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Dedicated to Ryoshi Hotta on the occasion of his sixty-fifth birthday
YASUFUMI HASHIMOTO* AND MASATO WAKAYAMAT

(Received March 2, 2006, revised June 5, 2007)

Abstract. We study splitting densities of primitive elements of a discrete subgroup of
a connected non-compact semisimple Lie group of real rank one with finite center in another
larger such discrete subgroup. When the corresponding cover of such a locally symmetric neg-
atively curved Riemannian manifold is regular, the densities can be easily obtained from the
results due to Sarnak or Sunada. Our main interest is a case where the covering is not neces-
sarily regular. Specifically, for the case of the modular group and its congruence subgroups,
we determine the splitting densities explicitly. As an application, we study analytic proper-
ties of the zeta function defined by the Euler product over elements consisting of all primitive
elements which satisfy a certain splitting law for a given lifting.

1. Introduction. Let H be the Poincaré upper half plane and I" a discrete subgroup of
SLy(R) such that vol(I"\ H) < oo. Let Prim(I") be the set of primitive hyperbolic conjugacy
classes of I', N (y) the square of the larger eigenvalue of y € Prim(I"), and 7 (x) the number
of y € Prim(I") satisfying N(y) < x. Then, the so-called prime geodesic theorem for I"\ H
or I" was discovered by Selberg [Se] in the early 1950s. Indeed, it tells now (see also [Sa] and
[He]) that

(1.1) ar() =lx) + 0x® as x — 00,

where li(x) := fzx(l/log t)dt and the constant §, 0 < § < 1, depends on I". Inspired by this
Selberg’s work, Sarnak [Sa] obtained, by using the one-to-one correspondence due to Gauss
[G] between the primitive hyperbolic conjugacy classes of SL(Z) and the equivalence classes
of the primitive indefinite binary quadratic forms, an asymptotic behavior of the sum of the
class numbers of the quadratic forms from the prime geodesic theorem when I = SL,(Z).
A certain extension of the result in [Sa] for congruence subgroups of SL>(Z) was recently
obtained by the first author in [H].

The aim of this paper is to study various splitting densities of primitive elements of I”
in I', where I" is a subgroup of I" of finite index. Although each element of I” is in I,
primitive elements of I" are not necessarily primitive in I". We consider a problem asking
how many primitive elements of I" remain also primitive in I", and moreover, how many
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primitive elements of I” which are not primitive in I" are equal to a given power of primitive
elements of I".

Historically, this kind of branching problem is quite fundamental in algebraic number
theory. Actually, for algebraic extensions of algebraic number fields, similar problems had
been studied by, for example, Takagi [Tal], Artin [Ar] and Tchebotarev [Tc] in the early
20th century. The problem for algebraic number fields can be drawn as follows; let k be an
algebraic number field over Q and K an algebraic extension of k with n := [K : k] < co. We
denote by Ny (a) the norm of an ideal a in k. For a given prime ideal p of k unramified in K,
there exist a finite number of prime ideals py, ..., p,, of K and positive integers eq, ..., ey
(e1 > --- > ey > 1)such thatp = py ---p, and Ng (p;) = Nr(p)¢. Since the sum Z;"zl e
equals n, (eq, ..., ey) is a partition of n. We call that a prime ideal p of k is A-type in K when
A = (e1,...,en) F n. What is the main question is, for a given A I n, to count the number
of prime ideals of k which are A-type in K.

We now formulate our problem precisely in terms of the geometry of negatively curved
locally symmetric Riemannian manifolds by use of the lifting of the primitive geodesics. First,
we recall some notations for later use.

Let G be a connected non-compact semisimple Lie group of real rank one with finite
center and G = KAy N be an Iwasawa decomposition of G. We denote by g, ap and n the
Lie algebras of G, Ay and N, respectively. For the Cartan involution 6 of G, a D ay is defined
as a f-stable Cartan subalgebra of g. Let g€, a® be the complexifications of g, a, respectively.
We denote by @* an ap-compatible system of positive roots in the set of nonzero roots of
(g€, a6), Pt ={a e &t |a £0onap} and I the set of the restrictions of the elements
of P on ap. Then X' is written as X = {B} or {8, 28} for some B. We choose Hy € ap
such that B(Hp) = l and put p = 1/2 %", p+ @ and pog = p(Hp).

Let I" be a discrete subgroup of G such that the volume of X := I'\G/K is finite. We
denote by Prim(/") a set of primitive hyperbolic conjugacy classes of I". For y € I', the norm
N(y) is defined by

N(y) = max{|8|k | § is an eigenvalue of Ad(y)},

where Ad is the adjoint representation of G ¢, the analytic group with Lie algebra g¢, and k(=
1, 2) denotes the number of elements in X+. Denote by 7 (x) the number of y € Prim(I")
satisfying N(y) < x. Then 7 (x) behaves

ar(x) =12 + 0(x%) as x — oo,
where 6,0 < § < 2py, is a constant depending on I” (see, e.g., [GW]).

