, there exists a t-continuous X-valued stochastic process J; on (82, F, P) such that

t
P(Jtzf fsdBS)zl forall t,0<t<T.
0

From now on, we always assume that fot fs(w)d Bs(w) means a ¢-continuous version of
the integral.

3.2. Set-valued integrals with respect to Lebesgue measure on time interval [s, #]. For
a set-valued stochastic process {F;, F;;t € [0,T]} € LP(K(X)),andfor0 <s <t < T,
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define
t
(3.4) A= / fudit; (fuueto.ry € SPFO)],

where f; fu(w)du is the Bochner integral with respect to the Lebesgue measure A on the
interval [s, ¢]. By [5, Theorem 9.41], f is Bochner integrable on the interval [s, ] if and only
if its norm function || f|| is Lebesgue integrable, that is, f; | fulldu < +o0.

For each f € SP(F(-)), we have fOT I fullPdu < +o00 a.s., which means there is a P-
null set Ny, such that forall w € 2 \ NyandforO <s <t < T, fst If@?du < 4o0.
For @ € Ny, we define [ f,du = 0. Then for each f € SP(F(-), [! fudu is well defined
for all w € £2. Moreover, the process { f(; fudu : t € [0, T]} is continuous, measurable and
Fi-adapted. Hence A ; is a subset of LP (82, Fy, P; X) C LP(£2; X).

We define the decomposable closed hull of Ay ; with respect to F; by

&AS,, = {g € LP(§2,F;, P; X); forany ¢ > 0, there exist a finite F; - measurable
partition {Ay, ..., A,} of £ and fl, ..., f" € SP(F(-)) such that

n t
o=k [ siau
i=1 $

By Proposition 2.3, &AS,, determines an F;-measurable set-valued function I ;(F) : 2 —
K(X) such that the family of all LP-integrable selections of I, ;(F) is

< s} .
LP(2,F:,P;X)

Si,t(p)(]:t) = EAS,I‘ .

Particularly, Iy ;(F) will be denoted by I;(F) for brevity. Therefore {I;(F);t € [0, T]} is an
F-adapted set-valued stochastic process. The joint measurability of {I;(F);t € [0, T']} will
be discussed in Lemma 3.10.

DEFINITION 3.5. For a set-valued stochastic process {F;, F; ; t €[0, T]} € LP (K(X)),
the set-valued random variable I, ;(F) defined as above is called the set-valued integral of
{F;, Fr;t € [0, T]} with respect to the Lebesgue measure on the interval [s, t]. We denote it
by [/ Fudu := I ,(F).

THEOREM 3.6. For a set-valued stochastic process {F;, F; ;t € [0, T]} € LP (K(X)),
the set-valued integral fOT Fs(w)ds is convex a.s.

PROOF. Obviously, S fT (F) (Fr) is nonempty. According to [6, Corollary 1.6], it suffices
to prove that

T
SfT(F>(fT) =£’fo fsds; f € SP(F(-))]

is convex. It is noticed that if cl{fOTfsds ; f € SP(F(-))} is convex, then SfT(F)(}'T) is
convex, where cl denotes the closure in L?(£2; X). In the following, we will show that
cl{fonsds; f € SP(F(-))} is a convex subset of L”(£2; X). It suffices to prove that, for
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any g, h € SP(F(.)), forany a € [0, 1] and any ¢ > 0, there exists an f € S”(F(-)) such that

Ha/Tgsds—l—(l—a)/ThSds—/Tfsds‘
0 0 0

Define an (L7 (£2 ; X), LP(£2 ; X))-valued measure p on B([0, T]) by

w(A) = </ gsds,/ hsds), A e B(0,T]).
A A

The space ([0, T'], B([0, T]), 1) is non-atomic. Hence by the result in [24, p. 162], the closure
of the range of w is convex in (L?(£2 ; X), LP(§2; X)). Since u(¥) = (0,0) and ([0, T]) =
(fOT gsds, fOT hsds), for any o € [0, 1] and any & > 0, there exists an A € B([0, T]) such that

Hoe/Tgsds—/ gsds

0 A

Ha/Thsds—/hsds‘
0 A

fs(@) = xexa(®, $)gs(®) + xaxac (@, $)hs(w) forall (v,s) € 2 x[0,T],

<é&
LP(2:%)

£
< —
Lr(2;%) 2

and

e

< —.
LP(2:%) 2
We take

where x4 denotes the indicator function of the set A. Then we have f € SP(F(-)) since
{2 x A, 2 x A} isan Fo® B([0, T])-measurable partition of the product space £2 x [0, T'].

