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Abstract. By means of the method of block decompositions for kernel functions and
some delicate estimates on Fourier transforms,[tAeéR™ x R™ x R)-boundedness of the
multiple Marcinkiewicz integral is established along a continuous surface with rough kernel for
somep > 1. The condition on the integral kernel is the best possible foLtheoundedness
of the multiple Marcinkiewicz integral operator.

1. Introduction. LetRY (N = m orn), N > 2, be theN-dimensional Euclidean
space and¥ ! the unit sphere iR". For nonzero points € R”" andy € R", we denote
x' = x/|x| andy’ = y/|y|. Form > 2 andn > 2, let2(x’,y") € LY(s" 1 x s" Y be a
homogeneous function of degree zero satisfying

(1.1) / Q' yHdx' = / Q' y)dy =0.
sm—1 sn—1

Then the Marcinkiewicz integral operatpg, on the product spad®” x R" is defined by

dsdt \Y?
ne(f)x, y) = (/ / Foate, P t)

forall f € S(R™ x R"), where

Q&' )
Fi, — —n)dé&éd
(xy) = //glq e =y~ ndedn.

Obviously, the operator, is a natural analogy of the higher-dimensional Marcinkiewicz
integral introduced by Stein [24]. It is well known that the Marcinkiewicz integral operator
is an important special case of the Littlewood-Paley-Stein functions and plays a key role in
harmonic analysis. In the one-parameter case, it is shown tkasdtisfies some regularity
conditions, thenug is bounded orL.?(RY), 1 < p < oo (see [2, 24]). Subsequently, the
result mentioned above was improved by many authors. One can consult [7, 8, 14, 21, 22, 24,
25, 28], among numerous references, for its development and applications.

For the multiple Marcinkiewicz integral operatpr,, the following results have been
known.
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THEOREM A. If £2 satisfies (1.1) and one of the following conditions holds, then w
isbounded on L? (R™ x R").
() ReLiS"txs"YHforg>11<p < oo(ch.[3 4]).
(i) 2 e LdogTL)?(s" 1 x §" 1), 1< p < oo (cf. [5, 10).
(i) £ eLlogtL(s" 1 x §" 1), p=2(cf.[6,9).
(iv) 2 e Blsm x5 Yforg>1,1<p < oo (ch[11, 29, 30).
(V) a>1/2,1+1/(20) < p < 1+ 2, and 2 satisfies

1 1 o
//S Lxsn—1 20 y/)|<log|g, x'| o9 |’ y/|> dx'dy’ e L®(s" 1 x 5" h
m—L1y §n— . .

(cf. [13, 32).

Here BY"" (s™~1 x §7~1) denotes a special class of block spaces8n! x 571 (see
Section 2 for the definition), which were introduced by Jiang and Lu [15] in the study of the
LP-boundedness of Calderén-Zygmund singular integral operator. Employing the ideas of
[16], the present author [31] pointed out that, fox 1 andvi > vy > —1,

(1-3) U Lr(Smfl X Snfl) C Bg,U]_(Sl/ﬂfl X Snfl) C Bg,UZ(Sl/ﬂfl X Sl’l*l) ,

r>1

which are proper inclusions, arﬂf’“ can not be contained ih(logt L)V foranyv > —1
ande > 1.
On the other hand, for the one-parameter cak€assem and Al-Salman [1] established

the following.

THEOREM B ([1]). If £2 hasthe mean value zero on the unit sphere S¥ ~* and belongs
to B0 l/Z(S"’*l) for ¢ > 1, then ugp isof type (p, p) for 1 < p < oo. Moreover, for all
—1<v < —1/2,thereexistsan 22 € BY" (SV~1) such that ¢, is not bounded on L2(RY).

A natural problem, which arises on the above results, is the following.

QUESTION. For the LP(R™ x R")-boundedness ofig;, is it sufficient that2 e
B,?’O(S’"_1 x §"~1)forsomeg > 1, 1< p < c0?

In this paper, we give an affirmative answer to the above question by studying the opera-
tor ue,, along a continuous surfage Precisely, suppose thatu, v) is a continuous surface
iNnRT x R™. For(x, y,7) € R" x R" x R, we define

dsd 1/2
ney (N, y,2) = (// ey, )2 it:f) ’

where

QE', 1)
FYyx,v,2) = 2N gy — g,z — p(EL InD)dEdn.
|&|<s,|n|<t & i



MULTIPLE MARCINKIEWICZ INTEGRAL ALONG CONTINUOUS SURFACES 147

For, 7, z € R, we also define the following two maximal functions

M%h(t,r,z): sup R_lS_lf/ lh(t —u, T —v,z—yu,v))|dudv,
R>0,5>0

M;%g(l,z)z sup Rls™ // lg(t —u,z—yu,v))ldudv .
R>0,5>0

For the operatopn o, ,, Ding et al. [11] obtained the following.

THEOREM C. Suppose that §2 is a homogeneous function of degree zero satisfying
(1.1). Then g, isbounded on L”(R™ x R" x R), provided that 22 € BJH (5”1 x §"~1)
for someg > 1,andfor r > 1:

0] ||M1h||Lr(Rs) Clnl L ey

(i) ”Myg”Lr re) = Cllgll - gr2)-

It is clear that the above two maximal functions are natural extensions of the maximal
functions

R

M), 1) = supR—1/ Wt —u,t — I W))|du
R>0 0

and

R
MZ(g) (1) = supR*lf lg(t — "' (w))|du .
R>0 0

The maximal functionsw} and M% play an important role in harmonic analysis and they
are extensively studied by many authors (see [26]). Also, the surfasatsfying (i) and (ii)
are easily available. A simple exampleyisu, v) = u®v? with « > 0 andg > 0 (see [12,
Corollary 3]). In this paper, we prove our main theorem as follows.

