NOTES ON FOURIER ANALYSIS (XXVI):
LIPSCHITZ CONDITION OF PARTIAL SUMS OF FOURIER SERIES®

By

Tamorsu TsucHIKURA

§1. Let f(x) ke a ccntinvous function of period 27, If /(x) belongs to
Lipa (0 < a =1), that is,
ff:axff(x'*' &)~ flx) =0(39),
then denoting by s (x) the #-th partial sum of the Fouricr series of f(x), we
have
(1) max s (x + 8) - s (x) =0 (18 *log 1/8))
uniformly*in #Y.

It arises the problem of the suppression of the logarithm in (1). We shall
prove that this is closely related to the order of approximation of f(x) by

the partial sum g (x).

Turorem 1. Let f(x) be a continnons function of period 2m, and let sn(x)
denoted the n-th partial sum of its Fourier series.

(i) Ifo<a <1 and
(2) n;axl.rn(x-{-8)—.rn(x)f=0(ib‘,'“)
uniformly in n, then f(x) belongs to Lip a, and
(3) rn (%) = [ (%) — sn (%) = O (==
aniformly in x.

(ii) If 0< a <1, and (3) holds uniformly in x, then f(x) belongs to Lipa

and (2) holds uniformly in n.
(iii) If f(x) belongs to Lipl, and (3) Lolds uniformly in x for a="1, then
(2) holds uniformly in n for o = 1.

*) Received Aug. 22, 1949
1) Cf. A, Zygmund, Trigonometrical series, 1935, 4.7.9 p.106.

2) The expression ** A=B’’ means that “Tenote B by A".
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For the proof we use the following lemmas :

Lemma 1. Let on (x) demote the (C, 1) mean of the Fourier series of f(x).
A necessary and Safficient condition that f(x) belongs to Lipa (0<a<1), is
that the equality

(4) max on (x+ 8) — an(x) =0 (8%
holds uniformly in n.
Lemma 29, If f(x) belongs to Lipa (0 < a £1), then

=t 5 ) {06

uniformly in x.

LewMa 39. Denoting by f(x) and sn (x) the conjugates of f(x) and sn(x)
respectively, if f(x)—sn(x)i= O n2) (@ > 0) aniformly in x, then  ra(x)' =

B f(x) —3n () = O (n—*) aniformly in x.

Lesva 49, If f(x) belougs to Lip1, then |f () — an ()] = O (#) aniformly
in x, where an (x) is conjugate to an (x)-

Lemva 5P, If 0 < a <1, and if (3) holds aniformly in x, then f(x) belonsgs
to Lip a.

Proor. [f(x+ &) —f(x)|<!f (> + &) —sunsn(x+ 8) + [f(x) —sns (x)!
+ [sunsn(x+ &) —sunsn(®) =P+ O+ R,

say. By the assumption, P=0( 8 %), and Q= O (|8'®) uniformly in x. And

/18 [L/181]

R=—2 2 Ay () sin® 2>+ 3 4, (Jsinsd =R’ + R,

Applying Abel’s transformation, we have

3) Zygmund, loc. cit.

4) W.Rogosinski, Uber die Abschnitte trigonometrischer Reihen, Math. Ann., 95(1925)
p. 110131,

5) R. Salem-A.Zygmund, The approximation by partial sums of Fourier series, Trans.
Amer. Math. Soc., 59 (1946) p. 14-22,

6) A.Zygmund, On the degree of approximations of functions by Fejér means, Bull.
Amer. Math. Soc., 51 (1945) p. 274-278.

7) de la Vallée Poussin, Legons sur ’approximation, Paris, 1919.
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s ]
IR(< ' E,“ (%) <Siﬂ? —(—”——"'Zl—)i——sin? —”2‘2)) + |r[1,rls 1(x) sin® i.[l_/.'ﬁ] +1)3

[/} )
=0( X »*idl )+ 01819 =0 (18,

and

(/1817
iR"ig‘ 2 7 (x) fsin (v + 1) — sin 3}
Y=

+ |70 @) sin (1 811+ 1)8 |

[11'81]

=0 X v=8/)+0(I8=0(59  (by Lemma 3).

Hence summing up the above results we conclude that f(x) belongs to Lip a.

Proor oF Turorem 1. (i) If (2) holds uniformly in #, then from Lemmal,
we see immediately that f(x) belongs to Lipa. By Lemma 2 and our
assumption we have

1= 20~ 5
Sn <x+ -7L> — s5n (x)

1 T
> o % S <x— —2n—> — $n (x)'
=02+ 0w+ O (m) =0 ().

+

-+

(ii) and (iii). From Lemma 5 it is enough to prove them under the
assumption that f(x) belongs to Lipa (0 < @ <1) and (3) holds uniformly in
x. We shall divide the proof into two_steps :

1°) #8 =1 and 2°) #8 <1 (suppose & > 0).
1°) Let #6 =1, then

bon (x + 8) — sn () [ on (¢ + 8) —f (o¢ + &) |+ [ (x) —sn (x) | + [ f (o + 8) —f ()]
=0@#*)+ 0@+ 0% =0(.

