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A ROUGH MULTIPLE MARCINKIEWICZ INTEGRAL
ALONG CONTINUOUS SURFACES

HUOXIONG WU
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Abstract. By means of the method of block decompositions for kernel functions and
some delicate estimates on Fourier transforms, theLp(Rm × Rn × R)-boundedness of the
multiple Marcinkiewicz integral is established along a continuous surface with rough kernel for
somep > 1. The condition on the integral kernel is the best possible for theL2-boundedness
of the multiple Marcinkiewicz integral operator.

1. Introduction. Let RN (N = m or n), N ≥ 2, be theN-dimensional Euclidean
space andSN−1 the unit sphere inRN . For nonzero pointsx ∈ Rm andy ∈ Rn, we denote
x ′ = x/|x| andy ′ = y/|y|. Form ≥ 2 andn ≥ 2, letΩ(x ′, y ′) ∈ L1(Sm−1 × Sn−1) be a
homogeneous function of degree zero satisfying∫

Sm−1
Ω(x ′, y ′)dx ′ =

∫
Sn−1

Ω(x ′, y ′)dy ′ = 0 .(1.1)

Then the Marcinkiewicz integral operatorµΩ on the product spaceRm × Rn is defined by

µΩ(f )(x, y) =
(∫ ∞

0

∫ ∞

0
|Fs,t (x, y)|2dsdt

s3t3

)1/2

for all f ∈ S(Rm × Rn), where

Fs,t (x, y) =
∫ ∫

|ξ |<s,|η|<t
Ω(ξ ′, η′)

|ξ |m−1|η|n−1f (x − ξ, y − η)dξdη .

Obviously, the operatorµΩ is a natural analogy of the higher-dimensional Marcinkiewicz
integral introduced by Stein [24]. It is well known that the Marcinkiewicz integral operator
is an important special case of the Littlewood-Paley-Stein functions and plays a key role in
harmonic analysis. In the one-parameter case, it is shown that ifΩ satisfies some regularity
conditions, thenµΩ is bounded onLp(RN), 1 < p < ∞ (see [2, 24]). Subsequently, the
result mentioned above was improved by many authors. One can consult [7, 8, 14, 21, 22, 24,
25, 28], among numerous references, for its development and applications.

For the multiple Marcinkiewicz integral operatorµΩ , the following results have been
known.
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THEOREM A. If Ω satisfies (1.1) and one of the following conditions holds, then µΩ
is bounded on Lp(Rm × Rn).

(i) Ω ∈ Lq(Sm−1 × Sn−1) for q > 1, 1< p < ∞ (cf. [3,4]).
(ii) Ω ∈ L(log+L)2(Sm−1 × Sn−1), 1< p < ∞ (cf. [5, 10]).
(iii) Ω ∈ L log+L(Sm−1 × Sn−1), p = 2 (cf. [6, 9]).
(iv) Ω ∈ B0,1

q (Sm−1 × Sn−1) for q > 1, 1< p < ∞ (cf. [11, 29, 30]).
(v) α > 1/2, 1+ 1/(2α) < p < 1 + 2α, and Ω satisfies∫ ∫

Sm−1×Sn−1
|Ω(x ′, y ′)|

(
log

1

|ξ ′ · x ′| log
1

|η′ · y ′|
)α
dx ′ dy ′ ∈ L∞(Sm−1 × Sn−1)

(cf. [13, 32]).

HereB0,υ
q (Sm−1 × Sn−1) denotes a special class of block spaces onSm−1 × Sn−1 (see

Section 2 for the definition), which were introduced by Jiang and Lu [15] in the study of the
Lp-boundedness of Calderón-Zygmund singular integral operator. Employing the ideas of
[16], the present author [31] pointed out that, forq > 1 andυ1 > υ2 > −1,⋃

r>1

Lr(Sm−1 × Sn−1) ⊂ B0,υ1
q (Sm−1 × Sn−1) ⊂ B0,υ2

q (Sm−1 × Sn−1) ,(1.3)

which are proper inclusions, andB0,υ
q can not be contained inL(log+L)υ+ε for anyυ > −1

andε > 1.
On the other hand, for the one-parameter case,Al-Qassem and Al-Salman [1] established

the following.

THEOREM B ([1]). IfΩ has the mean value zero on the unit sphere SN−1 and belongs
to B0,−1/2

q (SN−1) for q > 1, then µΩ is of type (p, p) for 1 < p < ∞. Moreover, for all

−1< υ < −1/2, there exists an Ω ∈ B0,υ
q (SN−1) such that µΩ is not bounded on L2(RN).

A natural problem, which arises on the above results, is the following.

QUESTION. For theLp(Rm × Rn)-boundedness ofµΩ , is it sufficient thatΩ ∈
B

0,0
q (Sm−1 × Sn−1) for someq > 1, 1< p < ∞?

In this paper, we give an affirmative answer to the above question by studying the opera-
torµΩ,γ along a continuous surfaceγ . Precisely, suppose thatγ (u, v) is a continuous surface
in R+ × R+. For(x, y, z) ∈ Rm × Rn × R, we define

µΩ,γ (f )(x, y, z) =
(∫ ∞

0

∫ ∞

0
|Fγs,t (x, y, z)|2

dsdt

s3t3

)1/2

,

where

F
γ
s,t (x, y, z) =

∫ ∫
|ξ |<s,|η|<t

Ω(ξ ′, η′)
|ξ |m−1|η|n−1

f (x − ξ, y − η, z − γ (|ξ |, |η|))dξdη .
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For ι, τ, z ∈ R, we also define the following two maximal functions

M1
γ h(ι, τ, z) = sup

R>0,S>0
R−1S−1

∫ R

0

∫ S

0
|h(ι− u, τ − v, z − γ (u, v))|dudv ,

M2
γ g(ι, z) = sup

R>0,S>0
R−1S−1

∫ R

0

∫ S

0
|g(ι− u, z− γ (u, v))|dudv .

For the operatorµΩ,γ , Ding et al. [11] obtained the following.

THEOREM C. Suppose that Ω is a homogeneous function of degree zero satisfying
(1.1). Then µΩ,γ is bounded on Lp(Rm × Rn × R), provided that Ω ∈ B0,1

q (Sm−1 × Sn−1)

for some q > 1, and for r > 1:
(i) ‖M1

γ h‖Lr (R3) ≤ C‖h‖Lr (R3);

(ii) ‖M2
γ g‖Lr (R2) ≤ C‖g‖Lr (R2).

It is clear that the above two maximal functions are natural extensions of the maximal
functions

M1
Γ (h)(ι, τ ) = sup

R>0
R−1

∫ R

0
|h(ι− u, τ − Γ (u))|du

and

M2
Γ (g)(ι) = sup

R>0
R−1

∫ R

0
|g(ι− Γ (u))|du .

The maximal functionsM1
Γ andM2

Γ play an important role in harmonic analysis and they
are extensively studied by many authors (see [26]). Also, the surfacesγ satisfying (i) and (ii)
are easily available. A simple example isγ (u, v) = uαvβ with α > 0 andβ > 0 (see [12,
Corollary 3]). In this paper, we prove our main theorem as follows.

THEOREM 1. Suppose that Ω is a homogeneous function of degree zero satisfying
(1.1), and for r ∈ (1,∞),

‖M1
γ h‖Lr(R3) ≤ C‖h‖Lr (R3) .(1.2)

If one of the following conditions holds, then µΩ,γ is bounded on Lp(Rm × Rn × R):
(i) Ω ∈ B0,0

q (Sm−1 × Sn−1) for some q > 1,p = 2;

(ii) Ω ∈ B0,υ
q (Sm−1 × Sn−1) for some q > 1, 0< υ < 1, and p ∈ (2/(1+ υ),2/(1−

υ)).