Furthermore,
T T T
Ha/ gxds—i—(l—ot)/ hsds—/ fsds‘
0 0 0

T T
< Ha/ gsds —/ X2xAgsds
0 0

r T
+ H(l _a)/o hs(w)ds —/0 XQfohsds)

e T T
< -+ Hoe/ heds —/ X2 xAhsds
2 0 0

which yields that the set S fT( F)(]-" 1) is convex. Then the integral I7 (F)(w) is convex a.s. O

LP(£2:%)

LP(£2:X)

LP(£2:X)

<e,
LP(2:X)

REMARK 3.7. For0 <s <t <T,theintegral I; ;(F)(w) is also convex a.s.

Theorem 3.6 is similar to [6, Theorem 4.2], but it is not a direct result of [6, Theorem
4.2], since in Theorem 3.6, the full space is the product space [0, T] x £2, but the domain of
the integral is just the time interval [0, T'] and not [0, T] x £2.

If F is separable with respect to the probability measure P, then the space L? (([0, T'] x
£2),B(0,T]) ® F, A x P;X) is separable by the same reason as in the proof of the sepa-
rability of L? (£2; X) in [25]. Therefore S”(F (-)) is separable since it is a closed subset of
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L? ([0,T] x £2; X). Hence we can find a sequence { f" = (f/):cjo,71:n € N} C SP(F(-))
such that

SP(F() =cl{f";n €N},

where cl stands for the closure in L? ([0, T] x £2; X). Moreover, for0 < s <t < T, the
equality

13
S8 (o) = de| / fuduzneN)
' s
holds.

THEOREM 3.8. Assume F is separable with respect to the probability measure P.
Then for a set-valued stochastic process {F;, Fy;t € [0,T]} € LP(K(X)), there exists a
sequence { f" ;n € N} C SP(F(-)) such that

Fi(w) =cl{f"(w);n € N} for a.e. (t,w),
and, for0 <s <t <T,
t
I+ (F) (o) = cl![ M @)dun e N} as.,
s
where cl denotes the closure in X.

PROOF. For0 <s <t <T, I ;(F)isin M(£2; K(X)) and Siz(F)(]:’) is nonempty.

Then by [6, Theorem 1.0], there exists a sequence {g;", ;i e NYC SZ (F) (Fy) such that

Iy (F)(@) = cl{g} ,(@);i € N} forall € 2.

Note that in the above equation, the sequence depends on s and ¢.
Since

t
SIP;’[(F)(}—I) = £’/ fudu; f € S”(F(-))] ,

by the separability of SP(F(-)), there exists a dense sequence { f"; n € N} in S (F(-)) such
that

t
ST oy (F) =£{/ fldu;n eN} for 0<s<t<T.
! K}
Since gA’:J € Sir(F)(]:f) for every i > 1, we have

t
gis() € Cli/ fi(w)du;n € N} a.s.

where cl stands for the closure in X. By the countability of the sequence, we can find an
exceptional P-null set N such that for w € £2 \ N, we have

t
{g‘ﬁ,t(w);i e N} C Cl{/ fH(w)du;n € N}.
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Then

t
I (F) (@) = cl{gg (w);i € N} C Cl{/ fHw)du;n € N} a.s
N
C I (F)(w) as.,
i.e.,
t
L (F) (@) = cll[ M w)du;n e N] as.
)
Since f"(t, w) is in F;(w) for a.e. (¢, w), by the countability of the sequence, we have
3.5) c{f/'(w);n e N} C Fi(w) for ae. (t,w).

On the other hand, by Proposition 2.5, there exists a sequence {¢”* € SP(F(-)); m € N} such
that

Fi(w) =cl{g"(w);m e N} forall ¢t and w.

Since every ¢" € cl{f";n € N}, we have ¢"(t,w) € cl{ f"(t,w);n € N} forae. (t, w).
Owing to the countability of the sequence, we obtain

Fi(w) C cl{f/'(w);n e N} for ae. (t,0),
which, together with (3.5), yields
Fi(w) =cl{f/'(w);n € N} for ae. (t,w0).
O

THEOREM 3.9. Assume F is separable with respect to P. Then for a set-valued sto-
chastic process {F;, F;;t € [0, T]} € LP(K(X)), SI (F)(]:,) is nonempty and bounded in
LP(2,F;, P;X) for0 <s <t <T. Furthermore, lfx is reflexive, then for )0 < s <t <
T, I ;(F)(w) is almost surely weakly compact in X and SZ,,(F)(]:’) is weakly compact in
L? (82, F:, P; X).

