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MAXIMAL SLICES IN ANTI-DE SITTER SPACES
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Abstract. We prove the existence of maximal slices in anti-de Sitter spaces (ADS
spaces) with small boundary data at spatial infinity. The main argument is carried out by im-
plicit function theorem. We also get a necessary and sufficient condition for the boundary
behavior of totally geodesic slices in ADS spaces. Moreover, we show that any isometric and
maximal embedding of hyperbolic spaces into ADS spaces must be totally geodesic. Com-
bined with this, we see that most of maximal slices obtained in this paper are not isometric to
hyperbolic spaces, which implies that the Bernstein Theorem in ADS space fails.

1. Introduction. Finding a minimal surface with a given boundary data is an interest-
ing problem in Riemannian geometry. In particular, the existence and regularity of minimal
hypersurfaces with a prescribing asymptotic boundary at infinity in hyperbolic space H" have
been discussed in [2, 3, 10, 11], etc. On the other hand, we know that a maximal slice, which
is a spacelike hypersurface of a Lorentzian manifold and a critical point of the induced area
functional, plays an important role in General Relativity. It was used in the first proof of the
positive mass theorem [12] and in the analysis of the Cauchy problem for asymptotically flat
space-times. Many interesting results for the existence of compact maximal slices had been
obtained in, e.g., [4, 5, 7]. For complete noncompact cases, we have known that there are
entire solutions in asymptotically flat space-times (see [4]). It should be pointed out that a
complete maximal hypersurface in Minkowski space must be totally geodesic, i.e., a hyper-
plane (see [6]). Anti-de Sitter (ADS) space is a Lorentzian manifold with negative constant
sectional curvature, which plays in Lorentzian geometry a similar role as that played by the
hyperbolic space H" in Riemannian geometry. So, it is natural to study maximal slices in
ADS spaces. Also, we note that all the time slices (level sets of the time function) are iso-
metric to H" and are totally geodesic, and hence are maximal. It may be of some interest in
view of geometry to find maximal slices which are not totally geodesic. By assuming a global
barrier condition in asymptotically ADS spaces, Akutagawa [1] proved the existence of entire
maximal slices with certain decay of the height function at infinity. In ADS space case, he
also showed that, if the height function of a maximal slice satisfies this decay condition at
spatial infinity, the maximal slice must be a time slice (Proposition 3 in [1]).

In this paper, we obtain some maximal slices by implicit function theorem, which can be
regarded as perturbations of time slices. These maximal slices are C!-! up to the boundary.
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We also obtain a necessary and sufficient condition for boundary values to be totally geodesic
slices in ADS space. Moreover, we show that any isometric and maximal embedding of hy-
perbolic spaces into ADS space must be totally geodesic. Together with this, we see that most
of maximal slices obtained in this paper are not isometric to hyperbolic spaces, which implies
that the Bernstein Theorem in ADS space fails. Note that a similar problem in the setting of
hyperbolic spaces have been studied in [13].

Indeed, a maximal slice in ADS space satisfies a second order PDE in H" (see Equation
(1)). Therefore, it is natural to consider the Dirichlet problem for maximal slices of ADS
spaces with infinity boundary value on H". We shall address this problem in our forthcoming
papers.

This paper is organized as follows. In Section 2, we derive the equation satisfied by
maximal slices and its corresponding linearized equation. In Section 3, we show that the
linearized operator is an isomorphism between some weighted Holder spaces. Hence, using
implicit function theorem, we prove our main result Theorem 3.1. In Section 4, we prove a
necessary and sufficient condition for boundary value to be totally geodesic slices in ADS
spaces. We also show that any isometric and maximal embedding of H" into ADS space is
totally geodesic. By these facts we see that most of our solutions are not totally geodesic.

The authors would like to thank the referees for their useful comments.