THEOREM 1. Suppose that £2 is a homogeneous function of degree zero satisfying
(1.1), and for r € (1, c0),

1
(1.2) IMyhll g3y < ClIRI L g3) -

If one of the following conditions holds, then . ,, isbounded on L”(R™ x R" x R):

(i) 2eBXs" x5 1) for someq > 1,p =2;

(i) 2 eBIU(sm1x s 1forsomeq >1,0<v <1,andp e (2/(1+v),2/(1—
v)).

By Theorem 1, we also obtain the following result.

THEOREM 2. Suppose that £2 is a homogeneous function of degree zero satisfying
(1.1). If one of the following conditions holds, then the multiple Marcinkiewicz integral oper-
ator wgo isbounded on L? (R™ x R"):

(i) 2 e Bt x sm1)for someq > 1,p =2;

(i) 2 e BV 1x s 1forsomeq >1,0<v <1,andp e (2/(1+v),2/(1—
v)).
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REMARK 1. Since
U Lr(Sm—l X Sl‘l—l) C Bg,l(sl‘n—l X Sn—l) C BS,U(Sm—l X Sn—l)

r>1
are proper inclusions, andlogt £)2(s"~! x §"~1) does not contaily-" (51 x §"~1) for
0 < v < 1, Theorem 1 essentially improves Them C, and Theorem 2 is an improvement
or extension of Theorem A or B. In addition, condition (ii) of Theorem C is not necessary.

REMARK 2. By an argument similar to that used in [1], we remark tf2ate BS’O
(§"~1x s"=1)forq > 1isthe best possible condition such that , is bounded o ?(R™ x
R" x R). Namely, there exists a® which lies inBJV (5”1 x s~1) forall =1 < v < 0
and satisfies (1.1) such that, , is not bounded oi.?(R™ x R" x R).

This paper is organized as follows. In Section 2 we review the definition of block spaces
ons”~1 x §"~1. Next, we introduce some notation and establish some estimates which will
play a key role in our proofs in Section 3. Finally, the proofs of our theorems are given in
Section 4. We would like to remark that we are especially motivated by [11-13].

Throughout this papel; always denotes positive constants that are independent of the
essential variables but whose value may vary at each occurrence.

The author would like to express his gratitude to the referee for his very valuable com-
ments. The author also expresses deep gratitude to Professor Dashan Fan for his multiple
assistance.

2. Block spaces. In this section, we review the definitions of block spadfs”
("1 x 5771y (see [15)).

DEFINITION 1. Forl< g < oo, we say that a Lebesgue measurable functien.)
defined ons™~1 x §"~1is ag-block, if it satisfies the following conditions:

(i) suppbd) € Q;

(i) 161l La(sm-1xsn-1) <
whereQ is an interval ons”~1 x "1, i.e., there exist) € §"~1, y| € §"71, andp >
0, 0 > 0 such that

QY41

Q={x"eS" I —xpl < pyx 1y € 8" 1Y =yl < o},
where| Q| denotes the volume ab.
DEFINITION 2. The block spac&?’”(s’”*l x §"1) is defined by
0, -1 -1
Bq U(Sm e Sn )
= {:2 e LNS" xS @ n) =) CabalE, 1), MPV(C)) < oo},
o

where eaclb, is ag-block supported irQ,, and

1 v+1
MPV({Co}) = Z|Ca|{1+ (Iog+|Q |> }
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When 2 € BQV(S™ 1 x $"°1), the norm of 2 is defined by MV(2) =
inf{M(?’“({Ca})}, where the infimum is taken over alblock decompositions af.

The method of block decomposition of functions was originated by Taibleson and Weiss
in the study of the convergence of Fourier series (see [27]). Later on, many applications of the
block decomposition to harmonic analysis were discovered (see [17, 18, 20, 23]). For details,
one may see the survey book [19]. In particular, it was noted by Keitoku and Sato [16] that for
any fixedg > 1,1, L"(SV 1) c B,?’“l(SN‘l) C BS’”Z(SN—l), foranyvy > vy > —1,
which are proper inclusions. Similarly,

U Lr(Smfl X Snfl) C Bg,U]_(Snlfl X Snfl) C Bg,UZ(Snlfl X Sl’l*l)7 _1 < UZ < Ul,

r>1

which are proper inclusions, arddlog®™L)V*¢ does not containB(g”U on (8”1 x s~ 1) for
anyv > —1 ande > 1, although, so far, the relanship between the spac%’” and
LlogTL)V*t ons"~1 x §7~1is still not clear (see [31]).

3. Notation and lemmas. Let £2 be as in Theorem 1. It follows from Definition 2
that2(x’, y') = >, Cabo(x’, y'), Wwhere eaclb, is ag-block supported inQ,, i.e.,

suppby) € Q. and ”ba”Lq(Sm*len—l) < |Qa|l/q71,

The lack of the mean zero property of the block functignwill make our work difficult.
Therefore, for each functiahy,, we define a function, as follows:

! ba(&', y)dE' — — ba(x', n)dn’
53] Jgna Y 571 Jgua e AN

P S / / ba(€', ') dn
|sm=118"=1 [ Jom-aygn1 0 ’

where|$”~1| and|S"~1| denote the Lebesgue measures’®f! ands”—1, respectively. Itis
easy to verify that

ba(x',y) = ba(x', y)) —
(3.1)

(3.2) / bo(x', y)dx' = / bo(x',y")dy' =0,
sm—1 sn—1
(3.3) ||Z;a||Lq(sm—1X5n—1) < 4 Qo;|l/q*l and ||l;a||L1(Sm—1XSn—1) <4.