By Theorem 1, we also obtain the following result.

THEOREM 2. Suppose that Ω is a homogeneous function of degree zero satisfying
(1.1). If one of the following conditions holds, then the multiple Marcinkiewicz integral oper-
ator µΩ is bounded on Lp(Rm × Rn):

(i) Ω ∈ B0,0
q (Sm−1 × Sn−1) for some q > 1,p = 2;

(ii) Ω ∈ B0,υ
q (Sm−1 × Sn−1) for some q > 1, 0< υ < 1, and p ∈ (2/(1+ υ),2/(1−

υ)).



148 H. WU

REMARK 1. Since⋃
r>1

Lr(Sm−1 × Sn−1) ⊂ B0,1
q (Sm−1 × Sn−1) ⊂ B0,υ

q (Sm−1 × Sn−1)

are proper inclusions, andL(log+L)2(Sm−1×Sn−1) does not containB0,υ
q (Sm−1 ×Sn−1) for

0 ≤ υ < 1, Theorem 1 essentially improves Theorem C, and Theorem 2 is an improvement
or extension of Theorem A or B. In addition, condition (ii) of Theorem C is not necessary.

REMARK 2. By an argument similar to that used in [1], we remark thatΩ ∈ B
0,0
q

(Sm−1×Sn−1) for q > 1 is the best possible condition such thatµΩ,γ is bounded onL2(Rm×
Rn × R). Namely, there exists anΩ which lies inB0,υ

q (Sm−1 × Sn−1) for all −1 < υ < 0
and satisfies (1.1) such thatµΩ,γ is not bounded onL2(Rm × Rn × R).

This paper is organized as follows. In Section 2 we review the definition of block spaces
onSm−1 × Sn−1. Next, we introduce some notation and establish some estimates which will
play a key role in our proofs in Section 3. Finally, the proofs of our theorems are given in
Section 4. We would like to remark that we are especially motivated by [11–13].

Throughout this paper,C always denotes positive constants that are independent of the
essential variables but whose value may vary at each occurrence.

The author would like to express his gratitude to the referee for his very valuable com-
ments. The author also expresses deep gratitude to Professor Dashan Fan for his multiple
assistance.

2. Block spaces. In this section, we review the definitions of block spacesB0,υ
q

(Sm−1 × Sn−1) (see [15]).

DEFINITION 1. For 1< q ≤ ∞, we say that a Lebesgue measurable functionb(·, ·)
defined onSm−1 × Sn−1 is aq-block, if it satisfies the following conditions:

(i) supp(b) ⊆ Q;
(ii) ‖b‖Lq(Sm−1×Sn−1) ≤ |Q|1/q−1;

whereQ is an interval onSm−1 × Sn−1, i.e., there existx ′
0 ∈ Sm−1, y ′

0 ∈ Sn−1, andρ >
0, 
 > 0 such that

Q = {x ′ ∈ Sm−1; |x ′ − x ′
0| < ρ} × {y ′ ∈ Sn−1; |y ′ − y ′

0| < 
} ,
where|Q| denotes the volume ofQ.

DEFINITION 2. The block spaceB0,υ
q (Sm−1 × Sn−1) is defined by

B0,υ
q (Sm−1 × Sn−1)

=
{
Ω ∈ L1(Sm−1 × Sn−1);Ω(ξ ′, η′) =

∑
α

Cαbα(ξ
′, η′), M0,υ

q ({Cα}) < ∞
}
,

where eachbα is aq-block supported inQα , and

M0,υ
q ({Cα}) =

∑
α

|Cα|
{

1 +
(

log+ 1

|Qα|
)υ+1}

.
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When Ω ∈ B
0,υ
q (Sm−1 × Sn−1), the norm ofΩ is defined byM0,υ

q (Ω) =
inf{M0,υ

q ({Cα})}, where the infimum is taken over allq-block decompositions ofΩ .

The method of block decomposition of functions was originated by Taibleson and Weiss
in the study of the convergence of Fourier series (see [27]). Later on, many applications of the
block decomposition to harmonic analysis were discovered (see [17, 18, 20, 23]). For details,
one may see the survey book [19]. In particular, it was noted by Keitoku and Sato [16] that for
any fixedq > 1,

⋃
r>1L

r(SN−1) ⊂ B
0,υ1
q (SN−1) ⊂ B

0,υ2
q (SN−1), for anyυ1 > υ2 > −1,

which are proper inclusions. Similarly,⋃
r>1

Lr(Sm−1 × Sn−1) ⊂ B0,υ1
q (Sm−1 × Sn−1) ⊂ B0,υ2

q (Sm−1 × Sn−1), −1< υ2 < υ1 ,

which are proper inclusions, andL(log+L)υ+ε does not containB0,υ
q on (Sm−1 × Sn−1) for

any υ > −1 andε > 1, although, so far, the relationship between the spacesB0,υ
q and

L(log+L)υ+1 onSm−1 × Sn−1 is still not clear (see [31]).

3. Notation and lemmas. Let Ω be as in Theorem 1. It follows from Definition 2
thatΩ(x ′, y ′) = ∑

α Cαbα(x
′, y ′), where eachbα is aq-block supported inQα , i.e.,

supp(bα) ⊆ Qα and ‖bα‖Lq(Sm−1×Sn−1) ≤ |Qα|1/q−1 .

The lack of the mean zero property of the block functionbα will make our work difficult.
Therefore, for each functionbα , we define a functioñbα as follows:

b̃α(x
′, y ′) = bα(x

′, y ′)− 1

|Sm−1|
∫
Sm−1

bα(ξ
′, y ′)dξ ′ − 1

|Sn−1|
∫
Sn−1

bα(x
′, η′)dη′

+ 1

|Sm−1||Sn−1|
∫ ∫

Sm−1×Sn−1
bα(ξ

′, η′)dξ ′dη′ ,
(3.1)

where|Sm−1| and|Sn−1| denote the Lebesgue measures ofSm−1 andSn−1, respectively. It is
easy to verify that ∫

Sm−1
b̃α(x

′, y ′)dx ′ =
∫
Sn−1

b̃α(x
′, y ′)dy ′ = 0 ,(3.2)

‖b̃α‖Lq(Sm−1×Sn−1) ≤ 4|Qα|1/q−1 and ‖b̃α‖L1(Sm−1×Sn−1) ≤ 4 .(3.3)

Noting thatΩ(x ′, y ′) = ∑
α Cαbα(x

′, y ′), we can deduce from (1.1) and (3.2) that

Ω(x ′, y ′) =
∑
α

Cαb̃α(x
′, y ′) .(3.4)

Now our aim is to establish some Fourier transform estimates related tob̃α, which will
play a key role in the proofs of our theorems. Forj, k ∈ Z, s, t ∈ R+, we write

B
s,t
j,k = {(x, y) ∈ Rm × Rn; 2j s ≤ |x| < 2j+1s,2kt ≤ |y| < 2k+1t} .
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For eachb̃α, we define measuresσ s,tα;j,k by

σ
s,t
α;j,k ∗ f (x, y, z) = 1

2j+kst

∫
B
s,t
j,k

b̃α(ξ
′, η′)

|ξ |m−1|η|n−1f (x − ξ, y − η, z− γ (|ξ |, |η|))dξdη .