2. Maximal slice equation in anti-de Sitter space. In this section, we will derive the
maximal slice equation in anti-de Sitter space. Let us begin with some basic facts. Suppose

g — (g 4(dr® + rzdag)
(1 —r2)2

where B" is the unit ball in R", r is the Euclidean distance to the center of the unit ball, and

dag is the standard metric on $"~'. Let p = — logr, we know the hyperbolic space can also

be expressed as:
H" = (R x 8" !, sinh ™2 p - (dp® + dod))

Then n + 1 dimensional anti-de Sitter space V can be expressed as a warped product
of R and H", namely, V = (R x H", ds?), where ds? = — coth? ,odz‘2 + sinh™2 ,o(d,o2 +
dog). As is well-known, V is a vacuum solution of Einstein fields equations with a negative
cosmological constant. We denote the canonical connection in V by V. Let M”" be a smooth
spacelike hypersurface in V. The height function u € C° (M) of M is the restriction of
the time function ¢ to M. Then M can be regarded as a graph over H". In the following,
we assume that M = {(x,u(x)) | x € H"}, and u is defined on the whole V by requiring
du/ot = 0.

Note that M is then a level set of f (¢, x) =t —u(x). By direct computation, we see that
the future-directed unit normal vector N to M is given by

1

V1 = coth? p|Vu|?

N=|VfI V1=

a
<coth pVu + tanh,oa) ,
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where and in the sequel, V, div and A are the gradient, divergence and Laplacian on H”,
respectively.

Let O be the wave operator in V, Hys be the mean curvature of M in V with respect to
N. Then, by direct computation, we see that

du
Of =—Au+tanhp—.
ap

On the other hand, we also have
Of=—-NNf —Hy-Nf.

Thus, we see that

th? pV
HM=tanhpdiv< colt pvu )

V1 —coth? p|Vu|?

If M is maximal, we have

coth? pV
pVu )207

V1= coth? p|Vu|?

tanh p div(

which is equivalent to
. < Vu ) 2tanh p du/dp
div -
V1 —coth? p|Vul2/ /1 — coth? p|Vul?
From the structure of the equation, we see that if u, is a solution of the following equation
. < Vu ) 2tanh p du/dp
div -
V1 —gcoth? p|Vu/|? V1 —gcoth? p|Vu|?
for some ¢ > 0, then \/su, is a solution of Equation (1).
In the following, we consider a family of operators defined by

Vu ) 2tanh p du/dp
V1= &coth? p|Vul? V1 — & coth? p|Vu|?

ey

2 =0

F(u,e) := div<
=0.

It is easy to see that
ou
F(u,0) = Au —2tanhp— =0
ap

is the linearized equation of (1) at its trivial solution u = 0.
For the purpose of further discussion, we need to consider the following Dirichlet prob-
lem:
L(u) := Au —2tanhp du/dp =0, in H",
3) -
Mlsrlfl =,
where ¢ is a smooth function defined on the infinity boundary of H". Here and in the sequel,
§"~! is regarded as the infinity boundary of H”. Besides the above facts, we need to introduce
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the ball model for H” which is denoted by (D", d Sz). Here, D" is the unit ball in R", and
dS? is the standard hyperbolic metric which is defined to be:

n
ds* =172) (dx')?,
i=1

where 7(x) = (1 — |x|?*)/2 and Yo (dx")? is the Euclidean metric. The relation between p
and 7 can be expressed as sinh p = t/r, where r(x) = |x| is the Euclidean distance from the
origin. Hence Equations (1), (2) and (3) can be written as

" du
le axi

div( vu ) L = )
V1= ((1=1)/1)2|Vul? =7 /1—(1—-1)/1)|Vul? B

" du
le axi

diV( Vu > n 2t i=1 —0
ST —ooval) 1=t JTi— e — 0/ Vul

and

L(u) = Au + 2—t2n:x"a—”. —0 in H",
@ -7 & o

u|5n71 =q,
respectively.

3. Ecxistence of maximal slices, Weighted Holder spaces and analysis of the lin-
earized equation. In this section, we prove the existence of maximal slices in n + 1 dimen-
sional anti-de Sitter space V with certain boundary data at infinity. More specifically, we are
going to show the following

THEOREM 3.1. Given any ¢ € C+*(S"1), there is a positive constant § = §(¢) > 0
such that for any ¢ € (0, 8), the Dirichlet problem
o
ax!

5) diV( vu )-l— 2T =l
VI—((A=0/0?Vul2)  1=7/1—(1-1)/0)%Vul?
=0 in H",

u|sn71 = \/g(p

admits a solution u € C*(D") with ||u lc2¢pry < C, where C is a constant depending on ¢.

REMARK 3.2. 1. InTheorem 3.1, we adopt the ball model for H”, and u is regarded
as a function defined on D".
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2. The second fundamental form of our solution in Theorem 3.1 decays as 0(?)
when t goes to 0. We conjecture that the solution with the second fundamental form decaying
faster than quadratic must be H".