PROBLEM 1.1. Let I" be a subgroup of I' of finite index, and suppose that Xpisa
finite cover of X . We denote by p a natural projection from X = to X . Let C), be a closed
primitive geodesic of X - corresponding to y € Prim(/7), and [(y) the length of C), (N (y) :=
el(V)). For a given y € Prim(I"), there exists a finite number of elements y1, y», ..., yx of
Prim(f) and positive integers m1, ..., my such that p(Cyj) = C, with l(y;) =m;l(y). We

may assume that m; > --- > my. Since Z’;:l mj = [I": f](:: n), (my,myp, ..., my) is
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considered as a partition of n. We say that an element y € Prim(I") is A-type in I" when
A= (my,ma, ..., mg) F n. We define nlk;TF(x) and its density M}\:Tr(x) relative to 7 (x)
as

n}:”(x) :=#{y € Prim(I") | y is A-type in I, N(y) < x},
Wiy p () =T ()T ()

)\,..

For a given A I n, study the asymptotic behavior of Jrf“_(x) and N

(x) when x — oo.

If a covering X 7 — X isregular, that s, I" is a normal subgroup of I", Problem 1.1 can
be easily solved (Theorem 3.1) based on the results in [Sa] and [Su2]. Thus, the main focus of
the present paper is a study of Problem 1.1 when X f is not necessarily a regular cover of X .
In particular, in the case where G = SL2(R), I" = SL»(Z) and Iisa congruence subgroup
of SL,(Z), the splitting densities can be obtained explicitly (see Section 4 and 5).

Applying our results in Sections 4 and 5 to Venkov-Zograf’s formula [VZ] about the re-
lation between the Selberg zeta functions for I" and I, we can obtain an expression of the Sel-
berg zeta function for the congruence subgroup as a product over elements of Prim(SL;(Z)).
Then, in the last section, by taking a quotient of such expressions of Selberg’s zeta functions
for two congruence subgroups, we give a functional equation and an analytic continuation to
the right half plane of the zeta function defined by the Euler product over elements consisting
of all primitive elements of Prim(SL,(Z)) satisfying a certain splitting law for a given lifting
in the congruence subgroup.

2. General cases. Itis not true in general that JTI)‘;TF()C) >0forAbn=[I:I]as
we see below. In fact, n;; " F(x) = 0 may hold for many partitions A - n. Hence, in Problem
1.1, it is important to determine partitions A of which the density 711); TF(x) is positive. For a
general pair (I', I") such that I" C I", we have the following basic theorem.

THEOREM 2.1. Let I'' be the (unique) maximal normal subgroup of I' contained in
I'. Let & := I'/T" and Conj(&) the set of conjugacy classes of 5. We denote M(y) =
min{fm > 1|y™ € I''} fory € I'and Apiyr :={M(y) | y € I'} C N. Define

A= {(mi,ma,...,mp) = n | there exists M € Apyp forall m;|M}.
Then, for A € A, we have
#
(x) = Z % li(x??) + 0(x%) as x — oo.

[y1eConj(Z), _
[y]lis A-typein I”

A
nfTr

For & & A, we have A

FTF(x):O.
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COROLLARY 2.2. We have

Z M for A e A,

; A — [v1€Conj(&),
xll>nolo MFTF(X) [y]is A-type in I”
0 for A & A.

To prove Theorem 2.1, we need some preparations.

LEMMA 2.3. Let¥ = f/F’ and h := (my,...,mg) = n. Denote by o the permu-
tation representation of & on E /¥ (o = Ind?l). For y € Prim(I"), o (y) is called A-type
when o (y) is expressed as

S, -+ 0
(2.1) o(y) ~ Lo )
0 S
where Sy, are m; X m;-matrices given by
1, m;=1,
0 1 0
S, = .
mi . . . ; m; Z 2
0 0 1
1 0 0

Then the following conditions are equivalent:
(i) o(y)is A-type. }
(i) y € Prim(I") is A-typein I".

PROOF. Let CSR[I"/I"] be a complete system of representatives of I"/I".
(I) If (i) holds, then there exist Ay,..., Ay C CSR[F/f] such that ]_[i-‘=1 A =
CSR[I"/I"] and

(ai’))flyag), e, (a(l) )71yan(i?, (a,(,il_))flya{l) el

mi;—1

fOr A,’ == (Cl{i), ceey Cl;,it)) Hence we ha\/e
(a{ )) lj/mlai ),...,(a{ )) lymka{)el .

Putting y; := (aii))’lymiaii), one can easily see that y; is primitive in I” and is I"-conjugate
to ™. Hence we have p(Cy;) = Cy and [(y;) = ml(y).