It is easy to see that its Fourier transform is

σ̂
s,t
α;j,k(ξ, η, ζ ) = 1

2j+kst

∫
B
s,t
j,k

b̃α(x
′, y ′)

|x|m−1|y|n−1
e−i{x·ξ+y·η+γ (|x|,|y|)ζ }dxdy .(3.5)

Similarly, we define the measure|σ s,tα;j,k| by letting its Fourier transform be

|σ̂ s,tα;j,k|(ξ, η, ζ ) = 1

2j+kst

∫
B
s,t
j,k

|b̃α(x ′, y ′)|
|x|m−1|y|n−1e

−i{x·ξ+y·η+γ (|x|,|y|)ζ }dxdy .(3.6)

Then

|σ s,tα;j,k| ∗ f (x, y, z) = 1

2j+kst

∫
B
s,t
j,k

|b̃α(ξ ′, η′)|
|ξ |m−1|η|n−1f (x − ξ, y − η, z− γ (|ξ |, |η|))dξdη .

By (3.4), we have

F
γ
s,t (x, y, z) =

∑
α

Cα

−1∑
j=−∞

−1∑
k=−∞

2j+kst σ s,tα;j,k ∗ f (x, y, z) .(3.7)

Also, we define the maximal functionσ ∗
α by

σ ∗
α (f )(x, y, z) = sup

s,t∈R+;j,k∈Z
||σ s,tα;j,k| ∗ f (x, y, z)| .

It is easy to verify that the total variation ofσ s,tα;j,k satisfies

‖|σ s,tα;j,k|‖1 ≤ 1

2j+kst

∫
B
s,t
j,k

|b̃α(x ′, y ′)||x|1−m|y|1−ndxdy ≤ 1 ,(3.8)

uniformly for s, t ∈ R+, j, k ∈ Z andbα , and|σ s,tα;j,k| is positive.

LEMMA 1. If the surface γ satisfies (1.2) in Theorem 1, then σ ∗
α is bounded on

Lp(Rm × Rn × R), 1< p < ∞, and the bound is independent of the block bα(·, ·).
Proof. By definition, for anyf (x) ≥ 0, we have

σ ∗
α (f )(x, y, z)

≤ sup
s,t∈R+

sup
j,k∈Z

1

2j+kst

∫ 2j+1s

2j s

∫ 2k+1t

2kt
|b̃α(ξ ′,η′)|f (x − uξ ′, y−uη′, z−γ (u, v))dξ ′dη′dudv

≤ C

∫ ∫
Sm−1×Sn−1

|b̃α(ξ ′, η′)|Mξ ′,η′(f )(x, y, z)dξ ′dη′,

where

Mξ ′,η′(f )(x, y, z) = sup
s,t∈R+

1

st

∫ s

0

∫ t

0
f (x − uξ ′, y − vη′, z− γ (u, v))dudv
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is the Hardy-Littlewood maximal function in the spaceR×R alongγ in the direction(ξ ′, η′).
Then

‖σ ∗
α (f )‖p ≤ C

∫ ∫
Sm−1×Sn−1

|b̃α(ξ ′, η′)|‖Mξ ′,η′(f )‖pdξ ′dη′, 1< p < ∞ .

Since‖b̃α‖L1(Sm−1×Sn−1) ≤ 4, to prove Lemma 1, it remains to prove thatMξ ′,η′ is bounded on

Lp(Rm×Rn×R), 1< p < ∞. Let1 = (1,0, . . . ,0) ∈ Sm−1, 1̃ = (1,0, . . . ,0) ∈ Sn−1. For
each fixed(ξ ′, η′), choose a rotationρ = ρ1 ⊗ ρ2 such thatρ1ξ = 1 andρ2η = 1̃. Letρ−1 =
ρ−1

1 ⊗ ρ−1
2 be the inverse ofρ. We define the functionfρ by fρ(x, y, z) = f (ρ1x, ρ2y, z).

So

f (x − uξ ′, y − vη′, z − γ (u, v)) = fρ−1(ρ1x − u1, ρ2y − v1̃, z − γ (u, v)) .

This, together with the condition (1.2) in Theorem 1 and a change of variables, show that

‖Mξ ′,η′(f )‖Lp(Rm×Rn×R) ≤ C‖f ‖Lp(Rm×Rn×R) , 1< p < ∞ ,

whereC is independent of(ξ ′, η′). Lemma 1 is thus proved. �

LEMMA 2. Let Ω = ∑
α Cαbα = ∑

α Cαb̃α be as in (3.4). Suppose that 1 < q ≤ 2,
and |Qα| < 1 for each α. Then for each α:

(i) |σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ C|2j sξ ||2ktη|;

(ii) if |Qα| < e2q/(1−q), then

|σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ Cmin{1, |2j sξ |2/log|Qα ||2ktη| ,

|2j sξ ||2ktη|2/log|Qα |, |2j sξ |2/log|Qα ||2ktη|2/log|Qα |};
(3.9)

(iii) if |Qα| ≥ e2q/(1−q), then

|σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ Cmin{1, |2j sξ |−ε|2ktη|, |2j sξ ||2ktη|−ε, |2j sξ |−ε|2ktη|−ε} ,(3.10)

where ε,C are positive constants independent of s, t ∈ R+, j, k ∈ Z, (ξ, η, ζ ) ∈ Rm×Rn×R,
and the block bα(·, ·).

PROOF. First we consider the casem > 2 andn > 2. By (3.2) and (3.3), (i) is obvious.
By the definition ofσ̂ s,tα;j,k and (3.3), it is easy to see that

|σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ C .(3.11)

Now we prove the other cases of (ii) and (iii). Let1 = (1,0, . . . ,0) ∈ Sm−1 and 1̃ =
(1,0, . . . ,0) ∈ Sn−1. For any fixedξ �= 0 andη �= 0, by the method of rotation, without loss
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of generality, we may write

|σ̂ s,t
α;j,k(ξ, η, ζ )|

≤ 1

2j+kst

∫ 2j+1s

2j s

∫ 2k+1t

2kt

∣∣∣∣
∫ ∫

Sm−1×Sn−1
b̃α(x

′, y ′)e−iu|ξ |1·x ′ [e−iv|η|1̃·y ′ − 1]dx ′dy ′
∣∣∣∣dudv

≤ C

2j+kst

∫ 2k+1t

2kt
v|η|

∫ 2j+1s

2j s

∫
Sn−1

∣∣∣∣
∫
Sm−1

b̃α(x
′, y ′)e−iu|ξ |1·x ′

dx ′
∣∣∣∣dy ′dudv

≤ C|2ktη|
∫
Sn−1

∫ 2j+1s|ξ |

2j s|ξ |
(2j s|ξ |)−1

∣∣∣∣
∫
Sm−1

b̃α(x
′, y ′)e−ix ′

1udx ′
∣∣∣∣dudy ′

≤ C|2ktη|
∫
Sn−1

∫ 2j+1s|ξ |

2j s|ξ |
(2j s|ξ |)−1

∣∣∣∣
∫

R
φy ′(x ′

1)e
−ix ′

1udx ′
1

∣∣∣∣dudy ′

≤ C|2ktη|
∫
Sn−1

∫ 2j+1s|ξ |

2j s|ξ |
(2j s|ξ |)−1|φ̂y ′(u)|dudy ′ ,

where

φy ′(x ′
1) = (1 − x ′ 2

1 )
(m−3)/2χ{|x ′

1|<1}(x ′
1)

∫
Sm−2

b̃α(x
′
1, (1 − x ′ 2

1 )
1/2x̄ ′, y ′)dx̄ ′

is a one-dimensional function. Then, for anyω ∈ (1, q), it follows from Hölder’s inequality
that

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2ktη|
∫
Sn−1

(2j s|ξ |)−1/ω′ ‖φ̂y ′‖
Lω

′
(R)dy

′,

whereω′ = ω/(ω − 1). By the Hausdorff-Young inequality, we have

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2ktη||2j sξ |−1/ω′
∫
Sn−1

‖φy ′‖Lω(R)dy ′ .(3.12)

On the other hand, by the definition ofφy ′ and Hölder’s inequality, we have∫
Sn−1

‖φy ′ ‖Lω(R)dy ′ ≤ C‖b̃α‖Lω(Sm−1×Sn−1)

≤ C‖b̃α‖Lq(Sm−1×Sn−1)|Qα|1/ω−1/q ≤ C|Qα|−1/ω′
.