In order to prove Theorem 3.1, we show some basic estimates for the linearied equa-
tion by which we are able to show that the corresponding linear elliptic operator is a lin-
ear isomorphism between specific function spaces. To do this, let us first introduce certain
weighted Holder spaces defined on £2 C D", for 0 < k € Z (for more details, see [8]). Let
Ck(£2) be the usual Banach spaces of k times continuously differential functions on £2, and
for 0 < a < 1 denote by C*¥%(£2) the subspace of functions whose k-th derivatives satisfy
a uniform Holder condition of order «, with the usual norms denoted by || - k.2, || - lk.c: 25
respectively. Also, denote by CX(£2) and C¥*(£2) the linear spaces of functions satisfying

the corresponding estimates uniformly on compact subsets of £2. For s € R define

k
K —s—+
Il =2 > T 0wl

=0 |y|=l

where for any multi-index y, 97 = 8|V|/8x”; and for 0 < o < 1 define

(s) (s)
”w”ks,a;Q = ”w”kb’o;g

+ Z sup [min(rS+k+a(x),fs+k+a(y))

107 w(x) — a”w(y)|:|
Iy =k ¥ 2

lx — y|*

Let Az,a;g ={w e CHY(2) | ||w||,(5())[;_(2 < 400}, which is a Banach space. For x € H", let
B(x) be the open Euclidean ball with center x and radius t(x)/3. Then we have the following

LEMMA 3.3. Forany 2" C 2 C H", we have A} ,. o C Ay .o and

i) o < w0
forany w € A} . . Also, for any 2, C 21 C H" and | J,, 2, = H", we have

() (5)
ki H' = Sl;lp ”w”k,oz;ﬂm

llwl

forany w € Az,a;H"'
PROOF. By the definition, we see that for any w € A . o,

”.L_*S+la)/ *S+lay

wlpe@ny < It w(lLe(2)

and

sup |: min(z 5T (x), TSR (y))

[07 w(x) — an(y)q
x,ye

[x — y[®

< sup [min(r_s+k+a(x),T_Hk—m(y))

|07 w(x) — 8yw(y)|:|
Xx,yER ’

lx — y|*
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Thus, we see that

(s) (s)
Il o < Twll) o .

and hence Ai,a;Q C Az,a;.o" On the other hand, for any ¢ > 0 there is x € £2,, such that
[T w@)| > e 9wl Loy — €,
and
[T w@)| < e 0w, -
Hence we see that
Iz =507 wll oo gy — & < It 0wl Lo (,) -

By similar arguments, we have

sup |:min(t TSy, p R ()

10Y w(x) — aVw(y)l}
x,yeH"

lx — y|*

< sup [min(r_s+k+a(x),T_s+k+a(}’))

|07 w(x) — a”w(y)l]
+¢&
X, YERm

lx —y|*
Thus, for any ¢ > 0 and sufficiently large m, we have

() (s)
Il g < sup [wll{) o +e.
m

which implies that the conclusion is true. a
The following lemma is same as Lemma 3.1 in [8].
LEMMA 3.4. Forx € §2, we have
Iwlgh: ong < 1wl h.o

and

(s) (s)
Wl g:o = € sup lwlly . g »
R ,o; B(x)
xes

where C depends only on k.

Let B denote the open Euclidean ball with center O and radius 1/3, and for x € H"
define ¥, : B — B(x) by

(6) yi=Yx(@) =x+1(x0)z.

If y € B(x), then

(7 %T(X) < 7(y) =407(x).

Therefore, there exist a universal constant A such that
Aflfiﬁl(x)||8yw||L°C(B(x)ﬂ.Q) < e w| Lo Brne)

< At @187 wl Lo (BN »
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where A depends only on s and /. Let v(z) = w o ¥,(z). Then we have d¥v/dz" =
7l (x)d”w/dy” for |y| = 1. So forany y € B(x) N £2, we can show that

)" w(y) = T (%) v(z) .
Using (6) and (7), one can conclude that
1 - I
Y(x)HaJ/U”Loo(% (B(x)NR)) = <z~ s+ ayw”Lw(B()c)ﬁ.Q)
=< Alt_s(x)”ayv”Loow/;l(B(x)ﬂ_Q)) ,

from which it follows that

l - —
®) AT TN 4y Bone) = IIwIIka Boone = AT Ol 4 -1 3ne)

where A depends only on k , « and s.
Next, consider the following Dirichlet problem

L) = Au—2tanhp——A —|—2 —u— in H",
©) op (y)) Zy "

uls’l*l — O 5
where n € A(S) o H" and s is to be determined later.