(II) If (i1) holds, there exist by, ..., by € CSR[F/f] such that y; = blfly’"ib,-. Also,
there exists c?) € CSR[I"/T"] such that (cgi))’lybi e I'. Since bi_lymi’lcii) e itis easy
to see that there exist cg), R C;Ei?—l € CSR[F/f] such that

(cii))_lyb,-, (cg))_lyc?), ...,bflycr(,i?_l el

1
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recursively. If there exist 1 < j; < j» < m; — 1 such that c§i) = then b~ y’”l ch

(c(i))_lyjz_jlc(i) (c(i))_lyjlb € I'. Hence it follows that b, y”’l —htitp; e I ThlS
(1)7

(t)

contradicts, however, the fact that y; = b, y’”lb is primitive in I". Therefore b;’s and ¢;
are mutually distinct and {b;, ;')} = CSR|[ F/F]. Hence o (y) is (m, ..., my)-type. O

By using the trace formula, Sarnak has shown the following analytic distribution.

PROPOSITION 2.4 (Theorem 2.4 in [Sa], [Sul] or [Su2]). For [¢g] € Conj(&), we
have

#y ePrim(I") | yI'' =[g], N(y) < x} ~ |[ ]11( 2"‘))—i—O()c) as x — 00.

Z|
PROOF OF THEOREM 2.1. Assume that y € Prim(I") is (11122...nl)-type in I
Then, because of Lemma 2.3, o(y) is (111212---nl")-type. Since a(yM(V)) = Id, we
have I; = 0 for j { M(y). Hence, for A ¢ A, we have ;L)iT (x) = 0. Since the type of

o (y) is invariant under the Z-conjugation, by Proposition 2.4, the desired asymptotic law
follows. a

3. Regular cover cases. In Theorem 2.1, we see that [,L;‘: TF(x) = 0 holds for all
A & A. However, even if A € A, it is not necessarily that M;‘: TF(x) > 0. In fact, when I is
a normal subgroup of I" (I" = I"’), we prove that only rectangle shape partitions can appear
non-trivially.

THEOREM 3.1. If I is a normal subgroup of I' (I' = I''), then, for » = A(m) =
(m"'™) (m € Arisr), we have

Z utdl i(x?™) + 0(x%) as x — o0o.

y1eComz), 12!
M(ly=m

A —
”mr(x) -

For A & n, other than the shape above, we have 71 L (x) =0.

PROOF. Since I" = I'/, we have S/lI/ = ”'/{Id} ) For y € E, suppose that there
exist g € 5 and [ < M(y) such that y'g = g. Then we have y! = 1d, but this contradicts
the minimality of M (y). Hence, for any g, we see that the type of o (g) is given as (m"/™)
(m € Aryr). Consequently, applying Proposition 2.4, we obtain the desired result. a

COROLLARY 3.2. We have

Y B fora=aem mearyp).

[l
=

[y1eConj(&),
Jim (0 = R

0 otherwise .
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REMARK 3.3. In the problem for an algebraic number field, results similar to The-
orem 3.1 had been obtained. Actually, for the cases of unramified Galois extensions, the
corresponding densities are non-zero only when the factorization is of rectangle type (see,
e.g., [Ar, Tc, Ta2, Na]).

4. Cases of congruence subgroups of SL>(Z). Let N be a positive integer. In this
section, we consider the case when I” = SL»(Z) and I" is one of the following congruence
subgroups:

Io(N) :={y € SLa(Z) | y21 = 0 mod N},
I'(N) :={y € SLa(Z) | y11 = y22 = £1, y21 =0 mod N},
I'(N) :={y € SLa(Z) | yi1 = y22 = %1, y12 = y21 =0 mod N}.
Let p be a prime number and, for simplicity, assume that p > 3. First, we study the case

of N = p”. Note that the maximal normal subgroup of I" contained in I" is I = I'(p"),
whence & = SLy(Z/p" Z)/{£Id} and

1 5
18] = =p” 2(p* - 1),

2
P+ 1), =T,
1, N

"= 5p2’ 2pr=1, F'=np),
1 5
5p3’ 2pP—1), T'=r@pH

In these cases we have the following results.
THEOREM 4.1. Let
M@= ey,

((z)(l”+ﬂ"—2>/l, (1H?), k=0, l[(p—1/2, I >1,

((lpk)p’*k”(p—l)/l,(lpk—1)2p'*k*‘<p—1>/l, . ,(1)2(17’*"—1)/1,(1)2) .
k>0, l[((p—1)/2, I>1,

(aphyrHernity Np+1D/2, 1>1,

O e (0 L U N Y RN LA

((pk)p”k7 (pkfz)p”k(pflx L (pZ)p”k/z’z(pfl)’ (1)17”"/2)

A aph) =

k is even ,
e L R 05 L NS

k is odd ,

Pk gy .
)“() (p ) B ) L ((pk)prfk

s

r r—k _ r—k _
APk By = (NP, (e

k— 2 r—k+(m-=3)(p—1)/2 k— r—k+(m—1)/2
(p P L(pFTMP )

3

1<m<k, misodd,
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r r—k _ r—kg,__ _ r—k+m/2—2,__
A (5 B = (0P (PP L Ry b,
(pkfm)pr7k+m/271(p72)’ (pk7m71)2pr7k+m/27l(p71)’ L