This together with (3.12) shows that for anyω ∈ (1, q),
|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ |−1/ω′ |2ktη||Qα|−1/ω′

.(3.13)

If |Qα| < e2q/(1−q), takingω = log|Qα|/(2 + log|Qα|), then we obtain

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ |2/log|Qα ||2ktη| .(3.14)

If |Qα| ≥ e2q/(1−q), takingω = q1/3 and lettingε = 1/ω′, then

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ |−ε |2ktη| .(3.15)
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Switching the variablesξ andη in the proof of (3.13), we can get that for anyω ∈ (1,2] such
thatω < q,

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ ||2ktη|−1/ω′ |Qα|−1/ω′
.(3.16)

By the same arguments as those used in proving (3.14) and (3.15), it follows from (3.16) that

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ ||2ktη|2/log|Qα |, if |Qα| < e2q/(1−q) ;(3.17)

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ ||2ktη|−ε, if |Qα| ≥ e2q/(1−q) .(3.18)

It remains to prove that

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ |2/log|Qα ||2ktη|2/log|Qα |, if |Qα| < e2q/(1−q) ;(3.19)

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ |−ε|2ktη|−ε, if |Qα| ≥ e2q/(1−q) .(3.20)

By the method of rotation, we have

|σ̂ s,t
α;j,k(ξ, η, ζ )|

≤ C|2j sξ |−1|2ktη|−1
∫ 2j+1s|ξ |

2j s|ξ |

∫ 2k+1t |η|

2kt |η|

∣∣∣∣
∫ ∫

R×R
Φ(x ′

1, y
′
1)e

−i{x ′
1u+y ′

1v}dx ′
1dy

′
1

∣∣∣∣dudv
≤ C|2j sξ |−1|2ktη|−1

∫ 2j+1s|ξ |

2j s|ξ |

∫ 2k+1t |η|

2kt |η|
|Φ̂(u, v)|dudv ,

where

Φ(x ′
1, y

′
1) = (1 − x ′

1
2
)(m−3)/2(1 − y ′

1
2
)(n−3)/2χ{|x ′

1|<1,|y ′
1|<1}(x ′

1, y
′
1)Θ(x

′
1, y

′
1)

and

Θ(x ′
1, y

′
1) =

∫ ∫
Sm−2×Sn−2

b̃α(x
′
1, (1 − x ′ 2

1 )
1/2x̄ ′, y ′

1, (1 − y ′
1
2
)1/2ȳ ′)dx̄ ′dȳ ′ .

Using Hölder’s inequality and the Hausdorff-Young inequality again, we obtain

|σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ C|2j sξ |−1|2ktη|−1

{∫ 2j+1s|ξ |

2j s|ξ |

∫ 2k+1t |η|

2kt |η|
dudv

}1/ω

‖Φ‖Lω(R×R) .

It is easy to verify that‖Φ‖Lω(R×R) ≤ |Qα|−1/ω′
. Thus

|σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ C|Qα|−1/ω′ |2j sξ |−1/ω′ |2ktη|−1/ω′

.

By the same arguments as those used in proving (3.14) and (3.15), we get (3.19) and (3.20).
Summarizing (3.11), (3.14), (3.15) and (3.17)–(3.20), we obtain (ii) and (iii). Lemma 2 is thus
proved for the casem > 2 andn > 2.

Next we consider the casesm = 2 orn = 2. The arguments are essentially the same as
those in the previous case. Only two things must be modified: (a) the estimate of‖φy ′ ‖Lw(R);
(b) the estimate of‖Φ‖Lw(R×R).

We consider the following three cases separately.
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(i) m = 2 andn > 2. Forφy ′(x ′
1), we have

φy ′(x ′
1) = (1 − x ′ 2

1 )
−1/2χ(−1,1)(x

′
1)[b̃α(x ′

1, (1 − x ′ 2
1 )

1/2, y ′)+ b̃α(x
′
1,−(1 − x ′ 2

1 )
1/2, y ′)] ,

and

‖φy ′‖Lw(R)

=
(∫ 1

−1
|(1 − x ′ 2

1 )
−1/2[b̃α(x ′

1, (1 − x ′ 2
1 )

1/2, y ′)+b̃α(x ′
1,−(1 − x ′ 2

1 )
1/2, y ′)]|wdx ′

1

)1/w

=
(∫ −1+|Qα |2

−1
(1−x ′2

1 )
−w/2|b̃α(x ′

1, (1−x ′2
1 )

1/2, y ′)+b̃α(x ′
1,−(1 − x ′ 2

1 )
1/2, y ′)|wdx ′

1

)1/w

+
(∫ 1−|Qα |2

−1+|Qα |2
(1−x ′2

1 )
−w/2|b̃α(x ′

1, (1−x ′2
1 )

1/2, y ′)+b̃α(x ′
1,−(1−x ′2

1 )
1/2, y ′)|wdx ′

1

)1/w

+
(∫ 1

1−|Qα |2
(1−x ′2

1 )
−w/2|b̃α(x ′

1, (1−x ′2
1 )

1/2, y ′)+b̃α(x ′
1,−(1−x ′2

1 )
1/2, y ′)|wdx ′

1

)1/w

:= I1/w + II1/w + III1/w .

For II, we have

II =
∫ 1−|Qα |2

−1+|Qα |2
(1 − x ′ 2

1 )
−(w−1)/2(1 − x ′ 2

1 )
−1/2

× |b̃α(x ′
1, (1 − x ′ 2

1 )
1/2, y ′)+ b̃α(x

′
1,−(1 − x ′ 2

1 )
1/2, y ′)|w dx ′

1

≤ C|Qα|−(w−1)
∫ 1−|Qα |2

−1+|Qα |2
(1 − x ′ 2

1 )
−1/2

× [|b̃α(x ′
1, (1 − x ′ 2

1 )
1/2, y ′)|w + |b̃α(x ′

1,−(1 − x ′ 2
1 )

1/2, y ′)|w] dx ′
1 .

Therefore,∫
Sn−1

II1/wdy ′ ≤ C|Qα|−1/w′
(∫

Sn−1

∫ 1−|Qα |2

−1+|Qα |2
(1 − x ′ 2

1 )
−1/2[|b̃α(x ′

1, (1 − x ′ 2
1 )

1/2, y ′)|w

+ |b̃α(x ′
1,−(1 − x ′ 2

1 )
1/2, y ′)|w]dx ′

1dy
′
)1/w

≤ C|Qα|−1/w′‖b̃α‖Lw(S1×Sn−1) ≤ C|Qα |−2/w′
.