PROOF. Let {Ax;k = 1,...,m} be an F;-measurable partition of £2, and {gk k=
1,...,m} C SP(F(-)). ThenforO0<s <t <T, ft g,’jdu is F;-measurable, and

H/ duH <tp 1E / g ||Pdu:| <TP~ 1E[/0T||Fu||§du] < 400,

which implies that S¥ Tt (F) (F;) is nonempty.

In the followmg, we will show that SZr(F)(]:t) is bounded in L”(£2, F;, P; X). By
Theorem 3.8, there exists a sequence { " ; n € N} C SP(F(-)) such that

Fi(w) =c{f"(@):neN} ae. (i, o)

andforO<s<tr<T,

t
1.1 (F)(@) =c1{/ fi@dusn e N} as
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Therefore we have

EN (IR =E[  sup  Ixl”] = E[ sup | / fodu|"]
xels(F)(w) neN
<E supt" lf ¥4 ||Pdu 5 sup/ ¥4 ||Pdu
neN neN

< 1] [ s gpiran] = 17 5] [ UF ] < oo,
0

s neN

which shows I ;(F) is L?-integrably bounded. Therefore, by Lemma 2.4, the family of all
JF-measurable L?-integrable selections SZ,,(F)(f’) is bounded in L? (2, F;, P ; X).

By Theorem 3.6, I; ; (F)(w) is convex for almost sure w. If X is reflexive, then I ; (F) ()
is weakly compact for almost sure o since it is almost surely a closed, bounded and convex
subset of X. Similarly, when p > 1, since L?($2, F;, P ; X) is reflexive too, Si,r(F) (Fp)is

weakly compact in L?(§2, F;, P; X). When p = 1, S}”(F) (F}) is also weakly compact in
LY (2, F;, P; %) from [6, Theorem 3.7]. O

LEMMA 3.10. Assume F is separable with respect to P. Let a set valued stochastic
process {Fy, Fy;t € [0, T} be in LP(K(X)). Then there exists a B([0, T]) ® F-measurable
version {Is((F) ;1 € [s, T1} of {I.:(F); t € [s, T1} such that I ;(F)(») = I, ;(F)(®) a.s.
and I:t(F)(a)) € Ky(X) forall s <t < T and almost sure w, where s € [0, T) is arbitrarily
fixed.

PROOF. If F is separable, by Theorem 3.8, there exists a sequence {f";n € N} C
SP(F(-)), such that

Fi(w)=cl{f{'(w);n € N} ae. (1,0),
and for s € [0, T) being arbitrarily fixed, t € [s, T],

t
I (F)(w) = Cl{/ S (w)du;n e N} a.s.
A
For every f" € SP(F(-)), there exists a P-null set N, (independent of s and #) such that
T T
f I fi' (@)IPds < f | Fy(w)llgds for @ € 2\ N,.
0 0
Set N := Un Ny, then P(N) =0, sothat,for0 <s <t <T andw € 2 \ N, we have
' T T
f £ @) Pdu < fo £ @) Pdu < /0 | Fue) |
N
ForO0 <s < T, set

t
L (F) () =cl{/ M @)du;n e N} forall € [s,T] and o.
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Then I ;(F)(w) = f:,(F)(w) a.s. and I:,(F)(a)) is in Kp(X) forall t € [s,T] and w €
£2 \ N. By using the Castaing representation theorem (see e.g., [6, Theorem 1.0]), the set-
valued process {I; ;(F);t € [s, T1} is B([0, T]) ® F-measurable since, for every n, fst fldu
is B([0, T']) ® F-measurable. O

From now on, if F is separable, we will always assume that the set-valued integral of
{Fi, Fr;t €10, T]} € LP(K(X)) means the B([0, T']) ® F-measurable version {/; ;(F);t €
[s, T1}. For convenience, we still denote I ; (F)(w) by Is ;(F)(w) or f; F,(w)du.

THEOREM 3.11. Assume F is separable with respect to P. For set-valued stochastic
processes {Fy, Fy;t € [0, T} and {Gy, Fr 5t € [0, T]} € LP(K(X)), set

t t
¢(t, w) = H(/o Fs(a))ds,/o Gs(w)ds) 1[0, T]x 2 — R.

Then ¢ (-, -) is B([0, T]) ® F-measurable.