—ktm/2—1(, —k-+m/2 .
(p)Zp’ "= (p 1)7 (1)21’r " ), 1<m<k, miseven,

r _ r—k _ r—k(,_
AL (pF, BTy = (NP, (pF YT

-~ —k+m/2-3(, _ _ —k+m/2—1 .
(pk=m 3P TR (=) (pk—me Ty prie ). l<m<k, miseven,

W (pF, ) = (PP ey
WPy = (At @Y (p £ 1)/2, 0= 1,0 <k <r—1,
W (pR, By = (NPT 02 (e T R e

_ 2r—k—2,,_1\2 _ 2r—k—1,,
(pk m+l)p (p—1 /2’ (pk "yp (p 1)/2)’

AP = (11EV)
Then we have

A a0 A

M onsiyz) () = MM sy sty 2y (0 = HMwrragr, ) ()
2
PP =D
Y ) P ay )
Mg nasiyz) () = MM opp oryasry 2y (0 = B nas, ) ()
!
— D h—o, -1, 11,
pr(p—1)
o)
Y k=0, l(p+ D)2, I>1,
)i+ =/
= wa
L0 k>0, l(p—D/2. 1> 1,
P
Dip—1
$OP=D oo wp+ /2, 11,
P (p+1)
.ok 1
A Ay st ) = e
Y e _ p-1
A A st ) = Sen )

W (pk 2

P
. 1 (P9 _
A A ptsa@ W) = ST, )

im0 G5By (p= D)
e KR tSLyz) Y = PR
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2
, , = m=k,
i )\g (pk’B(m)) _ g )Llp (pk’B(m)) . p3r—2k
Jm rpntsiae ) = mose prsLa@ ) =1 1) .
- m <
3r—3k+m-+1 "’ ’
p
A (o) 2P k=
. P _
MM e onasi,z ) =y 202+ p+ D)

For any other ) & n, we have 7l

To prove Theorem 4.1, we first use the following classification of the conjugacy classes

p3r73k+1(p + 1) ’

FTF(x):O.

of SLo(Z/p" Z)/{£1} (see [Di] for r = 1 and [KI] for larger r).

LEMMA 4.2. Each element of SLo(Z/p"Z)/{xI} \ {I} is conjugate to one of the

following elements.

v

parameter

M(y)

#yl

5 0 sp*l(p—1)/2

1<k<r,
Il(p—D/2U > 1),
s € (Z/Ip %2y /{£1}

Pl p+1)

5 0 sp*H(p—1)

1<k<r-1,
s € (Z/p*Zy* /{£1)

PRl (p+1)

1+ 05172k+m Pk
aphtm 1

O0<k<r-1,
l<m<r—k,
ae (Z/pr—k—mz)*

p2r—2k—2(p2 _ 1)/2

1+ vap2k+’" Upk
apktm 1

O0<k<r-—1,
l<m<r—k,
(XG(Z/prik*mZ)*

p2r—2k—2(p2 _ 1)/2

QsPF (/21

1<k<r,
lp+1/2, 1>1,
s € (Z/Ip %2y /{£1}

Pl p -1

QP p+D

1<k<r-1,
s € (Z/p ™ Z)* /(1)

p2r72k71(p _ 1)

Here § is a generator of (Z/p"Z)*/{£1}, v is a non-quadratic residue of p and 2 €
SLy(Z/p" Z)/{+£1} is of order p"~'(p + 1)/2. Note that (tt§2)*> — 4 is a non-quadratic
residue of p.
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The claims for I" = I'(p”) in Theorem 4.1 follow easily from Theorem 3.1 together
with Lemma 4.2.
Now, we put

P (p—1)/1
k.l 3 7
A (5 ) | B

se(Z/lp"~ kZ)*/{il}

sp*L(p—1)
= 62
0

se(Z/p kZ)* J{£1)

m) 1 +ap 2k+m pk 14+ vap2k+m vpk
.1 Bkm = ([ apktm 1 Y apktm 1 ’
ae(Z/pr— k —mZyx
(kD) ._ sp*H(p+1)/1
Cy = U [2 I. p+D/2,

se(Z/1p =+ Z)y*/(%1)

co=  J  [eren).

s€(Z/pr=k2)* /(1)

We divide B(m) forevenm < r — k by B(m) B(m Py B(m where

2k+m k 2k+m k
(m,£) ._ I +oap p 1 +vap vp
Bk i U [( Olpk+m 1 ):| U U [( Olpk+m 1 .
ae(Z/p —kmz)* we(Z/pkmz)
%)::tl (%):zpl

Note that

SLy(Z)/T(p") — I'(p)/T(p') = ( U U Aé"’”) U ( U Bé’”))

l[(p—=1)/2,i>1 k=1 m=1

,
(k1)
o(,, Y, Ua).
(p+1)/2,1>1 k=1
r—k
rph/rep"H —re*h/re’ = au ( U B,E"”) UG,

m=1
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and
1 4
P O VA VR |
#A(()’)Z 1 #Ak=§P3r_3k_2([72—1),
SeOP N+, k=,
prT R (p D2 (p+ D, m<r—k,
#B" =
4.2) PP - D, m=r—k,
_ 1
#B" ) = 4B = B
1 4
o |ae0rTT e =1t k<, |
#C(() D . #Cp = Ep3r—3k—2(p — 12,
SeOP N p =1, k=r,

where ¢ (1) is the Euler function given by ¢ (1) := #(Z/1Z)*. We also notice that the following
relations hold among the sets Af)k’l), Ag, B,Em), C(()k’l), Ciyforl <M < p.