Noting that2 (x’, y') = )", Cabo(x’, '), we can deduce from (1.1) and (3.2) that

(3.4) Q)= Cabalx',y').

Now our aim is to establish some Fourier transform estimates relategd tehich will
play a key role in the proofs of our theorems. Kok € Z, s,t € R, we write

Bi =1{(x,y) e R" x R"; 205 < |x| < 27%Ls, 2k < |y| < 21y
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For eachb,, we define measure@i’j « by

1 bo (&', 1)
ou i f 0, = /B ST (= 6y = 0.z = Y (L D).
J.k

It is easy to see that its Fourier transform is

1 by (X' y) .
551 — oz —i{x-&E+y-n+y (xllyD¢}
(35) Oa;j,k(é’ n, é‘) — 21+kS[ /Bs,t |x|m71|y|n71 e dxdy .
ok

Similarly, we define the measur@;fj «| by letting its Fourier transform be

1 b (", YD

55! — LA ifx-E+yn+y (xllyDe}

(3.6) 0,0k |(€- 1. 0) TER /B“ |x|m—1|y|n—1e dxdy .
ik

Then

1 |ba (&', 1)
st _ o _ _ _
|00l * F ey, 2) = o /Bj'i |§|’"—1Inl"‘1f(x &, y—mn,z—y(&l InD)dédn.

By (3.4), we have

-1 -1
3.7) F;f,(x, y,2) = Z Cq Z Z 2/ tkgy o;fj)k x f(x,y,2).
a Jj=—00 k=—00
Also, we define the maximal functiarf by
oa(N@,y, )= sup  logh 1% fx, v, 2l
s,teRt;j kez

Itis easy to verify that the total variation ojj;’j . Satisfies
, 1 ~ _ _
(3.8) llog! 4llz < W/B b (', ¥ 12" |y dxdy < 1,
ok

uniformly fors, t € RT, j, k € Z andb,, and|a§;’j’k| is positive.

LEMMA 1. |If the surface y satisfies (1.2) in Theorem 1, then ¢, is bounded on
LP(R" x R" x R), 1 < p < oo, and the bound is independent of the block b, (-, -).

Proof. By definition, for anyf (x) > 0, we have
0y ()(x,¥,2)

2k+1;

1 2/'+15 _ / /
= Sup Sup S, /2 " b (&' ) f(x —u&', y—un', z—y (u, v))d&'dn'dudv
s,teRt j.keZ Js t

<c f f Ba&. 1)\ Mery (F)(xs v, D)dE dr |
S’”_1><S”_1

where

1 s pt
Mg (f)(x,y,2) = sup —/0/0 fx—ué' y—vn',z—yu,v)dudv

s,teRT St
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is the Hardy-Littlewood maximal function in the spaRe& R alongy in the direction(&’, n').
Then

lo ()l < C / /S o VB (DI . 1< p < 0.
'm— >< n—

Sincel|by l L1(sm-15sn-1y < 4,t0 prove Lemma 1, it remains to prove thét , is bounded on
LP(R"xR"xR),1< p <oo. Letl=(1,0,...,00 e $" 1 1=(1,0,...,0) € " L. For
each fixed&’, '), choose a rotatiop = p1 ® p2 such thap1& = 1andpon = 1. Letp~1 =
pr* ® p, ' be the inverse op. We define the functiorf, by f,(x, y,2) = f(px, p2y, 2).
So

S —ug y—vn' 2=y, v) = fa(prx —ul, p2y — vl z — y(u,v).

This, together with the condition (1.2) in Theorem 1 and a change of variables, show that

Mer (O lLrRexrrxR) < CllfllLpRmxRP xRy, 1< p <00,

whereC is independent of¢’, n’). Lemma 1 is thus proved. O

LEMMA 2. Let 2 =Y, Cyby = Y., Caby beasin (3.4). Supposethat 1 < ¢ < 2,
and |Qy| < 1for each «. Then for each «:
(i) 16,4 m, Ol = Cl2/sgl|21m];
(i) if|Qq| < €2/1=9 then

1657 (&, m, O] < Cmin{l, 27521091012 )

(3.9) |2js§||2ktr]|2/|09|Q°‘|, |2js§|2/|09|Qa\|2ktn|2/|09\Qa\};

(i) if|Qul = €2/3 then

(3.10) 16, (€. m, O] < Cmin{L, [2/sE]7° 2], 1278 (124|127 s& 751 2m] ),

wheree, C are positive constantsindependent of s, t € RT, j, k € Z,(€,1,¢) e R" xR" xR,
and the block b, (-, -).

PROOF.  First we consider the cage > 2 andn > 2. By (3.2) and (3.3), (i) is obvious.

By the definition ofc?;;’]"k and (3.3), it is easy to see that

(3.11) 16,5k Ol < C.