PROOF. If F is separable with respect to P, assume that { f i.ieN } is the dense subset
of SP(F(-)) and {g’ ; j € N} the dense subset of S”(G(-)). By the definition of the Hausdorff
distance and Lemma 3.10 (and its proof), we have

t .
§(t, ) = max | supin | f (Sl (@) - g (@)ds
i J 0

: ‘
swpint | [ (7@ = of @nyas]
jol 0

for all t+ € [0, T] and w. For every i, j, fotﬁ(w)ds and fé gsj(a))ds are B([0,T]) ® F-
measurable. Then ¢ (-, -) is B([0, T]) ® F-measurable. O

PROPOSITION 3.12. Assume F is separable with respect to P. Then for a set-valued
stochastic process {Fy, Fy; t € [0, T} € LP(K(X)), the equality
I (F)(w) = cl{I;(F)(®) + I, (F)(w)}
holds for 0 <s <t < T and almost sure w, where cl stands for the closure in X.
PROOF. By Theorem 3.8 and Lemma 3.10, it is not difficult to get the desired result. O

LEMMA 3.13. Assume F is separable with respect to P. Then for a set-valued sto-
chastic process {F;, F; ; t € [0, T1} € LP(K(X)), the set-valued integral {I;(F) ;t € [0, T}
is H-continuous in t a.s.

PROOF. By Theorem 3.8, for a set-valued stochastic process {F;, F;;t € [0,T]} €
LP(K(X)), there exists a sequence {f" ; n € N} C SP(F(-)) such that

Fi(w) =c{f"(@):neN} ae. (i, o)

and, foreacht € [0, T],

t
L(F)(w) = c1[/0 fMw)dsin e N] ,
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so that, by properties of Hausdorff distance and Proposition 3.12, we have

t K s t s
H(/O Fudu,t/O Fudu)zH(/o F:,du+/s Fuctlu,/o Fudu)
<n( / Fudu, {0}) = sup | / fdu| < / sup || £/ ldu

s n ) K n

Since fst sup, | filldu = f; | Fyllkdu as., the latter converges to 0 a.s. as (f — s) goes to
zero, which yields the desired result. O

LEMMA 3.14. Assume F is separable with respect to P. For set-valued stochastic
processes {Fi}ie(0.11, {Gi}ieo.11 € LP(K(X)), and for all t, we have

t t t
HP(/ Fs(a))ds,/ Gs(a))ds) 5#’*1[ HP(Fy (), G (w))ds a.s.
0 0 0

PROOF. When F is separable with respect to P, by Theorem 3.8, there exists a sequence
{f';i e N} C SP(F()), such that

Fo) =cl{fl(w):ieN} ae. (t,0)

and, foreacht € [0, T],

t r
/Fs(a))ds=cli/ f;(w)ds;ieN}.
0 0

For each i > 1, we can choose a sequence {¢"/ ; j € N} C SP (G(-)) (this sequence depends
on i), such that

I = g lLrqo,rixe:2) L d(f1, SP(G()) (j — +00).
By (3.2) and [6, Theorem 2.2], we have

d(f',SP(G(-))) = _inf f— :
(f", $7(G))) S I/ = gllLrqo.rixe2: %)
o () /T 1@ — gy Pdsap) "
= m W) — w N
957 (G() ' »
= f - PdsdP
= (.t f / 1@ - ge@1Pdsap)”’

/ fo nt i) = yivdsar)|
= (/ / dP(f;(a)),Gs(a)))dsdP)l/p,
2 J0

so that

T - T '
/ / I fi (@) — g5’ (@)|PdsdP | / / dP(f{ (), Gy(w))dsdP (j — 00).
2 Jo 2Jo
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Namely, noticing that | /' — g/ | oo, 71x2: %) = d (£, S? (G()) and || fi (@) — ¢’ (@) || =
d(f{ (), Gs(w)) for a.e. (s, w), we have for any ¢ > 0, there exists a natural number J such
that for any j > J,

T .o T )
| f / (=g = / f d"(f; (). Gs(@))dsdP
2 J0 o Jo
T .o T )
= [ [ 15t - donrasie - [ [ arisie. Guondsar
2 J0 o Jo
T ) . .
N /9 /0 (ILf (@) = g5’ @)IP = d?(f; (@), Gs(w)))dsdP
T ) . '
N /.(2 /0 s (@) = g @7 = dP(f; (@), Gs(w))|dsdP .
Hence there exists a subsequence of {g"/ ; j € N}, denoted as {g"/ ; k € N} such that
Il £l (w) — W (@))|P — dP (fi(w), Gs(@)) (k — 400) ae. (s, ).