rp"H, IIM, k=r,
Ap, M, k<r—1,
M (k1)
€A =
" lyeaAy™) ALHD. M=p, k<r—1,

A(()k’l/ ged (M.1)) , otherwise,

rey, M=p, k=r—1,
WMlyeA =141, M=p, k<r-2,

Ayg, otherwise ,

reh, M=p, k=r—1, m=1,

r—k—1)

B M=p, k<r—-2, m=r—k

’:l: k+1 ’ ’ — ’ ’

@3 Miyep"Ty=1 "1

BT, M=p, k<r—-2, m<r—k—1,

B,Em’i) , otherwise ,

reo". M, k=r,

Cr, IIM, m<r—1,

M (kD)
€ C =
oIy el cfh, M=p, k<r—1,

C(()k’l/ ged (M.1)) , otherwise,

ropHy, M=p, k=r—1,
WMlyety={C. M=p, k<r-2,
Cr, otherwise .
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To calculate the type of the representatives of conjugacy classes of &, the following
lemma (when r = 1, see also [H]) is an inevitable step.

LEMMA 4.3. Leto(y, I') := tr(Indp>® 1) (y). Then we have

P lp+D, yel@p),

2pk, y € Ak,
(k,01)
2, y €A ,
oy, No(p") = 0
O IR I BUP
2pktm/2 y € B,Em"H, m is even ,
0, otherwise ,

1 5.
—p¥ (PP -1, yel(p,

2

oy, I(p") = lp’“‘—l(p -1, yep™
2 ’ ’
0, otherwise .

PROOF. Itis easy to see that the complete system of representatives of SLo(Z)/Io(p")
can be chosen as

(4.4) {(}L ?)(lf _01) ‘meZ/prZ,leZ/pr_ll}.

Hence we have

oy, To(p")) =#m € Z/p"Z | yiom® + (y11 — y22)m — y21 = 0 mod p"}
+#l e Z/p T Z | yup®® + p(yi1 — y22)l — y12 = 0mod p'}.

Calculating the terms above for each element in the table of Lemma 4.2, we get the claims for
I' = Ih(p"). Moreover, since I'1(p") is a normal subgroup of IH(p"), we have

Iy(p" —
o(y. Ii(p) = > tr(nd 0 1) (97" 9)
g€eCSR[SLy(Z) /I (p")]
g lyg~leno(p)

= > [Fo(p") : T (p")]
geCSR[SLL(Z)/Tv(p")]
g lvg e (p")

1
=§p"1<p — D#{g € CSRISL2(2)/To(p) | 97 'vg e M(pH)}.

Hence the assertions for I" = I'1(p") follows from (4.4). |

By using (4.3) together with the lemma above, we may determine the type of each ele-
ment of & as follows.
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LEMMA 4.4. We have

A () =1ypeof y € I'(p'yin To(p") |
peof v € AS TV in [o(p"y, U(p—1)/2, 1>1,
peof y € C¢ D in [o(p", N(p+1)/2, 1> 1,
M (" A) =typeof v € Ay in Ty(p").

r ,E) .
Wk, B™E)Y = ype of v € B in [y(p')

Py ky
W ap) = o

W (p*.C) =typeof v € Crrin To(p")
and
W () =npeof y e I'(p)in [(p)
N :zype of y e Ay inmp), Lp-1/2, 11,
npeof y € Cy P inm(py. N(p+1)/2, 1> 1,
W (ph) =typeof v € Ar_i U Cryin T (p)
W (P B™) = type of y € B™, in [ (p) .

—k.,l)

PROOF. By Lemma 2.3, if y is (1h2k. ~-n’")-type in I, then we have tro(y™) =
> jjm Jlj- Hence, I;’s are calculated recursively by

(4.5) miy =) wm/juo (y"7),

jlm
where p is the Mobius function. Hence, using (4.3), (4.5) and Lemma 4.3, we obtain the
desired results recursively. O

Applying Lemma 4.4 and (4.2) to Corollary 2.2, we can calculate the densities for
N = p" when p is an odd prime. The densities for N = 2" can be calculated similarly.
For a general integer N > 1, by virtue of the following proposition, we may determine

A' .
T ASLA(Z) (x) recursively.