Now we prove the other cases of (ii) and (iii). Let= (1,0,...,0) € s 1 andl =
(1,0,...,0) € "L For any fixect # 0 andy # 0, by the method of rotation, without loss
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of generality, we may write

~S,t
|O—a;j,k(‘i:s 77: ;)I
2i+1lg Lok+1;

1 ~ - / - 1./
< bo (x’. Ve THEILX o =ivn1y" 1105 dv | dud
- 21+kSt _/2_/5 okt /_/Sm—lxsn—l a(-x -y )e [e ] rdy \audv
C 2k+1t 2j+ls
< — v by (X', y)e MY g3\ dy dudv
- 2/+kst _/21{[ |n| 2is /Snfl _/Smfl Ol( y) Y
2t hslg] . -
< C|2ktr)|/ (27s1g) 7t / bo(x', YNe 1" dx' |dudy’
sn—1, zjslgl sm—1
2ts1gl -
< C|2ktn|/ (2]s|§|)l‘/ ¢y/(xi)eﬂx1“dx/l dudy’
sn=1J2is|g| R
2+ls1g) 1n
<ci2mi [ [* @t gy oldudy
Sn=12/ 5|

where
¢y () = (L= 2" 2 4y () / ba(x1, (1= xp?)Y2F, y)d!
N

is a one-dimensional function. Then, for aaye (1, ), it follows from Hélder's inequality
that

350 01 < CRnl [ @I 1l gy
whereo’ = w/(w — 1). By the Hausdorff-Young inequality, we have
(3.12) 3. 01 < CRmI2Isel ™ [ 1 liomdy
On the other hand, by the definition f: and Holder's inequality, we have

fs Nylie@dy” < Cliball Loggn-1x50-1)

< Cllball Lo (sn-1x 5n-1)| Qa7 < C|Qal V.

This together with (3.12) shows that for atye (1, ¢),

(3.13) 1650 k€m0 < CL27sg 7Y 124 Qa7
If |Qq| < €24/1=9)  takingw = log| Q4 |/(2 + log| Q«|), then we obtain
(3.14) 1657 (€., O] < €127 5| X109 Ce 12Ky

If |Qo| > ¢%/1=9 takingw = ¢/ and lettinge = 1/«/, then

(3.15) 1601 & m, O] < C127sE| 4125 .
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Switching the variables andy in the proof of (3.13), we can get that for amye (1, 2] such
thatw < ¢,

(3.16) 1650 (€ O < CL2TsE (125 | Qu | 7M.

By the same arguments as those used in proving (3.14) and (3.15), it follows from (3.16) that
(B17) 165 & m O < €12 sE |24y P90 if | Q] < €24/070;

(3.18) 1655 E O < CI2TsE 1250 7 i | Qyl > 2/

It remains to prove that
(3.19) 16, k(€ m, O] < C|2755]1090el| 24y 210910kl if Q| < 2/A7D;
(3.20) 1607 (€, O < CITSE 7125 7%, if [ Qq] = X/,
By the method of rotation, we have
16325 £ 6.1 O

2+Ls1g| p 2kt

< C|2/sg|7 Y2k 7t

/ / @ (xy, ype gl dyt | dudv
RxR

275 2k |n]
, 2+ s|g| p 2Ky
< C|2fss|*l|2"tn|*1/ / |& (u, v)|dudv
2is|&] 2kt |y]

where

2\ (m— 2\ (n—
®(x}, yp) = (L= 5 )" IR =y 20 21y <0y (061 DO O, ¥D)

and
~ _ 2 _ _ _
Ol = / / s o BaG A= YRy =y aay
Sm=2 gn—

Using Holder's inequality and the Hausdorff-Young inequality again, we obtain

. . Lok 1 2+ L51g| p 2kt 1/w
Iffoff;.k(é, n. o) < Cl2/s&| 725~ {/ / dudv} |9l LoRxR) -
b 2islgl  J2kep|

Itis easy to verify tha| @ || .o rxRr) < |Q«|~ Y. Thus
1652 k(&1 O < Cl1Qul ™Y 120557 124y 71

By the same arguments as those used in proving (3.14) and (3.15), we get (3.19) and (3.20).
Summarizing (3.11), (3.14), (3.15) and (3.17)—(3.20), we obtain (ii) and (iii). Lemma 2 is thus
proved for the case: > 2 andn > 2.

Next we consider the cases= 2 orn = 2. The arguments are essentially the same as
those in the previous case. Only two things must be modified: (a) the estimage pf« (R);
(b) the estimate of @ || L» RxR)-

We consider the following three cases separately.
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() m=2andn>2. Forgy(x;),wehave
by (x) = 1 — 27 Y210 (xDIba (X7, (L — x1DY2, 3 + ba(xy, —(L — x12Y2, 311,
and

oyl Ler)

1 1/w
= ( / ) (1 — x12) " Y2[by (x7, (L — x12)Y2, y) by (xf, — (L — ;D)2 y’)nwfzx;)

—1+]Qq/? _ . 1w
= ( / ) (1—x12) 7" bg (xy, A=x;DY2 Y 4 be(x], —(1 — x12)Y2, y’)|“’dx1)

1-10u? 2 2,7 2,1/2 ~ 2.1/2 L
+ ( / L A=x1)7 2bg (xp, A=21D)Y2, ) +ba (xp, — (1= ,y/>|“’dx’l>
—1+]|Q¢l|

1 _ B /w

+ ( / 2<1—x12)*w/2|ba(x’1, A=x12)Y2, y) by (xf, —(1—x;2)Y2, y’>|“’dx1>
1-104|

= 7Y Ve e

Forll, we have

1-1Qa?
II — / (1 _ x:/LZ)f(LU7l)/2(1 _ x12)71/2
—1+]Qq/?