Since {F;}iefo, 77 and {G; }iefo, 77 are in L7 (K(X)), we have

T
(3.6) 4Awﬂw&+wmwﬂﬂ<w.

Since
Il £} (w) — W @)I? < 2P(| Fs (@)l + IG5 (@) Ik for ae. (s, w)

and (3.6) yields
T
[ R @I+ 16 @ifds <00 as.
by the Lebesgue dominated convergence theorem, for all # and almost sure w, we have
r . t )
/ I1£; (@) = g* (@)IPds — / d’(f (@), Gs(w))ds  (k — +00).
0 0

Therefore, for all ¢ and almost sure @

t - t )
irklf/ I (@) — ¢ (@)lIPds < / dr(f; (w), Gs(w))ds .
0 0
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Hence, for all ¢+ and almost sure w, we have

t t ro.
sup dp<x, / Gs(a))ds> 5supme / fiw)ds — / g (a))dsHp
0 i J 0 0

xef(;Fs(a))ds
r . »
< supian[ f;(w)ds—/ géjk(w)ds“
ik 1Jo 0
t N
<! supigf/ I/} (@) — g™ (@) 1P ds
i 0

t
< ¢! sup/ d?(f}(®), Gs(w))ds
i Jo

1
13
< P! / supd? (fi(w), Gs(w))ds .
0 i
Similarly, by Theorem 3.8, there exists a sequence {g" ; m € N} C SP(G(-)) such that
Gi(®) =cl{g"(w);m € N} ae. (1,0)
and, foreacht € [0, T],
13 t
/ Gy (w)ds = c1[f g (@)ds m € N}.
0 0

In the same way as above, we obtain that for all # and almost sure w,

t 1
sup  a”(y, / Fy@)ds) <17~ / supd” (g)" (@), Fy(@))ds .
yefy Gs(w)ds 0 0 m

Therefore, the inequality

t t t
([ Ris. [ Guds) <00 [ 1 o). Gunas
0 0 0

holds for all ¢+ and almost sure w.
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a

THEOREM 3.15. Assume F is separable with respect to P. Let {F;};cjo,r] and
{Gt}iefo,1) be set-valued stochastic processes in LP (K(X)). Then for 1 < r < p and all

t, it follows that

t t t
H’(/ Fs(a))ds,/ Gs(w)ds) < trfl/ H' (Fs(w), Gg(w))ds a.s.
0 0 0

E[H’(/Ot Fyds, /Ot Gsds)] < trlE[/ot H’(FS,Gs)ds] < 400,

and then

PROOF. Forl < r < p, {Fi}iero,r] and {G;}icfo,17 are in L (K(X)). Hence Lemma

3.14 yields the first inequality immediately. Since we have
H' (Fy(w), Gs(w)) < (H(Fy(w), {0}) + H({0}, Gy(w)))
=2"(|Fs(@)lg + IGs(@)llx) € L' (2 x [0, T]; R),
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foreachr € [0, T, E[fot H'" (Fy, G)ds] is finite. Hence the second result holds. O

4. Set-valued stochastic differential equation. In this section, we mainly study the
solution to a set-valued stochastic differential equation. Assume X is a separable M-type 2
Banach space. Let the functions

a(-,+) [0, T] x K(X) - K(X) be (B([0, T]) ® 0 (C)) /o (C)-measurable, and

b(-,-): [0, T] x K(X) - X be (B([0, T]) ® 0 (C)) /B(X)-measurable.

LEMMA 4.1. Let{X;; t € [0, T1} be an F;-adapted, measurable set-valued stochas-
tic process, then the following statements hold :
(i) a(t, X;(w):[0,T] x 2 — K(X) is (B0, T]) ® F) /o (C)-measurable and for
fixedt € [0, T], a(t, X;()) is F; /o (C)-measurable, and
(1) b, Xi(w); [0, T1x 2 — Xis (B(0,T]) ® F) /B(X)-measurable and for fixed
t €[0,T], b(t, X;(")) is F;/B(X)-measurable.

PROOF. Here we only prove the results for the function a(-, -), since for the function
b(-, -), we can prove similarly.

For fixed t € [0, T], a(t, -) is 0 (C) /o (C)-measurable. It is noticed that {X; ; ¢ € [0, T']}
is F-adapted. Hence, for every fixed + € [0, T], the composite function a(z, X,(-)) is
Fy/o(C)-measurable.