For III, we chooser such thatrw = q andq < 2r − 1. By Hölder’s inequality and the fact
that(w − 1)r ′ < 1, we have

III =
∫ 1

1−|Qα |2
(1−x ′2

1 )
−1/2r ′−(w−1)/2−1/2r

× |b̃α(x ′
1, (1−x ′2

1 )
1/2, y ′)+ b̃α(x

′
1,−(1−x ′2

1 )
1/2, y ′)|wdx ′

1

≤
(∫ 1

1−|Qα |2
(1−x ′2

1 )
−1/2−(w−1)r ′/2dx ′

1

)1/r ′
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×
(∫ 1

1−|Qα |2
(1−x ′2

1 )
−1/2|b̃α(x ′

1, (1−x ′2
1 )

1/2, y ′)+ b̃α(x
′
1,−(1−x ′2

1 )
1/2, y ′)|qdx ′

1

)1/r

≤ C

(∫ 1

1−|Qα |2
(1−x ′

1)
−1/2−(w−1)r ′/2dx ′

1

)1/r ′

×
(∫ 1

1−|Qα |2
(1−x ′2

1 )
−1/2|b̃α(x ′

1, (1−x ′2
1 )

1/2, y ′)+ b̃α(x
′
1,−(1−x ′2

1 )
1/2, y ′)|qdx ′

1

)1/r

≤ C|Qα|1/r ′−(w−1)
(∫ 1

−1
(1−x ′2

1 )
−1/2[|b̃α(x ′

1, (1−x ′2
1 )

1/2, y ′)|q

+ |b̃α(x ′
1,−(1−x ′2

1 )
1/2, y ′)|q ]dx ′

1

)1/r

.

Consequently,

∫
Sn−1

III1/wdy ′ ≤ C

(∫
Sn−1

IIIdy ′
)1/w

≤ C|Qα|1/wr ′−1/w′ ‖b̃α‖Lq(S1×Sn−1)

≤ C|Qα|−2/w′
.

Similarly,

∫
Sn−1

I1/wdy ′ ≤ C|Qα|−2/w′
.

Thus,

∫
Sn−1

‖φy ′ ‖Lw(R)dy ′ ≤ C|Qα|−2/w′
.

ForΦ(x ′
1, y

′
1), we have

Φ(x ′
1, y

′
1) = (1 − x ′ 2

1 )
−1/2(1 − y ′ 2

1 )
(n−3)/2χ{|x ′

1|<1,|y ′
1|<1}(x ′

1, y
′
1)Θ(x

′
1, y

′
1) ,

where

Θ(x ′
1, y

′
1) =

∫
Sn−2

[b̃α(x ′
1, (1 − x ′ 2

1 )
1/2, y ′

1, (1 − y ′ 2
1 )

1/2ȳ ′)

+ b̃α(x
′
1,−(1 − x ′ 2

1 )
1/2, y ′

1, (1 − y ′ 2
1 )

1/2ȳ ′)]dȳ ′ .



156 H. WU

We write

‖Φ‖Lw(R×R) =
(∫ 1

−1

∫ 1

−1
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

≤
(∫ 1

−1
(1 − y ′ 2

1 )
−1/2

[∫ −1+|Qα |2

−1
(1 − x ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1

+
∫ 1−|Qα |2

−1+|Qα |2
(1 − x ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1

+
∫ 1

1−|Qα |2
(1 − x ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1

]
dy ′

1

)1/w

:=
(∫ 1

−1
(1 − y ′ 2

1 )
−1/2[J1 + J2 + J3]dy ′

1

)1/w

.

(3.21)

By the arguments similar to those used in provingI, II andIII, we can obtain that

J1, J3 ≤ C|Qα|1/r ′−(w−1)
(∫ 1

−1
(1 − x ′ 2

1 )
−1/2|Θ(x ′

1, y
′
1)|qdx ′

1

)1/r

(3.22)

with rw = q, and

J2 ≤ |Qα|−(w−1)
∫ 1

−1
(1 − x ′ 2

1 )
−1/2|Θ(x ′

1, y
′
1)|wdx ′

1 .(3.23)

By (3.21), (3.22) and (3.23), it is not hard to verify that‖Φ‖Lw(R×R) ≤ C|Qα|−2/w′
.

(ii) m > 2 andn = 2. To estimate‖φy ′ ‖Lw(R), we argue in exactly the same way as in
the previous case and obtain∫

S1
‖φy ′‖Lw(R)dy ′ ≤ C|Qα|−1/w′

.

Similarly, we apply the same method as in case (i) to estimate

‖Φ‖Lw(R×R) ≤ C|Qα|−2/w′
.

(iii) m = n = 2. Again, the same arguments as those in case (i) to derive an upper
bound on‖φy ′‖Lw(R) also work for this case and we obtain∫

S1
‖φy ′‖Lw(R)dy ′ ≤ C|Qα|−2/w′

.

ForΦ(x ′
1, y

′
1), we have

Φ(x ′
1, y

′
1) = (1 − x ′ 2

1 )
−1/2(1 − y ′ 2

1 )
−1/2χ{|x ′

1|<1,|y ′
1|<1}(x ′

1, y
′
1)Θ(x

′
1, y

′
1) ,

where

Θ(x ′
1, y

′
1)

= b̃α(x
′
1, (1−x ′2

1 )
1/2, y ′

1, (1 − y ′
1
2
)1/2)+ b̃α(x

′
1,−(1−x ′2

1 )
1/2, y ′

1, (1 − y ′
1
2
)1/2)

+ b̃α(x
′
1, (1−x ′2

1 )
1/2, y ′

1,−(1 − y ′
1
2
)1/2)+ b̃α(x

′
1,−(1−x ′2

1 )
1/2, y ′

1,−(1 − y ′
1

2
)1/2) .
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We can write

‖Φ‖Lw(R×R)

≤
(∫ −1+|Qα |

−1

∫ −1+|Qα |

−1
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ −1+|Qα |

−1

∫ 1−|Qα |

−1+|Qα |
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ −1+|Qα |

−1

∫ 1

1−|Qα |
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ 1−|Qα |

−1+|Qα |

∫ −1+|Qα |

−1
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ 1−|Qα |

−1+|Qα |

∫ 1−|Qα |

−1+|Qα |
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ 1−|Qα |

−1+|Qα |

∫ 1

1−|Qα |
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ 1

1−|Qα |

∫ −1+|Qα |

−1
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ 1

1−|Qα |

∫ 1−|Qα |

−1+|Qα |
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

+
(∫ 1

1−|Qα |

∫ 1

1−|Qα |
(1 − x ′ 2

1 )
−w/2(1 − y ′ 2

1 )
−w/2|Θ(x ′

1, y
′
1)|wdx ′

1dy
′
1

)1/w

:= I1 + I2 + I3 + I4 + I5 + I6 + I7 + I8 + I9.

By Hölder’s inequality and arguments similar to those in case (i), it is easy to show that
Ij ≤ C|Qα|−2/w′

for j = 1,2, . . . ,9. Consequently,‖Φ‖Lw(Sm−1×Sn−1) ≤ C|Qα|−2/w′
. We

omit the details and finish the proof of Lemma 2.

4. Proofs of Theorems. We only need to prove Theorem 1, because Theorem 2 fol-
lows directly. In fact, letγ (u, v) ≡ 0. Thenγ satisfies (1.2) in Theorem 1. For any function
f ∈ S(Rm × Rn), we leth be a function onS(R) such that‖h‖p �= 0. By definition and
Theorem 1, it is easy to see that

‖h‖Lp(R)‖µΩ(f )‖Lp(Rm×Rn) = ‖µΩ,γ (f ⊗ h)‖Lp(Rm×Rn×R) ≤ C‖f ‖Lp(Rm×Rn)‖h‖Lp(R) ,
where(f ⊗ h)(x, y, z) = f (x, y)h(z). This implies Theorem 2.