LEMMA 3.5. Suppose u € C>(H™) N AO 0 H" is a solution for (9) with n € Ak W H™
Then we have

Il e < CURIEL, g+ N, o) -
where C = C(k, ).

PROOF. Itis easy to see that (9) is equivalent to

2 _ 2 ) . ii _ : n
(10) T (y)Aou+r(y)<n 2+ T=on Ey g4 =7 in D",
=0,

u |Srl*1
where Ay is the standard Laplacian for D" C R". Suppose v(z) = u o ¥, (z) for each z € B.
Then (10) becomes

n

(00 7(y) 2 3 _
an rz(x)A +ﬁ< _2+m>2)’ FU n in B(0),

=0.

ulsnfl

Let B” and B’(x) denote the open Euclidean balls with center 0 and radius 1/4 and with center
x and radius t(x)/4, respectively. Since 1/100 < rz(y)/rz(x) < 160 when y € B(x) and
n<n-—2+42/(1—-1t(y)) <n+2,it follows that (11) is uniformly elliptic on B. Hence by
the standard Schauder theory ([9]), we have

lVllk+2,a:8/0) < CUIM o Vxllk,a;B0) + lI1V]0,0;B(0)) >
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where C depends only on k and «. Choose §2' C 2 such that B(x) C §2 for any x € £2'.

Applying (8) and Lemma 3.4, we obtain
gLy e < € sup T e 0 Vel gyt (8700002
xesf2! :

< C sup t°(x)|lu o Vxllk42,a; B/(0)
xes’

< C sup T (x)(In © ¥x llx,e; B + lIVll0,0:B(0))
xe’

< CUMILY. o + b, 0)
< CUMIEY, g+ MullSh, o) -
Therefore the lemma follows from Lemma 3.3. O
PROPOSITION 3.6. Given any n € AB,a;H” for 0 < s < n + 1, there exists u €

C2(H") N A oy satisfying (9), and |ull$) pn < Clnll§Y. gn with C depending on s.

A .
Moreover, u € Az,a;H" with

(s) (s)
Nl < CIIE), g
where C is a constant depending only on s and a.

PROOF. Let {£2,,}7° | be an exhausting sequence of domains such that £2,, C 2,41
and | J,, £2,» = H". Let w,, be a solution for the following equation:

L(wy) =n in £,
Wilyg, =0-

Note that w,, € C>%(£2,,), since n € C%%(£2,,) ([9]).
Set ¢ = . Then we have
L@)=—-s2s—n+2) T +s(s—n—Dr + 2/ = 1)st*H!
< —s2s —n— 2)T‘drl +s(s—n—171°,
since2/(1 —t) <4ands > 0. For0 <s < n + 1, itis easy to check that
2t(y)(1 —21(y)) 0

Li¢p)=7Ap - ———————¢p <-4
(¢) = A o) 9t =
for some constant § > 0 depending only on s. On the other hand, we have || < Ct*, where
C = ||n||(()‘YL,Hn, since n € Ay . gn- We choose a constant C; = C/§ such that

{L(wm) > L(Ci¢p) in 2,

By the maximum principle, we obtain w,, < Cjt’. By the same argument, we may get
the lower bound of w,,. Hence, |w,| < Cit®. Therefore, w,, converges to a function u €
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C2(H™)NA}) o, yyn» Which solves (9), and we have ||u II(()SE).H,l < Cllnll(()SL.Hn, where C depends

only on s. By Lemma 3.5, we know thatu € A5 . yn with

1l gy < ClIIG, o -

where C = C(s, ). a
Now, by Lemma 3.5 and Proposition 3.6, we have the following

THEOREM 3.7. The operator L : A5 . pn — Ay . g defined in (9) is an isomor-

phism, where 0 < s <n+ 1.

COROLLARY 3.8. For any ¢ € c*«(8"Y), Dirichlet problem (3) (or (4)) has a
solution.