X |be(x], (1 — x12Y2 3) + e (x), —(1 = x12)Y2, y)) ¥ dx]

—(w-1) 1-1Qaf? 12y—1/2
< 10y / 1— )V
—1+(Qq 2
X [1ba (7, (1 — x12)Y2 )Y + 1ba(x], —(1 — x12Y2, y) "1 dx] .
Therefore,
' 110 2y-1/27 (7 2\1/2
NYvdy’ < C|Qq|~ ¥ (L= x5 Y2 by (xy, A — xHY2, y)¥
Sn—l Sn—l _l'H Qot ‘2

~ 1/w
+ g (x], —(1 — x5/, y’>|“’1dx1dy’>

< ClQal ™" 1ball Lo st s-1) < C1Qal ™.
Forlll, we choose such thatw = g andg < 2r — 1. By Hélder’s inequality and the fact
that(w — 1)r’ < 1, we have

1
1 = / (1_x:/LZ)—l/Zr’_(u}—l)/z—l/zr
1-1Qal?

X b (x7, A=x1)Y2, y) + b (x7, —(1—x12)Y2, y) [V dx

1 ) 1/r
< (/ e /de/l)
1-|Qal?
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1 - » 1/r
x ( /1 A=) T2 by (g, (A=xpH)V2 ) + bax], —(L—xpHY, y/>|"dx’1>
~1Qaql

1 1/r
< C< / (1—x’1)1/2(w1>“/2dx1>
1-1Q4[?

1 - » 1/r
x ( /1 (A=) T by (xp, (A=xpH)V2 ) + bax], —(L—xpHY2, y/>|"dx’1>
~1Qaql

1
< C|Qq|Yr (b ( / (1—x12) " Y2[|by (xy, A—x;2)Y2 y|4
-1

~ 1/r
H lba (], —(A—2{D)2, y/)lq]dx’l) .

Consequently,

1/w , ..
/S_lllll/“’dy’scqs _1llldy/> < C1Qal """ lball Lagst by

< Qa7
Similarly,
/ 1" dy' < €1 Qal ™"
gn—1
Thus,
/S gyl @dy’ < ClQal 72"
For&(x1, y1), we have
®(x}, yp) = L= 2@ = 3" <1y <0y (61 DO (L, D)

where

O oD = [ Ihutri, A= 2254, (= 52 25)

+ o (x], —(L — x1HY2, y1, A — yHY?5)1d5 .
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We write

1,1 1/w

1@l RxR) = ( f . / 1(1— X TPA -y 210 (1, y’l)|wdx’1dy’1)
! 12\—1/2 L0 12y—w/2 NI
< 1(1— 19 L 1—x19 |© (xq1, yDI"dx]

1-1Qqf?
(3.21) + / (L= 2210}, ypI"dx}
—1+]Qq/?

1 1/w
+ / (1—x)7v? 0], y1>|wdx1}dy’l)
1-]Qq?

1 1/w
= (/ 1(1 vV + B+ Jg]dyg) .

By the arguments similar to those used in proving andlll, we can obtain that

, 1 1/r
(3.22) J1, J3§C|Qa|1/r_(w_1)< f (1—x’12)—1/2|@(x’1,y’1>|qu’1>
-1

with rw = ¢, and
1
(3.23) J2 < |Qu|”™ 7P / - 22210 (xq, yp)|Pdxy .

By (3.21), (3.22) and (3.23), it is not hard to verify thi@ || L v rxRr) < C|Qq|72v".
(i) m > 2 andn = 2. To estimatd|¢, || »R), We argue in exactly the same way as in
the previous case and obtain

/S Ngyllr@dy’ < ClQaI "
Similarly, we apply the same method as in case (i) to estimate

1@ Lw@®xR) < ClQul™2"".

(i) m =n = 2. Again, the same arguments as those in case (i) to derive an upper
bound on||¢y/ || L»(r) also work for this case and we obtain

/S by llemdy’ < ClQal ™"
For @ (x}, y;), we have
®(x}, yp) = (L= 51720 = 3272 )0 <1y <0 (51 YD O (L YD)
where
O(x1, 1)
= ba (¢}, A=xDY2, 31, (1= yDY?) + bo (6], —A—xPDY2, i, A — y1PHY?)
+ by, A=xDY2, 31, =L = YDV 4+ ba (xp, —(1-xDY2, yp, —1 = yHY?)
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We can write

1Pl LeRxR)

LHQal [~1+Q0l i y i Y
( / / (1= X2 2(1 220 (x), y1>|“’dx1dy1>

1+/Qal 1\Qa y i N 1w
([T am e e )
+|Qa

14104l 1w
+ f f 1—x12) 72 (1= y) 7?0 (xq, y’1)|de1dy1>
1- \Qa

+

1-104| —l+\Qa\ 1w
/ (L—xH™2A - yH 210 (], y’l)|“’dx1dy1)
1‘HQ0( -

+

1-1Qul 1 |Qa| Yw
f A —xPD72A - yH 0, yi)lwdxidyi)
l+\Qa 1+\Qa\

+

1+ Qal l [Qal
1/w

+

—1+(Qa|
/ /- 1- /2) “’/2(1 y/Z) w/2|0(x17 yl)|wdxldy1>
1- |Qa -

l [Qul

+

1/w
L-x?) 2=y 2o, y1>|“’dx1dy1>
1 104l 1+|Qa

1-104| 1/w
( f A=) 7"2A—yA T Pe W, y’1>|wczx’1dy'1>

1/w
/ f (1—xH™2A—yH w/2|@(x1,y1)|de1dy1)
1-1Q«l Y1-]Q«l
=h+DL+B+h+Is+1s+ 17+ Ig+ Io.