Next we prove Theorem 1. Letδ be the Diracδ-function. Take two radial Schwartz
functionsϕ ∈ S(Rm) andψ ∈ S(Rn) such that:

(a) 0≤ ϕ,ψ ≤ 1;
(b) supp(ϕ) ⊆ {x ∈ Rm; 1/2 ≤ |x| ≤ 2} and supp(ψ) ⊆ {y ∈ Rn; 1/2 ≤ |y| ≤ 2};
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(c)
∑
d∈Z(ϕ(2

dx))2 ≡ 1 for all x ∈ Rm \ {0} and
∑
l∈Z(ψ(2

ly))2 ≡ 1 for all y ∈
Rn \ {0}. Let ϕd(x) = ϕ(2dx) andψl(y) = ψ(2ly). Define the multiplier operatorsΦd and
Ψl by

Φ̂df (ξ) = ϕd(ξ)f̂ (ξ) and Ψ̂lg(η) = ψl(η)ĝ(η) ,

andΦd ⊗ Ψl ⊗ δ by

((Ψd ⊗ Ψl ⊗ δ)f )∧(ξ, η, ζ ) = ϕd(ξ)ψl(η)f̂ (ξ, η, ζ ) .

Then in the sense ofL2(Rm × Rn × R),

f (x, y, z) =
∑
d∈Z

∑
l∈Z

(Φd ⊗ Ψl ⊗ δ)2f (x, y, z) .(4.1)

By Minkowski’s inequality, it follows from (3.7) that

µΩ,γ (f )(x, y, z) =
(∫ ∞

0

∫ ∞

0

∣∣∣∣∑
α

Cα

−1∑
j=−∞

−1∑
k=−∞

2j+kσ s,t
α;j,k ∗ f (x, y, z)

∣∣∣∣2dsdtst
)1/2

≤
∑
α

|Cα|
−1∑

j=−∞

−1∑
k=−∞

2j+k
(∫ ∞

0

∫ ∞

0
|σ s,tα;j,k ∗ f (x, y, z)|2dsdt

st

)1/2

≤
∑
α

|Cα|
−1∑

j=−∞

−1∑
k=−∞

2j+k
(∫ ∞

0

∫ ∞

0
|σ s,t
α;0,0 ∗ f (x, y, z)|2dsdt

st

)1/2

=
∑
α

|Cα|
(∫ ∞

0

∫ ∞

0
|σ s,tα;0,0 ∗ f (x, y, z)|2dsdt

st

)1/2

=
∑
α

|Cα|
(∫ 2

1

∫ 2

1

∑
j∈Z

∑
k∈Z

|σ s,t
α;j,k ∗ f (x, y, z)|2dsdt

st

)1/2

.

Set

µ̃α,γ (f )(x, y, z) =
(∫ 2

1

∫ 2

1

∑
j∈Z

∑
k∈Z

|σ s,tα;j,k ∗ f (x, y, z)|2dsdt
)1/2

.

Then

‖µΩ,γ (f )‖p ≤ C
∑
α

|Cα|‖µ̃α,γ (f )‖p , 1< p < ∞ .(4.2)

By (4.1), we can write

µ̃α,γ (f )(x, y, z) =
(∫ 2

1

∫ 2

1

∑
j,k∈Z

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)

× (σ
s,t
α;j,k ∗ (Φj+d ⊗ Ψk+l ⊗ δ)f )(x, y, z)

∣∣∣∣2dsdt
)1/2

.

(4.3)

In the following, we give the proof of Theorem 1. Note thatB0,ν
q1 (S

m−1 × Sn−1) ⊂
B

0,ν
q2 (S

m−1 × Sn−1) for 1< q2 < q1, andν > −1. It suffices to consider the case 1< q ≤ 2.
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By Lemma 2(ii) and (iii), without loss of generality, we may assume that for eachbα , the
supportQα of bα is uniformly small such that|Qα| < e2q/(1−q).

PROOF OFTHEOREM 1(i). First, we consider the mappingG defined by

G : {gs,t
j,k;d,l(x, y, z)}j,k;d,l∈Z −→

{ ∑
d,l∈Z

((Φj+d ⊗ Ψk+l ⊗ δ)(gs,t
j,k;d,l))(x, y, z)

}
j,k∈Z

.

By Plancherel’s theorem, we have

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l

∣∣∣∣2 dsdt
)1/2∥∥∥∥2

2

=
∑
j,k∈Z

∫ 2

1

∫ 2

1

∫
Rm×Rn×R

∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l(x, y, z)

×
∑
d ′,l′∈Z

(Φj+d ′ ⊗ Ψk+l′ ⊗ δ)gs,t
j,k;d ′,l′(x, y, z)dxdydzdsdt

=
∑
j,k∈Z

∑
d,l∈Z

∑
d ′,l′∈Z

∫ 2

1

∫ 2

1

∫
Rm×Rn×R

ϕj+d (ξ)ψk+l (η)̂gs,tj,k;d,l(ξ, η, ζ )

× ϕj+d ′(ξ)ψk+l′(η) ̂gs,t
j,k;d ′,l′(ξ, η, ζ )dξdηdζdsdt

=
∑
j,k∈Z

∑
d,l∈Z

∑
|d−d ′|≤2,|l−l′|≤2

∫ 2

1

∫ 2

1

∫
Rm×Rn×R

ϕj+d(ξ)ψk+l (η)̂gs,t
j,k;d,l(ξ, η, ζ )

× ϕj+d ′(ξ)ψk+l′(η) ̂gs,t
j,k;d ′,l′(ξ, η, ζ )dξdηdζdsdt .

A trivial computation shows that

∣∣∣∣ ∑
d,l∈Z

∑
|d−d ′|≤2,|l−l′|≤2

∫ 2

1

∫ 2

1

∫
Rm×Rn×R

ϕj+d(ξ)ψk+l (η)̂gs,tj,k;d,l(ξ, η, ζ )

× ϕj+d ′(ξ)ψk+l′ (η) ̂gs,t
j,k;d ′,l′(ξ, η, ζ )dξdηdζdsdt

∣∣∣∣
≤

∑
d,l∈Z

∑
|d−d ′|≤2,|l−l′|≤2

∫ 2

1

∫ 2

1

∫
Rm×Rn×R

| ̂gs,tj,k;d,l(ξ, η, ζ )|

× | ̂gs,t
j,k;d ′,l′(ξ, η, ζ )|dξdηdζdsdt

≤ C
∑
d,l∈Z

∫ 2

1

∫ 2

1

∫
Rm×Rn×R

| ̂gs,t
j,k;d,l(ξ, η, ζ )|2dξdηdζdsdt .
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Therefore, ∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,t
j,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥2

2

≤ C
∑
d,l∈Z

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|gs,t
j,k;d,l|2dsdt

)1/2∥∥∥∥2

2
,

(4.4)

which implies thatG is a bounded operator froml2(L2(Rm×Rn×R)(L2([1,2]×[1,2])(l2)))
toL2(Rm × Rn × R)(L2([1,2] × [1,2])(l2)). It follows from (4.3) and (4.4) that

‖µ̃α,γ (f )‖2
2 ≤ C

∑
d,l∈Z

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|σ s,tα;j,k ∗ ((Φj+d ⊗ Ψk+l ⊗ δ)f )|2dsdt

)1/2∥∥∥∥2

2
.

For each fixedd, l ∈ Z, let

Id,l(f )(x, y, z) =
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|σ s,tα;j,k ∗ ((Φj+d ⊗ Ψk+l ⊗ δ)f )(x, y, z)|2dsdt

)1/2

.