PROPOSITION 4.5. Let I't and I's be subgroups of I" of finite index, and I'| and T’
the maximal normal subgroups of I" contained in I'y and I, respectively. Put By := I'/ T,
By :=1T/I),ny :=[I": I'landny := [I" : I1]. Assume that I'| and Iy are relatively prime
in I', i.e., the index of I'| N Iy in I' is finite and I'/T"y = I" (note that I\ and I’ are also
relatively prime in I"). Then we have

. A . A . A
Mm@y = 0 Y0 lim @) lim pR ),
Mbnp,Abny
A=A @A
where My @ Ay := (mily, ..., mily,, maly, ..., myl,) = ning for ky = (my, ..., my) = ny
and Ay = (I, ...,l,) & na. For a partition A which can not be expressed as L1 ® Ao, we

have “%ﬂfzﬂ“(x) =0.
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REMARK 4.6. Itis clear that, if I'] and I'; are relatively prime in I", then I'j and I
are also relatively prime in I". The converse is true in the case where I" = SL(Z) and I'1, I
are congruence subgroups of I" with relatively prime levels. In general, however, this is not
true; in fact, if we take I' = I'h(p), I'1 = I'1(p) and

8
D= {y € SLy(Z) ‘ y = (0 501> mod p, § € (Z/pZ)*},

we have I I, = I" but I'|I"; # I because I'] = I'((p) and I'; = I"(p).
To show Proposition 4.5, we first note the following lemmas.

LEMMA 4.7. Let I't and I> be relatively prime subgroups of I'. Then [I" : [''N1T»] =
[ : ][ : I»] holds, and CSR[I: /(I N I3)] gives a complete system of representatives
of I'/I.

PROOF. Let CSR[I%/(I1 N I3)] ={ay,...,ax}. Itis easy to see that

k

k
Fz:Ua;(Flﬂfz)ZU(aiFlmFZ)Z(

k
i=1 i=1 i=

aifl)ﬂfz.
1

Hence, we have Ule aiIn D I,. Since I and I are relatively prime, and Ule a; I
contains both I} and I'», we have Ule a;iIt = I'. Hence CSR[I"/I] can be chosen as a
subset of CSR[1%/(I1N1%)]. Now, we choose CSR[I"/I'1] := {by1,...,b;} C CSR[I2/(I1N
I»)] C I. Then it is easy to see that

! ! !
L=rnNno =<Ubj1“1> nn=Je;nnn=Jbnn.
j=1 j=1 j=1

Therefore, we conclude that CSR[I"/I'1] = CSR[I%/(I1 N [3)]. O

LEMMA 4.8. Let I't and I, be relatively prime subgroups of I'. If y € Prim(I") is
M-type in I'1 and is also hy-type in I, then y is .1 @ Aax-type in I'y N . Furthermore, if y
is A-type in I'1 N\ I, then there exist A1 & ny, Ay = no such that A = A @ Ay, and y is Ai-type
in I'y and Ay-type in Iy simultaneously.

PROOF. By Lemma 4.7, it is easy to see that

Indf; 1 = Indl, (Ind%m 1) = Indf, (Indf; 1] )
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Hence, if we put CSR[I"/I3] = {ay, ..., au,}, we have
tr(Indf; p, 1) () = tr(Indf, (Indf; 1] 13)) ()
= Z tr(Indf, 1) (a; ' yay)

1<i<ny
a;lya,-efz
Z tr(Indf; 1)(y) = tr(Indf; 1)(y) x tr(Ind}, 1)(¥) .

1<i<ny
—1
a; yaiel;

Similarly, for k > 1, we also have
tr(Indf p, D (¥*) = tr(Indf, D (%) x tr(@ndf, (%) .
Hence, according to (4.5), we see that the type of (IndFlm I 1)(y) coincides that of
(Indf, D (y) ® (Indf; 1) (y). O
PROOF OF PROPOSITION 4.5. Since I') and I'; are relatively prime, according to
Lemma 4.7, we can choose CSR[I"/I"{] and CSR[I"/I’}] as subsets of I'; and I}, respectively.
Now, we put CSR[I"/I'{]1 = {a1, ..., a5} C I, and CSR[I"/I}] := {b1, ..., bz} C I7.
Then CSR[I"/(I'{ N I'})] can be chosen as {a;b;}1<i<|z,|.1<j<|5,|- For Ay - ny and A3 = no,
we denote by aj, ..., a,’Cl (resp. D', ..., b,’{z) the elements of CSR[I"/I'{] (resp. CSR[I"/T7;])
which are Aj-type in I} (resp. Ap-type in I). It is easy to see that a;b;, 1 <i < ki,
1 < j <kp,is Ap-type in I'1 and is Ap-type in I». Hence, it follows from Theorem 2.1 that
#{y € CSR[I"/(I'y N I})] | y is A1-type in I and is Ap-type in I}
=#{y € CSR[I"/I{] |y is Ai-type in I'1 }#{y € CSR[I"/I;] | y is A2-type in I}
— 5] 1i A =71 1 A2
= |u1|x1LHgole (x) x |u2|xlgl;olip2(x)-
Therefore, by Lemma 4.8, we have the proposition. O
5. Examples for congruence subgroups.

THE CASE OF I = I(3).
In this case, I'' = I'(3), & = SLy(Z/3Z)/{£Id}, |E| = 12 and n = 1. We have

i A 1 . Q@) 1

Jm R Rersla@ ) =130 WM AR GsLe ) =
. 233 _2

Jm R RetsLae ) =3

where
Bh=ahH =, B@=0) =),
N3 =@ (=F1).
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THE CASE OF I = I(5).