By Hoélder’s inequality and arguments similar to those in case (i), it is easy to show that
Ij < C|Qq|7%" for j =1,2,...,9. Consequently|® | v gn-1, 501, < C|Qul~¥™". We
omit the details and finish the proof of Lemma 2.

4. Proofsof Theorems. We only need to prove Theorem 1, because Theorem 2 fol-
lows directly. In fact, lety (u, v) = 0. Theny satisfies (1.2) in Theorem 1. For any function
f € S(R" x R"), we leth be a function onS(R) such that||||, # 0. By definition and
Theorem 1, it is easy to see that

I2llr @) It (O lLrRexry = g,y (f @ WILr®Rexrixr) < ClfllLr®exry AP R) 5

where(f ® h)(x,y,z) = f(x, y)h(z). This implies Theorem 2.

Next we prove Theorem 1. Létbe the Diracs-function. Take two radial Schwartz
functionsg € S(R™) andy € S(R"*) such that:

@ O0<¢ ¥y <1

(b) supgg) € {x € R";1/2 < |x| < 2} and suppy) < {y € R"; 1/2 < |y| < 2};
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©) Y cz@@x))? =1forallx € R™\ {0} andY ., (¥(2y))? = 1forally e
R™ \ {0}. Letgg(x) = ¢(2%x) andy;(y) = ¥ (2'y). Define the multiplier operatorg, and
¥; by
D f(E) =pa®) (& and Tg(n) = vimim).

and®; @ ¥; ® § by

(P @ W ®8) Y (. 0.0) = 0aE V() fE. 1. 0).
Then in the sense df2(R" x R" x R),
(4.1) [y, =) Y (Pa®@¥ ®8)f(x,y.2).

deZ leZ
By Minkowski's inequality, it follows from (3.7) that

o oo U
m,y(f)(x,y,z)=</0/0 SC Y Y 2k £y, 2)

j=—00k=—00

-« ik [T s pdsdt\V?
Yicd Y Y 2 (fofo o3 FCxy. ) st)
o

j=—00k=—00
<) ICal
o
2dsdt>l/2

- d dt)l/z
o o -
= Zw(/ / 0000 % £ (x, 3, 2)
> o Jo st

2 dsdt \Y?
st

2. 2. 2 /Oo/oo oah0* £, v, 2=
o Jo «;0,0 st

j=—00k=—00

22 dsdr\"?
=Z|ca|(ff DD otk fx v, 2P ) :
« 191 ez kez st
Set
_ 2 2 . ) 1/2
a0 = ([T o x sy oofasar)
VIl ez kez
Then
(4.2) IIlm,y(f)IlpSCZICaIIIﬁa,y(f)IIp, l<p<oo.
o

By (4.1), we can write

2 p2
ﬁa,y(f)(x,y,z)=</1/l >

j.keZ

Z (Pjt1a ® Yt ® )
d,leZ

4.3
(4.3) 2 1/2
dsdt) .

In the following, we give the proof of Theorem 1. Note ﬂR%"(Sm*l x §"1 ¢
BYY (5™ x s 1) for 1 < g2 < 1, andv > —1. It suffices to consider the case<lg < 2.

X (cr;;tj)k *(Pjrad QW ®68) fHx,y,2)
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By Lemma 2(ii) and (iii), without loss of generality, we may assume that for égclithe
supportQ, of b is uniformly small such thatQ,| < e24/1-9),

PrROOF OFTHEOREM1(i). First, we consider the mappirggdefined by

G A9k 0 Y D ks tez — { D (Pjd ® Vi ® DICICRE Z)}
d|leZ j.keZ

By Plancherel’s theorem, we have

2 2 2 1/2)2
H(Z// D (Pjra ® U1 @) 1y dsdt)
jkez /1YY giez 2
2 2

-> [ S (@1d ® Wert @ )97y (6 9,2)
jkez 11 IRIXRIXR ;57
X Z (Pjra @ Viyr ® 8)gj!’,t{;d,!l,(x, v, z)dxdydzdsdt
d'rez

—_—
s,
g.

2 p2
2 2 ) // / IIQIOUNSHCE NS
1J1 JR"xR"xR

j.keZ dleZ d'\l'eZ

X @ja EV Wit (DG} 1 gr p (& 0, §)dEdndE dsdr

2 2
Z Z Z /// ‘P./+d($)1//k+z(n)gjj,i;d,l(é,n,g)
1J1 R" xR"xR

Jj.keZ dleZ |d-d'|<2,|l-1'|<2

———

X @i EVir (DG kg p €. 1. D)dEdndEdsar

A trivial computation shows that

2 p2 —
> > f / / Qi +dEWrs1 (g g 1501, 0)
1J1 M xR"xR

d.leZ |d—d'|<2,|l-1'|<2

p——

X @jra EV Wit (DG} 1 gr p € 1. O)dEddE dsdr

2 2 .
=Y X L gk
dlez |d—d'|<2,1-1<2” 1 I1 IR XR'R

o —

x |g;:lt<;d/,l’(‘§, n, ¢)|dédndcdsdt

2 p2 —
sc X [ gt ofdendcdsar.
xR*"xR

d,leZ
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Therefore,
2 02 2 1/2)2
H(Z // Y (@j1a ® U1 g1y, dsdt)
4.4 jkez /1Yl g ez 2
' 2 p2 1/22
=C ). <Z /1/1 |gjfit<;d,l|2det) )’

d,leZ” “jkeZ

which implies thatj is a bounded operator frofi(L2(R"™ x R x R)(L2([1, 2] x [1, 2])(1%)))
to L2(R™ x R* x R)(L23([1, 2] x [1, 2])(1%)). It follows from (4.3) and (4.4) that