Then

‖µ̃α,γ (f )‖2
2 ≤ C

∑
d,l∈Z

‖Id,l(f )‖2
2 .(4.5)

Applying Plancherel’s theorem, we know that

‖Id,l(f )‖2
2

=
∫ 2

1

∫ 2

1

∑
j,k∈Z

∫
Rm×Rn×R

|ϕj+d(ξ)ψk+l (η)|2|σ̂ s,tα;j,k(ξ, η, ζ )|2|f̂ (ξ, η, ζ )|2dξdηdζdsdt

≤ C

∫ 2

1

∫ 2

1

∑
j,k∈Z

∫
Ej,k;d,l

|σ̂ s,tα;j,k(ξ, η, ζ )|2|f̂ (ξ, η, ζ )|2dξdηdζdsdt,

whereEj,k;d,l = {(ξ, η) ∈ Rm × Rn; 2−j−d−1 ≤ |ξ | ≤ 2−j−d+1,2−k−l−1 ≤ |η| ≤
2−k−l+1} × R. Also, using Lemma 2, it is easy to see that, for(ξ, η, ζ ) ∈ Ej,k;d,l and
s, t ∈ [1,2],

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ ||2ktη| ≤ C2−d−l , d ≥ 0 , l ≥ 0 ;(4.6)

|σ̂ s,t
α;j,k(ξ, η, ζ )| ≤ C|2j sξ ||2ktη|2/log|Qα | ≤ C2−d−2l/log|Qα |, d ≥ 0 , l < 0 ;(4.7)

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C|2j sξ |2/log|Qα ||2ktη| ≤ C2−2d/log|Qα |−l , d < 0 , l ≥ 0 ;(4.8)

|σ̂ s,tα;j,k(ξ, η, ζ )| ≤ C(|2j sξ ||2ktη|)2/log|Qα | ≤ C2−2(d+l)/log|Qα |, d < 0 , l < 0 .(4.9)
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Hence,

‖Id,l(f )‖2 ≤ C2−d−l‖f ‖2, d ≥ 0 , l ≥ 0 ;(4.10)

‖Id,l(f )‖2 ≤ C2−d−2l/log|Qα |‖f ‖2, d ≥ 0 , l < 0 ;(4.11)

‖Id,l(f )‖2 ≤ C2−2d/log|Qα |−l‖f ‖2, d < 0 , l ≥ 0 ;(4.12)

‖Id,l(f )‖2 ≤ C2−2d/log|Qα |−2l/log|Qα |‖f ‖2, d < 0 , l < 0 .(4.13)

Combing (4.5) with (4.10)–(4.13), we obtain

‖µ̃α,γ (f )‖2
2 ≤ C‖f ‖2

2

{ ∑
d≥0,l≥0

2−d−l +
∑

d≥0,l<0

2−d−2l/log|Qα |

+
∑

d<0,l≥0

2−2d/log|Qα |−l +
∑

d<0,l<0

2−2(d+l)/log|Qα |
}2

≤ C

(
1 + log

1

|Qα|
)2

‖f ‖2
2 .

Consequently,

‖µ̃α,γ (f )‖2 ≤ C

(
1 + log

1

|Qα|
)

‖f ‖2 ,

which together with (4.2) implies

‖µΩ,γ (f )‖2 ≤ C
∑
α

|Cα|
(

1 + log
1

|Qα|
)

‖f ‖2 ≤ C‖f ‖2 .

This proves (i) of Theorem 1. �

PROOF OFTHEOREM 1(ii). First, we prove that, for 1< p < 2 and 1< r < p,

‖µ̃α,γ (f )‖rp
≤ C

∑
d,l∈Z

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|σ s,t
α;j,k ∗ ((Φj+d ⊗ Ψk+l ⊗ δ)f )|2dsdt

)1/2∥∥∥∥r
p

.
(4.14)

Indeed, by Minkowski’s inequality, we have that for 1< p0 < ∞,∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥

p0

≤
∑
d,l∈Z

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|(Φj+d ⊗ Ψk+l ⊗ δ)gs,t

j,k;d,l|2dsdt
)1/2∥∥∥∥

p0

.

(4.15)

Note that for each fixedd, l ∈ Z, and any functions{hs,tj,k},∥∥∥∥ ∑
j,k∈Z

∫ 2

1

∫ 2

1
|(Φj+d ⊗ Ψk+l ⊗ δ)h

s,t
j,k |dsdt

∥∥∥∥
1

≤
∑
j,k∈Z

∥∥∥∥
∫ 2

1

∫ 2

1
|hs,tj,k |dsdt

∥∥∥∥
1
,
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and∥∥∥ sup
j,k∈Z

sup
s,t∈[1,2]

|(Φj+d ⊗ Ψk+l ⊗ δ)h
s,t
j,k|

∥∥∥
p0

≤ C

∥∥∥ sup
j,k∈Z

sup
s,t∈[1,2]

|hs,tj,k|
∥∥∥
p0
, 1< p0 < ∞ .

Then the mappingH defined by

H : {hs,tj,k(x, y, z)}j,k∈Z;s,t∈[1,2] −→ {(Φj+d ⊗ Ψk+l ⊗ δ)h
s,t
j,k(x, y, z)}j,k∈Z;s,t∈[1,2]

is bounded fromLp0(Rm × Rn × R)(L∞([1,2]× [1,2])(l∞))) to itself for any 1< p0 < ∞,
and bounded fromL1(Rm × Rn × R)(L1([1,2] × [1,2])(l1) to itself. Therefore, for given
p ∈ (1,2), we choosep0 such that 1< p0 < ∞ and 2/p = 1+ 1/p0, and apply the standard
interpolation argument to conclude thatH is bounded fromLp(Rm × Rn × R)(L2([1,2] ×
[1,2])(l2) to itself. This together with (4.15) states that∥∥∥∥

( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥

p

≤
∑
d,l∈Z

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|gs,t
j,k;d,l|2dsdt

)1/2∥∥∥∥
p

, 1< p < 2 .

(4.16)

Interpolating between (4.4) and(4.16), we get that for each fixed 1< p < 2 and any 1< r <

p, ∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,t
j,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥r

p

≤
∑
d,l∈Z

∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|gs,t
j,k;d,l|2dsdt

)1/2∥∥∥∥r
p

.

This implies (4.14).
Second, we claim that, for 2< p < ∞ and any 1< r < p′ = p/(p − 1),

‖µ̃α,γ (f )‖rp
≤ C

∑
d,l∈Z

(∫ 2

1

∫ 2

1

∥∥∥∥
( ∑
j,k∈Z

|σ s,tα;j,k ∗ ((Φj+d ⊗ Ψk+l ⊗ δ)f )|2
)1/2∥∥∥∥2

p

dsdt

)r/2
.

(4.17)

Indeed, by Minkowski’s inequality and the Littlewood-Paley theory (see [25, Chapter
4]), we have∥∥∥∥

( ∑
j,k∈Z

∫ 2

1

∫ 2

1
|(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l|2dsdt

)1/2∥∥∥∥2

p

≤
∫ 2

1

∫ 2

1

∥∥∥∥
( ∑
j,k∈Z

|(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l|2
)1/2∥∥∥∥2

p

dsdt

≤ C

∫ 2

1

∫ 2

1

∥∥∥∥
( ∑
j,k∈Z

|gs,t
j,k;d,l|2

)1/2∥∥∥∥2

p

dsdt , 2< p < ∞ .
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From this and (4.15), we know that∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥

p

≤ C
∑
d,l∈Z

(∫ 2

1

∫ 2

1

∥∥∥∥
( ∑
j,k∈Z

|gs,t
j,k;d,l|2

)1/2∥∥∥∥2

p

dsdt

)1/2

, 2< p < ∞ .