PROOF. We use the cylindrical coordinate system (p, 6). We extend ¢ as ¢(p,0) =
@) for 6 € $"~! and small p. Then, let f(p,0) € C>*(H") such that for some small 0,

1
,9 = o, 1< 2A n— 3
f(p.0) v G

where A gu-1 is the Laplacian operator on §"~!. Putting f into the left side of (3), one can
see that

L(f)=sinh?p/(n — DAg-19 — ((n — 2) sinh p cosh p + 2 tanh p) /(n — 1)
- pAgi-19 + sinh? pA g1 + p? sinh? p/(2(n — 2))A§H¢
=0(pH=0@"% as 17— 0.

Because L(f) is C%* in any compact subset and behaves like 7# near boundary, we conclude

that L(f) € Ay . g» Tor any s < 4. Then the corollary follows from Theorem 3.7. a

Now, we are in a position to prove Theorem 3.1. By Corollary 3.8, (4) has a solution u

satisfyingu — f € A5 . yn for some s € (0, 4), where f is given as in the proof of Corollary

3.8. Since (4) is a linear equation, we can multiply ¢ by a suitable constant such that the
corresponding solution u satisfies

1
= +
N (T R

that is, u is spacelike. Define

E4={we A;a;m 211 =((1=1)/)2|V(w+u)? < A < 400} C A%a;m .
Obviously, &4 is a nonempty open set of A%’a; g since 0 € Z4. Define an operator

H(, )t (=1,41) x Bg > Af 4. ppo
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by

H(e, w) : =div< Vwtu) )

V1—e((1 = 1)/ V(w4 u)|?
2L d(wtu)
Do
. 27 P 0x
L=t /T—e((1—1)/02V(w +u)[?
_ A(w +u)
V1—e((1 =)/ V(w+u)|?

1
+(V , V(w+
< i oiveror ”)>

2L d(wtu)
Zx f
N 27 izl 0x
1=t /1—e((—0)/D}Vw +uw>

From Corollary 3.8, we have H (0, 0) = 0. By direct computation, we see that H is a smooth

operator, and for any / € A% o H"

] 7(Y) o ;0
ZHO.h)|  =ah+2——2 Y T
at =0 1—17(y) P ax?

It follows that the map d H (0, th)/dt|;—0 = L : A%’Q;H,, — A(z),a;H" is an isomorphism
from Theorem 3.7. Now, by the implicit function theorem (cf. [9]), we can conclude that (5)
has a solution whose difference by u is in A%’a; g and boundary data is given by small Jep.
Thus we finish proving Theorem 3.1.

4. Boundary behavior of totally geodesic slices of ADS spaces. In this section, we
show that any isometric and maximal embedding of H" into ADS space is totally geodesic,
and moreover, we give a sufficient and necessary condition for the boundary value of the
height function for totally geodesic slices. Combined with Theorem 3.1, we know that the
Bernstein Theorem in ADS space-time fails. By standard arguments, we have

PROPOSITION 4.1. Ifa hyperbolic space is isometrically immersed in the anti-de Sit-
ter space as its maximal hypersurface, it must be totally geodesic.

Now, we are in a position to study the boundary behavior of totally geodesic slices of
ADS space V. For simplicity, we only consider the case that dimV = 4.

Let R; be 5 dimensional semi-Euclidean space, that is, it is a vector space with the inner
product (X,Y) = x1y1 + x2y2 + X3y3 — Xay4 — Xx5y5, where X = (x1, x2, X3, X4, x5) and
Y = (31, ¥2, ¥3, y4, ¥5). Denote the connection in R; by V. Itis well-known that V' = {X €
R; : (X, X) = —1} is a totally umbilical hypersurface of R;, and its universal covering space
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is 4 dimensional anti-de Sitter space V introduced in Section 2. For simplicity, V' is still
called as anti-de Sitter space.
In the following, we adopt so called sausage coordinate for the anti-de Sitter space V',

namely, any X = (x1, X2, X3, X4, xs) € V' can be expressed by

x1=2r(1 —rH)'sinOcos¢,

x2=2r(1 —r*"sinfsing,
(12) x3=2r(1 —r?~lcosh,

xa=1+rHA —r?~cost,

xs=(1+r)A —r>"sinz,
where angular coordinates have their usual range, while 0 < r < 1. In this coordinates, the
Lorentz metric of V is