In this case, I = I'(5), & = SLp(Z/5Z)/{£Id}, |E| = 60 and n = 6. We have

5

X—>00

23)

m 1 5)150,(2)

X—>00

where

L))
m 15 s)4s1,02) () =

(x) =

6
1
3

£m=m)@%,

A3 =3 (=),

THE CASE OF I = I(5%).

0 ’

’

. A3(2)
Jim iy s)tsLae ) = g -
. A3(5) _ 2
Jm srysytsLaz ) = 3

3

B =41 =),
NG =61 (=H00).

541

In this case, I'" = I'(5%), & = SLo(Z/5%Z)/{£1d}, | E| = 7500 and n = 30. We have

where

X—> 00

X—> 00

. A3 1
lim K~ ryestsLam ™) =7500

X—>00

. 23 (3) 1
lim 17 @5) 151002 ) =75

X—>00

235(5,8M)

Jm 1 es)tsLa ) g5

. A23(10)
lim posysiyz) () =35

23325,BW) 8
Iy(25)18L2(2) ) T35

lim p
Ay =1,
235 3) =3,
155, BD) =57, 1),
232(10) = (10%,24,1%),
25225, By = (25, 1%),

THE CASE OF I = I(3 x 5%).
Since IH(3 x 5%) = BN TH(5%) and I'" = I'B) N I'(5?), by employing Proposition
4.5, we have the following results (| Z| = 90000, n = 120).

1' (1120 _ 1
oo Hro(75)TSLz(Z)(x) ~ 90000
fim 0052005 = &
x—)oo'uro(75)TSL2(Z) = 60’

(s 1

8
: ) _
im rassLaen ™) = 75

X—>00

X—> 00

225(2)

X—>0Q0

. 1
i 1resisLa@ ™) = 55

233(5,4) 1

Jim sresytsLae ) = 15

23(5,0)

Jm 1y es)rsLa ) = 375

i 23 (15) _ 4
im_ K ryesytsLaz ) = 13-

X—>00

233(25,8)

Hm_ 1 ry@sypsLaz) ) = 75 -

2@ =" 1%,
235, A) = (54,119,
AF6,0) = (59,
A5 (15) = (15%),

23225, B@) = (25,5).

l' (256’18) _ 1
Jm spastsiae ) = 245
. (340) _
Jm ipyasitsiae ) = Tgg
16 140 1
lim 1 4

X—>0Q0

91512 ) = 7505
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i 520,120y 1 i (254,120 2
Jm iy as)rsLaz ) = 3755 i “Fo(75>TSLz(Z) ) =75
. (25%,52) 1 (5% 1
Jm i asytsLaz ) = 155 Jm i ryas)1sLaz) ) = 5555

i (260y ) = 1 . (428 2% ) = i
+28e M roas)tsL2@) ™) = 30000 ° B Ry asitsLa 2 ) = g
(20%,48,2%) 1 !
Jim MF0(75)TSL2(Z) (x) = 20" Jim “Fo(75)TSLz(Z) (x) = 60"
(30%) 1 (10%,2! !
Jm s as)rsiz) ) = 15° Jim “Fo(75>TSLz(Z) @) =350
. (1010 210) 1 ( 02 2
Jmeiryasitsia@ ) = 1550 im0 8 () = %5
(505,102 _ b (10 1
Jim )18t ) = 55 Jim Ko st @) = 730"
) (330,130 1 . (6'4,32,214 12y _ 1
Jm mnasitsae ™ = 1250 Jme Kras)tsiaz ) = 35
. (302,102,6432,2412), | . (910,310 2
Jm Rnasisz ) =15 Jm K5 ) = 75
lim 2G50 = 3 lim p(5h5 3000 oy 2
e rasitsia@ ) = 45 o rasitsia@) M) = 375
lim Q055553509 () 4 lim 05253505 (10
R My fsad) 1875 ° e Hroas)tsLaz)™t) = 75
. (75,25,15,5) _ 4 (156,56) 4
xlgngo K ry(75)18Lo(2) (%) = 75° xlinéo “Fo<75>TSL2<Z>( x) = 1125°

REMARK 5.1. Inthe case of I' = Iy(3 x 52), 23 (m1) @ A3 (1) # A3(m2) @ A3 (1)
holds if (m1, l1) # (m2, [). For a general pair of relatively prime I'1 and I>, we do not know
whether there are partitions A1, A} = n1 and Az, Ay B ngp with Ay # )J . A2 # A} such that
A1 @Ay = A} ®A) provided that ,uFlTF(x) /LFITI—-()C) Mr TF(x) and ur TF()c) have non-zero
densities.