By Proposition 2.1, X : [0, T] x £2 — K(X) can be considered as a (B([0, T])  F) /
o (C)- measurable function. Then the composite function a(-, -, -) mapping [0, T'] x ([0, T] x
) to K(X) with a(t,s,w) = a(t, Xs(w)) is (B0, T]) ® (B([0, T]) ® F)) /o (C)-meas-
urable. Indeed, let (£2¢, Bo), (£21, B1) and (£2,, B7) be measurable spaces. Let Id denote the
identity measurable mapping from (£21, B1) to itself. Let ¢ be a measurable function from
(821, By) to (£27, B>) and set

Yi=(d,p): 20 x 21 — 20 X $2>.
Taking any A x B € By ® B>, we have
v AXxB) =Ax¢ {(B)eBy®B.
Hence,
Y (Bo®Ba) =By ® ¢~ (Ba) C Bo® By,

which implies that v is (Bo®B1)/Bo®B,-measurable. Now let (£29, Bo) = ([0, T1,B([0, T1)),
(£21,B1) = ([0, T] x £2,B(0,T]) ® F), (§22,B2) = (K(X),0(C)) and ¢ = X, then ¢
is (B0, T]) ® (B([0, T]) ® F)) / (B([0, T]) ® o(C))-measurable, so the composition (d o
Y, s, w) = a(t, Xy(w))is (B([0, T]) ® (B([0, T]) ® F)) /o (C)-measurable.

Lett = s fora(z, s, w). Then it is not difficult to obtain that a (¢, X;(w)) : [0, T] x 2 —
K(%) is (B([0, T]) ® F) /o (C)-measurable. O

Assume the above functions a(-, -) and b(-, -) also satisfy the following conditions:

4.1 H{0}a@, X))+ b, )l =CA+H{0}, X)), XeK®X), t€[0,T]
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for some constant C, and
4.2) H(a(t, X),a@, Y)+Ib@t, X\)=bt, Y)I<DH(X,Y), X,YeK(X), te [0,T]

for some constant D.

Let Xo be an L’-integrably bounded, weakly compact (in the sense of weak topol-
ogy o (X, X*)) set-valued random variable. Assume a(-, -) is (B([0, T]) ® 6 (C)) /o (C)-mea-
surable, b(-, -) is (B([0, T]) ® o (C)) /B(X)-measurable and both a(-, -) and b(-, -) satisfy the
conditions (4.1) and (4.2). Then, by Lemma 4.1, it is reasonable to define the set-valued
stochastic differential equation as follows:

DEFINITION 4.2.
t t
4.3) X, = Xo+/ a(s, Xs)ds +/ b(s, Xs)dBs; for t € [0, T] as.
0 0

An F;-adapted, H-continuous in ¢ almost surely and measurable set-valued process {X; ; ¢ €
[0, T']} is called a strong solution if it satisfies the equation (4.3).

REMARK 4.3. There are three terms on the right hand side of equation (4.3). The first
term is weakly compact a.s. By Theorem 3.6, the second one is convex and closed a.s., then
weakly closed a.s. The third one is a single valued set, then weakly compact a.s. Therefore
the sum is weakly closed a.s., and hence closed a.s. Also, the left hand side X; is closed. So
it is reasonable and possible to consider a solution to equation (4.3).

In the following, we will study the existence and uniqueness of the solutions to (4.3).

THEOREM 4.4. Assume F is separable with respect to P. Let T > 0, and let a(-, -) :
[0,T] x K(X) —> K(X)and b(-,-) : [0, T] x K(X) — X be measurable functions satisfying
conditions (4.1) and (4.2). Then for any given L*-integrably bounded, weakly compact initial
value X, there exists a strong solution to (4.3).

PROOF. As amanner similar to that of solving the ordinary stochastic differential equa-
tion, we can use the successive approximation method to construct a solution to equation
4.3).

Define ¥ = X. Then we can define Y¥ = Y*(w) inductively as follows:

t t
(4.4) Y = xo + / a(s, YHds + / b(s, Y*)dB; .
0 0

By Theorem 3.15 and condition (4.2), we have
t t
E[HZ(YtkH’ Ytk)] = E[H2<XO + / a(s, Ysk)ds ~|—/ b(s, Ysk)dBS,
0 0
t t
Xo+ / a(s, V<N ds + / b(s. ¥4 B, |
0 0

< E[(H(Xo, Xo) + H(/t af(s, Yf)ds, /t af(s, Yf_l)ds)
0 0
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+H( / b5, Y4B, f s Yf”)st))z]
0 0
— E[([—](/t a(s, Yhds, /t af(s, Yfﬁl)ds)
: ' :
/ b(s. YX)dB, —f bs. Y{~)dB; H) ]
0 0