(4.18)

On the other hand, it follows from (4.4) that∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,tj,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥

2

≤ C

( ∑
d,l∈Z

∫ 2

1

∫ 2

1

∥∥∥∥
( ∑
j,k∈Z

|gs,tj,k;d,l|2
)1/2∥∥∥∥2

2
dsdt

)1/2

.

(4.19)

By an interpolation argument, the inequalities (4.18) and (4.19) show that, for each 2< p <

∞ and any 1< r < p′ = p/(p − 1),∥∥∥∥
( ∑
j,k∈Z

∫ 2

1

∫ 2

1

∣∣∣∣ ∑
d,l∈Z

(Φj+d ⊗ Ψk+l ⊗ δ)gs,t
j,k;d,l

∣∣∣∣2dsdt
)1/2∥∥∥∥r

p

≤ C
∑
d,l∈Z

(∫ 2

1

∫ 2

1

∥∥∥∥
( ∑
j,k∈Z

|gs,tj,k;d,l|2
)1/2∥∥∥∥2

p

dsdt

)r/2
,

which implies (4.17).

Now we establish theLp(Rm × Rn × R)-boundedness of‖µΩ,γ (f )‖p in the following
two cases.

CASE 1. 2/(1 + υ) < p < 2. By (4.14) and the definition ofId,l , we have

‖µ̃α,γ (f )‖rp ≤ C
∑
d,l∈Z

‖Id,l(f )‖rp, 1< p < 2 and 1< r < p .(4.20)

Then we first estimate‖Id,l(f )‖p. By the definition ofσ s,tα;j,k and Lemma 1, it is easy to see
that, for any functions{hj,k}j,k∈Z,∥∥∥∥

∫ 2

1

∫ 2

1

∑
j,k∈Z

|σ s,t
α;j,k ∗ hj,k |dsdt

∥∥∥∥
1
≤ C

∥∥∥∥ ∑
j,k∈Z

|hj,k|
∥∥∥∥

1
,

and ∥∥∥ sup
j,k∈Z

sup
s,t∈[1,2]

|σ s,tα;j,k ∗ hj,k|
∥∥∥
p0

≤ C

∥∥∥ sup
j,k∈Z

|hj,k|
∥∥∥
p0
, 1< p0 < ∞ .

Thus,∥∥∥∥
(∫ 2

1

∫ 2

1

∑
j,k∈Z

|σ s,tα;j,k ∗ hj,k|2dsdt
)1/2∥∥∥∥

p

≤ C

∥∥∥∥
( ∑
j,k∈Z

|hj,k |2
)1/2∥∥∥∥

p

, 1< p < 2 .
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In particular, lethj,k(x, y, z) = (Φj+d⊗Ψk+l⊗δ)f (x, y, z), and invoke the Littlewood-Paley
theory. We get

‖Id,l(f )‖p ≤ C

∥∥∥∥
( ∑
j,k∈Z

|(Φj+d ⊗ Ψk+l ⊗ δ)f |2
)1/2∥∥∥∥

p

≤ C‖f ‖p , 1< p < 2 .(4.21)

By interpolation, the inequalities (4.10)–(4.13) and (4.21) show that for any 1< p < 2 and
0< θ < 1,

‖Id,l(f )‖p ≤ C2−θd−θl‖f ‖p , d ≥ 0 , l ≥ 0 ;
‖Id,l(f )‖p ≤ C2−θd−2θl/log|Qα |‖f ‖p , d ≥ 0 , l < 0 ;
‖Id,l(f )‖p ≤ C2−2θd/log|Qα |−θl‖f ‖p , d < 0 , l ≥ 0 ;

‖Id,l(f )‖p ≤ C2−2θd/log|Qα |−2θl/log|Qα |‖f ‖p , d < 0 , l < 0 .

These inequalities together with (4.20) imply that for 2/(1 + υ) < p < 2,

‖µ̃α,γ (f )‖p ≤ C

(
1 + log

1

|Qα|
)1+υ

‖f ‖p ≤ C

{
1 +

(
log

1

|Qα|
)1+υ}

‖f ‖p .
Therefore,

‖µΩ,γ (f )‖p ≤ C
∑
α

|Cα|
{

1 +
(

log
1

|Qα|
)1+υ}

‖f ‖p ≤ C‖f ‖p , 2

1 + υ
< p < 2 .

CASE 2. 2< p < 2/(1 − υ). For fixeds, t ∈ [1,2] andd, l ∈ Z, let

J
s,t
d,l (f )(x, y, z) =

( ∑
j,k∈Z

|σ s,tα;j,k ∗ ((Φj+d ⊗ Ψk+l ⊗ δ)f )(x, y, z)|2
)1/2

.

Then, by (4.17), we have that for any 1< r < p′ = p/(p − 1),

‖µ̃α,γ (f )‖rp ≤ C
∑
d,l∈Z

(∫ 2

1

∫ 2

1
‖J s,td,l (f )‖2

pdsdt

)r/2
.(4.22)

Using Plancherel’s theorem, we get

‖J s,td,l (f )‖2
2 =

∑
j,k∈Z

∫ ∫
Rm×Rn×R

|σ̂ s,tα;j,k(ξ, η, ζ )|2|ϕj+d(ξ)ψk+l (η)|2|f̂ (ξ, η, ζ )|2dξdηdζ .

Similarly to proving the inequalities (4.10)–(4.13), it follows from Lemma 2 that fors, t ∈
[1,2],

‖J s,td,l (f )‖2 ≤ C2−d−l‖f ‖2 , d ≥ 0 , l ≥ 0 ;(4.23)

‖J s,td,l (f )‖2 ≤ C2−d−2l/log|Qα |‖f ‖2 , d ≥ 0 , l < 0 ;(4.24)

‖J s,td,l (f )‖2 ≤ C2−2d/log|Qα |−l‖f ‖2 , d < 0 , l ≥ 0 ;(4.25)

‖J s,td,l (f )‖2 ≤ C2−2d/log|Qα |−2l/log|Qα |‖f ‖2 , d < 0 , l < 0 .(4.26)
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On the other hand, by Lemma 1, it is easy to verify that for anyp0 ∈ (2,∞), s, t ∈ [1,2],∥∥∥∥
( ∑
j,k∈Z

|σ s,tα;j,k ∗ hj,k |2
)1/2∥∥∥∥

p0

≤ C

∥∥∥∥
( ∑
j,k∈Z

|hj,k|2
)1/2∥∥∥∥

p0

,

whereC is independent ofbα ands, t ∈ [1,2]. This together with the Littlewood-Paley theory
implies that fors, t ∈ [1,2], 2< p0 < ∞,

‖J s,td,l (f )‖p0 ≤ C

∥∥∥∥
( ∑
j,k∈Z

|(Φj+d ⊗ Ψk+l ⊗ δ)f |2
)1/2∥∥∥∥

p0

≤ C‖f ‖p0 .(4.27)

Invoking the interpolation theorem again, the inequalities (4.23)–(4.27) tell us that, for any
2< p < ∞ and 0< θ < 1,

‖J s,td,l (f )‖p ≤ C2−θd−θl‖f ‖p , d ≥ 0 , l ≥ 0 ;
‖J s,td,l (f )‖p ≤ C2−θd−2θl/log|Qα |‖f ‖p , d ≥ 0 , l < 0 ;
‖J s,td,l (f )‖p ≤ C2−2θd/log|Qα |−θl‖f ‖p , d < 0 , l ≥ 0 ;

‖J s,td,l (f )‖p ≤ C2−2θd/log|Qα |−2θl/log|Qα |‖f ‖p , d < 0 , l < 0 .

Using these inequalities with (4.22), the same argument as in Case 1 leads to our desired
estimate. This completes the proof of Theorem 1. �
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