142\ 4
—r —r

thus, ¢ can be viewed as a time function in V’. For any slice in V', we can define its height
function by restriction 7 on it. Let M’ be a slice of V’. Then its height function u’ can be
regarded as a function on H?3, which is still denoted by u. In the sequel, we always assume
that u is at least continuous at the infinity boundary of H3. Thus, we may define

w(@, ¢) = lim1 u(r,0,¢),

hence, w is a function on s2.
Let us adopt ball model for H 3 , then for any point in V can be expressed as (¢, r, 9, ¢),
where r € [0, 1]. Now we can define

m:vVeV,
as
I, r,0,¢) = (x1, x2, X3, X4, X5) ,

where (x1, x2, X3, x4, x5) is defined by (12). Then it is easy to see that IT : V +— V'is
covering map.
Now, we have

THEOREM 4.2. Let M be a maximal slice in V . Then M is totally geodesic if and
only if there are constants wo, A, B, C with A2 4+ B2 + C? < 1 such that

(13) f(6,¢) = Asinfcos¢ + Bsinfsing + Ccosb,
where f = cos(w + wy).

REMARK 4.3. We would like to point out that p = (sin6 cos ¢, sin 6 sin ¢, cos 6) can
be regarded as a point on the standard §> C R?, and each coordinate component is a first
eigenfunction of the Laplacian on S2.
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PROOF. Suppose M is a totally geodesic spacelike silce in V. Hence M’ = IT(M) C
V' can be viewed also as a spacelike submanifold in Ri. We take an orthogonal frame field
{e1, en, e3, eq, es5} for Rg such that ey, e3, €3, e4 and e1, ey, e3 are tangent vectors of V’ and
M, respectively. Denote the position vector of V/ by X. We may assume that X = es5. Noting
that M’ is totally geodesic in V', and V' is totally umbilical in R3, we get

(Veea, ej) = (Ve eq,e5) =0,
fori, j =1,2,3, where V is the connection in R;. Thus, we conclude that e4 | ;= a, where
a = (ay,ay, az,aq,as) € Ri is a constant vector with (a, a) = —1. Furthermore, one have
(14) (XIpr,a) =(X|m,es) =0,

i.e., M’ is the intersection of V' and a hyperplane IT, := {x € R3; (x,a) = 0}.
By (14), we obtain

0= (X|p,a)=a sinf cos ¢ + ax sin 6 sin ¢
1—1r2 1—r2
+ 0 r’ t e t
a3———=cosf —a cost —a sint.
1= 12 1=

Letting » — 1, we have
cos(t + wo) = Asinfcos¢ + Bsinfsing + Ccosb,
or equivalently,

f(@,¢) = Asinf cos¢ + Bsinfsing + C cos,

where A = a;/ af + ag, B=a/ af + ag, C = ag/,/af + ag and cos wg = a4/,/af + ag.
Conversely, if M is a maximal slice in V, and its boundary data satisfies (13), then we
choose two constants ay4, as with af + ag > 1 and

ag as

—, —sinwy= ——.
2 2 2 2
Vag +a5 Va; +a5
ap :,/af—i—a%A, a = af—i—a%B, az :,/af—i—aszc.

Set a = (ay,az, a3, a4,as) € Rg and L = {(sin# cos ¢, sinf sin ¢, cos f, cos w, — sinw);
0< 0 <m,0< ¢ <2 m}. By direct computation, we see that L C I1,. Hence it is the
boundary of IT, N V', which is a totally geodesic slice of V'. Hence, we can lift it up to V
and get a totally geodesic slice in V which is denoted by M”. In particular, it is maximal, and
hence, its height function satisfies Equation (1). By maximality of M, we see that the height
function of M also satisfies the same equation, and they are equal at the infinity boundary of
H?. Thus, by the maximum principle, we see that they are equal on H>, which implies M is
totally geodesic. This completes the proof of the theorem.

cos wy =

Let

As a corollary, we have
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COROLLARY 4.4. Let M be totally geodesic slice in V. Then there is a constant wy
on S? with

2 S 42
fF+Ive fIr=C,
2 ., . .
where f = cos(w + wp), VS is the connection on S? and C is a constant.

Combining this fact with Theorem 3.1, we see that the Bernstein Theorem in V fails.
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