< ZE[Hz(/OIa(s, Y*)ds, /Ota(s, Yf*l)ds)]
/t b(s, Y*)dB, — /t b(s, Y 1)aB, Hz]
0 0

t
§2tE[/ H2(a(s, Y5), a(s, xj‘—l))ds]
0

+|

~|—2EH

t
20 [ M6, 1h — bis. v Ps]
0
t 13
§2tD2E[/ HA(YE, Yf—l)ds] ~|—2C35D2E[/ HA(vk, Yf—l)ds]
0 0

t
<2DX(T +C3€)/ E[H*(YX, Y*"Yds for k>1, 1€[0,T],
0

t t
E[H2(Y,1,YP)]:E[H2(Y,°+/ a(s, x?)ds+/ b(s, x?)st,Y,O)]
0 0

< E[(H(Yto’ YIO) + H(/Ot a(s, Yso)ds, {0})

+ H(/Ot b(s, YO)dB,, {0}))2]

< 2E[H2</0t a(s, Y0)ds, {0})] + ZE[H /Ot b(s, Y)dB, Hz]

t t
§2tE[/ H2(a(s, YQ),{O})ds]Jrzch[/ Ib(s, YSO)IIst]
0 0
1
=20+ CoE[ [ (H2ats 70. (0) + 165, ¥ P
0

t
=20+ CoE| fo C2(1+ || Xoll)%ds |

<2CX(T + Cx)tE[(1 + | Xollk)*] = Ayt
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where A| :=2C*(T 4+ Cx)E[(1 + || Xollk)?] < +oc and is independent of 7. So by induction
on k we obtain

t
E[H*(YFt!, Y]] < 2D*(T + cx)/ E[H*(YK, Y5¥=1)1ds
0

IA

t s
(2D2(T+C35))2f / E[H*(Y*!, Y¥=2))dds
0 JO
A§+1tk+l

<< 22— k>0, 1€[0,T],
Y - 0. 71

where A, := max{1l, A, 2D*(T + Cx))}.
For m > n > 0, by the above inequality, we have

(ELH*(Y", YODV2 = | H@™, Y12
<IHY™ " Y+ HY" Ly 4+ HYL Y2

m—1 m—1
k+1 vk k+1 vk
= | X Haeh| = Y i v
k=n k=n

- k1 vk . A§+ltk+l 172
< HY'™,Y < (—) — 0 as n— 400,
_;u 0% t>||Lz_k§ T D n—+

which means {Y/%,n € N} is a Cauchy sequence in the complete metric space
L2(82:(Kp(%), H)), so that the sequence {Y/"; n € N} converges to a limit 17, in the sense
that limy,—, 4 o E[Hz(Yt", )7,)] = 0 for every ¢ € [0, T]. The convergence is also uniform in
t € [0, T']. Indeed, by Theorem 3.15, we have

t t
sup HYM,v5) = sup H(Xo—i—/ a(s, Ysk)ds+/ b(s, Y*)dBy, Xo
0 0

0<t<T 0<t<T

t t
+[ a(s, Yskfl)ds—i—/ b(s, Ysk’l)dBS>
0 0

< sup (H(/ta(s, Ysk)ds, /ta(s, Yskfl)ds)
0 0

0<t<T

t t
+H / b(s, Y*)dB, — / b(s, YE1)aB,
0 0

)

T
< f H(a(s, Y5, a(s, Y¥" 1)) ds
0

4 sup H /tb(s, Y5) — bs, Yf’l)stH as.
0

0<t<T
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Therefore, we have

P( sup H(Ytk"’l, Ytk) > 2"‘)
0<t<T

< P((/OT H(a(s, Y5), a(s, Yskfl))ds)2 > 272/{72)

t
+p( s | /O (b(s, Y5) — b(s, Y<~1))aB,

0<t<T

> 2_k_1> .
The first term of the right hand side of the above inequality is dominated as follows:
T 2
P((/ H(ats, Y5), ats, Y~H)ds) > 27%72)
0

T 2
<226 [( [ Hiats. ¥h.ato, v ds) ] by Markov's inequaliy)
0

T
< 2% / H(a(s, Y}), ats, Y, ~)ds | (by Schwarz’s inequality) .
0

Now we consider the second term. By Proposition 3.4, {fé b(s,Ys)dBs;t € [0,T]} is a t-
continuous L2-bounded Banach-valued martingale, then the norm process {|| fé b(s, Yy)dBs]|| ;
t € [0, T} is t-continuous L2-bounded real valued submartingale, so that, by Doob’s inequal-
ity, the second term is dominated as follows:

(on | 0.1 b vi-tpan| = 27)
]

T
< 22k+2C3€E[/ b (s, Y5) — b(s, Ysk_l)||2ds].
0

T
< 2%+2p ] / (b(s, Y5) = b(s, YA~ 1))dB,
0

Then we have

P( sup H(Y[vf) > sz)
0<t<T
T
< 22k+2TE[/ H%(a(s, Y!‘), a(s, Ysk_l))ds]
0
T
+ 2220 / IbGs. ¥) = b(s, ¥i~)Pds
0
T
= 2%+2(T 4 Cae)/ E[H*(a(s, Y5, a(s, YETU) + |1b(s, Y5 — b(s, Y1) |2 1ds
0

T
<221 4 cx)/ E[(H(a(s, Y)), a(s, YE) + [1b(s, Y5) — b(s, Y, )ID?1ds
0

T
< 22T 4 Cx)D? / E[H* (YK, YF=1)1ds
0
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2k+2 2 g A’és" 2k+2 2A§Tk+1
<2 T+ Cx)D ds =2 T+ Cx)D ,
< (T +Cx) fo o ds (T 4+ Cx) D

which yields that

o0
3 P( sup H(YfH, ¥f) = 27F) < oo,
k=1 0<t<T

By the Borel-Cantelli Lemma, it follows that

P(( Ul s st st =2 =o.

0<t<T
which implies, for almost sure w, there is an integer ko = ko(w) such that

sup H(Y*HL %y <27% for k > ko.
0<t<T

Therefore the sequence {Y[k ; k € N} converges to Y; uniformly in [0, 7] a.s. By Lemma 3.13
and the definition of the stochastic integral, every sz is H-continuous in ¢, so that the limit Y;
is also H-continuous in ¢ a.s. Further, it is clear that, for any fixed ¢, ¥; = I?t a.s., so that we
can replace Y, by ¥;.

It remains to show that Y; satisfies equation (4.3). Indeed, for each integer n > 0,

t

t
(4.5) y"+! =X0+/ a(s, Ys")ds+/ b(s, Y")dBy .
0 0

Similarly, we have

nlingoE[Hz(/()ta(s, Y™)ds, /Ota(s, Ys)ds)] =0

and
13 t
lim E[[-ﬂ(/ b(s, Y")dBs, f b(s, Ys)dBS)] -0,
=00 0 0
which, together with (4.5), verify the existence of a solution to (4.3). O

THEOREM 4.5. Under the same condition as that in Theorem 4.4, the solution to equa-
tion (4.3) is strongly unique in the sense that P(H(X;, X;) =0 forallt € [0,T]) = 1 if X;
and X, are solutions to (4.3) with the same initial value Xo.
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PROOF. Assume that X; and X ; are two solutions to equation (4.3) with the same initial
value Xo. Then we have

t t

a(s, Xs)ds,/ a(s, )fs)ds)
0

2

)]

< ZE[Hz(/ta(s, Xs)ds,/ta(s, )fs)ds)]
0 0 2]

E[H*(X;, Xp)] < E[(H(Xof Xo) + H(/O

+| fot(”(s’ Xs) = b(s, X;))dB

~|—2EU

t
/ (b(s, Xs) — b(s, X;))dBs
0

t
< ZIE[/ Hz(a(s,Xs),a(s,Xs))dS]
0
t A
202 [ Ibts. X0 b5, Ko Pds
0
t R t o
< 2tD2E[/ HZ(XS,Xs)ds] +2C3€D2E[/ HZ(XS,Xs)ds]
0 0
t
= ZDZ(I + C%)E[/ HZ(XSa X\v)ds:l
0

t
— 2Dt + Cy) / E[H*(X,, X,)1ds .
0

Set
v(t) := E[H*(X;, X;)] for t €[0,T],
then
v(t) <2D*(T + Cx) /t v(s)ds ,
which, together with Gronwall’s inequality, implies '
v(t) = E[H*(X;, X;)]=0 forall r €[0,T].

Therefore H 2(X ‘s X ;) = 0a.s. Since X; and X ¢ are H-continuous in # with probability 1, we
have

P(H(X,, X;) =0 forallt € [0,T]) =1,
which completes the proof of the uniqueness. 0

REMARK 4.6. If the separable M-type 2 Banach space X is reflexive, and if the initial
value X is L>-integrably bounded and weakly closed, then equation (4.3) also can be defined
well by Theorem 3.9. Similarly, Theorems 4.4 and 4.5 hold too.
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