REMARK 5.2. All elements y of I" are (..., M(y)))-type in I", | > 0, for exam-
ples discussed in this section (see Theorem 2.1 for the definition of M(y)). In general,
we may expect that there is some y whose type is of the form (..., M) for M < M(y),
but we have never found such examples unfortunately. It is interesting to study the density
;lfTF(x) = frfTF(x)/rrp(x) as x — oo, where frfTF(x) = {y € Prim(I") | N(y) <
x,y1is (..., M)-type in I” for some M < M(y)}.

6. A Remark on Selberg’s zeta functions. Let £ (s) be a Selberg zeta function of
I defined by

)= [] =N, fs>1.

y €Prim(I")
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For I' C I" and A b n, we define a Selberg type zeta function attached to this data by

= [ a=-Nem™T ss> 1
y €Prim(I")
y is A-type in I”

By using Venkov-Zograf’s formula [VZ], we have

Cp(s) = ¢r(s,o)
= JI dt@a-oong ™"

y €Prim(I")

_g—1
6.1) =1 I det@d—oNG)™
AM-n yePrim(I")
y is A-type in I

= I1 Chyp (m1s) - CF L (mis).

A=(my,my,....mp)n

where o := Ind; 1. Although detailed investigation of ¢ 1); TF(S) remains in the future, in this

section, we study ;;;Tr(s) for a particular case where I' = SL,(Z), r= I'1(p) and I'(p) as
follows.
In these cases, from the discussion in Section 4, it is easy to see that

y is A (m)-type in I'1(p) < y is AP (m)-typein I'(p) & M(y) =m.

Then we have

AP (m) o1
Crmsia@m® = Sramsa® =[] a=Ne™™".
y €ePrim(I")
M(y)=m

For simplicity, we denote this function by gs(lljz’?z)) (s). The functions {S(f;("z)) () have the fol-
lowing properties.

PROPOSITION 6.1. Let p be an odd prime. Then we have

62) {W}@_M _ CnnG)’

S(f;’%)( ) Lrp(s)

Furthermore, ({S(]l:;f%)( NP (P=D/2 can be analytically continued to Rs > 1/p" as a mero-

morphic function and ;SL (Z)(V) has infinitely many singular points near s = 0.
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PROOF. By using (6.1) together with results in Section 4, we have

1 (2= , —(p2—
Erip)(s) = (G0 0y () PPV ) (ps)) =7 D12
_ 2_
x [T Gl men—re=brm,
mlpf—l,m>l
1 —(p*— , , —(p—
Erip () = (@l )™V ) (eglily (psy P2

—(p2—
< [T sl men—tr=nrem,

m|pTil,m>l

Hence the formula (6.2) follows immediately.
Since ¢y (py(s) and ¢ (p)(s) are meromorphic in the whole C and §S(Ilj’22)(ps) is non-

zero and holomorphic in 9is > 1/p, we see that (;S(f;f %) (5))PP~D/2 is analytically continued

to Ms > 1/p as a meromorphic function. Now, we take p"~!-powers of the both sides of
(6.2). Then we have

r—1
@y (NP P02 = (gl (ps))p"(pl)/z{ Crip)? }p

SLa(2) SL2(2) Srp ()
F—2 r—1
_ ) (pzs))p”(pn/z{w}p {M}p
SLa(Z) {p(p)(ps) CF(p)(s)
- r—k
— (¢\PP) o o\ (p—1)/2 Grm@'sn’]”
(6.3) = s,z (P $)) n{ trip (pks) '

k=1

Since ;S(fi;f%) (p"s) is non-zero holomorphic in s > 1/p”, we can obtain the meromorphic

continuation of (;S(f;f%) ()P (P=D/2 to the half plane Ns > 1/p".

Both the functions ¢y (p)(s) and ¢y (p)(s) have simple poles at s = 1 (see [He]). Hence,

(p.p)
(Csiyz)

Since ¢ry(p)(s) and {r(p)(s) are meromorphic at s = 1/p, by (6.2), ;S(ﬁ;’(’%) (s) should have

a branch point at s = 1/p. Then g“s(ﬁ;’(’%) (ps) has a branch point at s = 1/p?. Successively,

we see that ;“S(ﬁ;’(’%) (s) has branch points at s = 1, 1/p, 1/p*, 1/p>, ... . This shows that the

(s))? has a double pole at s = 1. Thus g“s(ﬁ;’(’%) (ps) has a branch point at s = 1/p.

series of the branch points {1,1/p, 1/p? 1/p>, ...} has an accumulation point at 0. Sim-
ilarly, it is easy to see that ;S(Ilj’zfé) (s) has branch points at s = 1/2 + ir;, (1/2 +ir;)/p,
(1/2 +irj)/ p>, ..., where 1/4 + rjz. is the j-th non-trivial eigenvalue of the Laplacian

on Xr(p) but not the spectrum of Xp (. Hence ;“S(I’jz’&) (s) has infinitely many branch

points near s = 0. a
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REMARK 6.2. In Proposition 6.1, we obtain the analytic continuation of ;S(f;‘(”%) (s) to

the half plane s > 0. We do not know, however, whether §S(f;‘(”%) (s) can be analytically

continued to a region contained in fs < 0 or has a natural boundary ds = 0.
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