202 2 »
( Z /; /; |O;§j,k #* (Pjyrd @ Vit ® 8) )l dsdt)

j.keZ

2

ey (HIZ=C D

d,leZ

2

For each fixed!, ! € Z, let
2 2 ) 1/2
Lai(f)(x,y,2) = (Z /1/1 joa' 1 % (@ja ® Wiyt ® 8) f)(x, ., 2)) dsdr) :
j.keZ

Then

(4.5) Iy (MOIZ < C D7 Hai(H5.

d,leZ

Applying Plancherel's theorem, we know that
a1 (113
2 p2 , R
[ @ a 6 O 6, o) Pz andc sy

j.kezZ
22 5,1 2, 7 2
sc// 3 627 & n, OPIf 6. n, O Pdgdndedsdr,
11 jkez I Eikai
Where £ juas = ((E.n) € R x R 2777471 < g < 27/=4+1 k11 < || <

2-k=1+1} » R. Also, using Lemma 2, it is easy to see that, (6rn,¢) € Ejq,; and
s, t €1, 2],

(4.6) 1652 k& m, OI < CI12/s&(12%m| < €277, d =0, 1>0;
47) 163" (& 0, Ol < €12/ sg||241m|?/10910:] < c27d =20l g >0, | <0;
(4.8) 16, 4 (€ m, O] < C|2/5E[1090l|1 25| < c2724/09C g <0, 1= 0;

(4.9) 163 (&0, O < C(12/ ][ 25m))09Cel < c272dHD/08I0N g <0, 1 <0.
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Hence,

(4.10) Hai(H)llz2 < €277 fllz, d >0, 1=0;

(4.11) laa(f)llz < C27472/09C) £ d >0, 1 <0;
(4.12) 1a(f)llz < €C272/09Ql=1) 5 @ <0, 12>0;
(4.13) 1a(f)llz < €2724/1081Qul=2/0000ul) 115 @ <0, 1 <0.

Combing (4.5) with (4.10)—(4.13), we obtain

||ﬁa,y<f)||§scnf||§{ Yooty Y ondr2/lglod

d>0,1>0 d>0,1<0

2
by 2oy Y 2—2(d+l)/|OgQa}
d<0,/>0 d<0,1<0

1\
|Qa|) 7105

< C(1+Iog

Consequently,

~ 1
e,y (2 < C<1+|09|Q I)IIfIIz,

which together with (4.2) implies

[Qal

This proves (i) of Theorem 1. |

1
gy (Hllz2 < CZ |Coc|(1+ |09—)||f||2 =Cllfllz.

PROOF OFTHEOREM 1(ii). First, we prove that, for k p <2 and 1< r < p,

e,y (O
(449 <C). (Z f f |a;;j-,k*((¢,~+d®wk+l®5)f)|2dsdr)
diez" Njrez/1 71 p
Indeed, by Minkowski's inequality, we have that folpg < oo,
2 2 , 2 1/2
<Z /1/1 D (@j1a ® Vi1 ® )G ka dsdt)
Jjkez dilez Po
(4.15) - e
= (O30 W RCPELRED R
diez" Njrez 171 Po

Note that for each fixed, [ € Z, and any function$hj:§(},

2 p2
> /1 /1 (@) 1d ® Wi @ SNy ldsd| < )

jkez 1 jkez

’

1

2 p2
/1/1 |hj.:§(|dsdt
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and

| sup sup i@jra @t @omil| <c|sup sup | 1< po<oo.

j.keZ s,t€[1,2] Po j.keZ s,te[1,2] po
Then the mappin@{ defined by

Mo AR, v, DY jkezis reinz) — ((Pjid © Wist @ R (x, ¥, DY kezis w12

is bounded fronL”0(R™ x R* x R)(L*°([1, 2] x [1, 2])(I*°))) to itself for any 1< po < o0,
and bounded fronL1(R” x R" x R)(L1([1, 2] x [1, 2])(I) to itself. Therefore, for given
p € (1, 2), we chooseg such that 1< pg < co and 2/ p = 1+ 1/ po, and apply the standard

interpolation argument to conclude tHatis bounded fromL? (R™ x R" x R)(L?([1, 2] x
[1, 2]) (/%) to itself. This together with (4.15) states that

2 ;2 : 12
H ( > /1 /1 D (@jra @Vt @) ka, dsdt)
J.keZ dlez p
(4.16) e o
= Z <Z // Igj:k;d,ll def> , l<p<?2.
diez" \jkez/1 Y1 P

Interpolating between (4.4) arfd.16), we get that for each fixedd p < 2andany 1< r <

Y )"

Jj.keZ
r

D>

d,leZ

r

Y (@1a ® Vi ® )95 ka
d|leZ

2 p2 L ) 1/2
<Z // 19 ka1 d“”)
1J1

j.keZ

p

p

This implies (4.14).
Second, we claim that, for2 p <ccandany l<r < p' = p/(p — 1),

Iy DI
(4.17) 2 2 t Y22 r/2
e ([ IZ ms @uwmaonn?) | asa) .
diez V1IN ez p

Indeed, by Minkowski's inequality and the Littlewood-Paley theory (see [25, Chapter
4]), we have
2

2 2 R 1/2
(Z [ [ 1@paw w006, dsdr)

j.keZ

p

2 2 12,2
<[ (Z |(¢j+d®wk+z®a>g;;;;d,l|2) dsdt
TIL N kez P
2 2 12,2
§C/l/l (Z Ig‘;”,’(;d)llz) dsdt , 2<p<o00.
p

j.keZ
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From this and (4.15), we know that

2 2 5 12
H < > / / Y (Pj1a ® V1 @)} 1a dsdt)
jkez? 19 ez p
(4.18) - e
<C Z(// <Z |g§_’]t{;d,l|2) dsdt) , 2<p<o0.
diez VW19 W\ hez 7 P
On the other hand, it follows from (4.4) that
2 p2 2 1/2
H ( > /1 /1 D (Pj1a ® U1 @) g} ka dsdt) )
Jj-keZ dlez
(4.19) . e
= C(Z /1/1 <Z Ig;j;i;dﬂz) dsdt) .
2

d,leZ j.keZ

By an interpolation argument, the inequalities (4.18) and (4.19) show that, for each 2
occandanyl<r < p' =p/(p—1),

2 42 2 12r
H(Z // D (@j+a ® U1 @)1y, dsdt)
jkez /1Yl g ez a p
2 2 122 2
e (I ) o)
diez W1 N ez P

which implies (4.17).

Now we establish th&” (R" x R" x R)-boundedness dfite 5 (f)ll, in the following
two cases.

Casel. 2/(1+v) < p < 2. By(4.14) and the definition df; ;, we have

(4.20) ey (O, <C Y MHaa(PIy, 1<p<2and 1<r<p.
d,leZ

Then we first estimat¢Z, ; ()] ,. By the definition Ofcr;i’j’k and Lemma 1, it is easy to see
that, for any functionsh; i} ; rez,

2 p2
5.t
// Y logt  xhjaldsdt| < Cl Y |
11 jkez 1 jkez 1
and
H sup sup |a;;’1._k*h,~,k|H §CH sup|h.,',k|“ . l<pp<oo.
j.keZ s,te[l,2] o pPo j.kezZ po
Thus,

, 1l<p<?2.
)4

1/2
| (g
P

j.keZ

2 p2 1/2
H(/lfl Z |0§;.’j’k*hj,k|2dsdt)

j.keZ
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In particular, let:;  (x, y, 2) = (@14 Q%41 Q8) f (x, ¥, z), and invoke the Littlewood-Paley
theory. We get

<Clfllp, 1l<p<2.
p

1/2
(4.21) |Has(Nllp < CH ( > Pj1a ® Vi ® 5)f|2)

j.keZ

By interpolation, the inequalities (4.10)—(4.13) and (4.21) show that for aaypl < 2 and
0<6 <1,

a1 (Ol < €279 fll,, d =0, 1>0;
Ia1(f)]l, < €2704=201/00Cal) ) d >0, [ <0;
a1, < C27204/1091Cl=0L ¢ q <0, |>0;
1a1(f)ll, < C2720d/1001Cal=201/l091Caly £/ d <0, | <O.
These inequalities together with (4.20) imply that fg(2+ v) < p < 2,

1 1+v 1 1+v
0 |) IIfIIpSC{lJr('Ong |) }”f”p'

e,y (Ol < C<l+ log

Therefore,

1 1+U 2
ey (HOllp = C;|Ca|{1+ (|09@> }”f”p =Cllflp, 170 =P< 2.

CASE2. 2<p<2/(1—v). Forfixeds,t €[1,2]andd,! € Z, let

1/2
Ty (N, y, 2) = ( Doy (Pjya ® Wit ®8) (. y, z>|2) :

j.keZ
Then, by (4.17), we have that for anylr < p’ = p/(p — 1),
2 p2 , ) r/2
(4.22) 1wy (DI < C ( / / ||J§;,(f)||,,dsdt) .
dlez V171

Using Plancherel’'s theorem, we get

13 HB =3 //R

j.keZ

1607 &1 OPl0jra OV 1P f €, ) PdEdnd .

m R xR

Similarly to proving the inequalities (4.10)—(4.13), it follows from Lemma 2 thatsfar €
(1, 2],

(4.23) 157 (Hllz < €27 flla, d=0, 1>0;
(4.24) 11 ()2 < €27472M0Ced ), d >0, 1 <0;
(4.25) 131 (Hllz < €272/1090Ql= 15 d <0, 1>0;

(4.26) 153 (f)ll2 < €2724/1091Qul =278l 115 d <0, [ <0.
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On the other hand, by Lemma 1, it is easy to verify that for agy (2, 00), s, t € [1, 2],

172 1/2
(5 umniat) | = (X mer)

j.keZ j.keZ

<C

9

pPo

pPo

whereC is independent af, ands, ¢ € [1, 2]. This together with the Littlewood-Paley theory
implies that fors, r € [1,2],2 < pg < o0,

1/2
( Y (P @ Wi ® 8>f|2)

Jj.keZ

(4.27) 1377 (Pl po < C' = Cllfllpo -

pPo

Invoking the interpolation theorem again, the inequalities (4.23)—(4.27) tell us that, for any
2<p<ocand0< 6 <1,

131 (Hllp < €27 fll,, d =0, [>0;
11Ol < €2704=20/08Culy ), d >0, 1 <0;
13Tl < €27204/000Qul =00 £y d <0, 1>0;

11Oy < €27 20d/108Qal=200/10810uly g <0, 1 <0.

Using these inequalities with (4.22), the same argument as in Case 1 leads to our desired
estimate. This completes the proof of Theorem 1. O
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