2°) Let #8 < 1, that is » < 1/8.
sn (5 + 8) — sn (x)==~22—_4;Av(x)Sin~~l-{2§—+vzl;l(x)Sm vd=—2I+],
V= =

say. By Abel’s transformation

11<[F v (@) it o + 1) 82— sin? w312} |+ | s () s (2 + 1) 321

V=0

=0(Z ) + 0 (e 8) = 0. (9.

Vel
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1
n+1
results for 0 < @ <1 and Lemma 4,

(5) 7n (%) = O (#)
uniformly in x. Applying Abel’s t-ansformation twice® in J

Putting 7u (x) = f (x) — o (x) = > 7 (x), we have, combining the known
v=1

J=°"§”:("+ 1) 7 (x) {sinvd — 2sin (» + 1) § + sin (v + 2) 8}
v=0
+ (n+ 1) 7 (x) {sin (n + 2) 8 — sin (# + 1) 8} — 7 () sin (# + 1) &.
Using (5) and Lemma 3,

J1=0@v—=8)+ 0 (1523 + O (n-* n5)
— 0(5 7~ + O (35—=) = O (8%).
Summing up the estimations of |I| and [] |, we conclude that
Sa (3 + 8)— sn (x) = O (8%)
uniformly in x and #.
Thus (ii) and (iii) of Theorem 1 were proved at the same time. q.e.d.

Remark. In Theorem 1 (iii), the assumption that f(x) belongs to Lip1 is (
indispensable. For example the function

@ .
sin nx

satisfies the equality (3) for @ =1, and does not belong to Lip1.

§2. For the integrated Lipschitz condition, we have the theorem ana-
loguous to Theorem 1:

Tucorem 2. Let f(x) be a function of period 2n and integrable Ly (p =1)
and we adopt ithe same notations as in §1.

(i) Ifo<a<l and

(6) (I

uniformly in n, then f(x) belongs to Lip (e, p):

1/p

sn (% + 8) — 5n (x)lpa’x> = O‘({S]“)'

8) In the case 0 < @ <1, it is enough for our purpose to apply Abel’s transformation
only once.



28 T. TSUCHIKURA

(7) ([ f e+ 8 —fea ) P =0( 8.9,

and

(8) (fr

(i) If 0 < <1, and (8) holds, t/Jm’f(x) Lelongs to Lip (@, p) ana (6) holds
uniformly in n.

(iii) If fx) belongs to Lip (1, p), then (8) implies the cquality (6) aniformly
in n for a=1.

— 5n (x) i/’ a’x)1 P—ow @),

The proof may be done under the same device of the proof of Theorem1,
and we shall omit it stating the main lemmas to be used.

Leyvya 69, I]f(x) belongs 1o Lip(a, p) O < a =1, p=1), then
(|

U]

(§
Levva 70, if a >0, p=1 and

(Siﬂ ) = n (%) 2 dox )1 P~ 0@,

{ (X}“T/'*‘J'n{.x'“—zl;—\‘l'd\lp——o(ﬂ )

fl

then
(/e —mty2dx )" =06
Leuma 8. If f(x) belongs 1o Lip (1, p), then
([ Fea—aatad) " = 0 (/m.

§3. We shall add some rematks concering the Lipschitz conditions of the
Cesaro means of Fourier series.

As we saw in §1, the uniform Lipschitz condition of partial sums has the
close relation with the order of approximation of the tunction by partial
sums. On the contrary, that of the Cesaro means of order B(0< B<1):
o#® () has no effect even on the approximation of f(x) of Lip 8, by (P (x).
In fact we may prove the following

9) The proof may be done similarly as Lemma 2, using the Minkowski inequality.
10) R.Salem-A.Zygmund, loc. cit.
11) A.Zygmund, loc. cit. ©
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Turorem 3. Let f(x) be a continnous function of period 2z, and on'® (x)
denote the (C,B) mean of Fourier series of f(x), (0 < B<1), then a necessary and
sufficient condition that f (x) belongs to Lipa (0 < a 1), is thet

max [ou® (x + 8) —an® (x) =0 (189
uniformly in n.
Proor. Let f(x) belong to Lip a. By the usual notation, as we know,
on® () = L (" 47 (e + 1)+ [ e — 9} Ka® (1) i,
where Ka®(f) is the (C, 8) mean of Dirichlet’s kernel, and it satisfies the in-
equalities
| Ka® ()| <2, | KuP (1) | S Cn~Bt—-1 for 1/n<t <,

C being an absolute constant (supposing 0 < 8 < 1). Hence we find that

on® (et 8) — on® ()| = | (" fle 4 8+ A+ [+ 5

T |
—f e+ 1) —flx— N} Ka® (1) |
=0([." 01 2ndr)+ 0([7 18 % nss-p-1 )
=0([3]%),
which proves the necessity.
The sufficiency is almost evident.
Analogously we may prove t'.e
TurorReM 4. A necessary ana sufficient condition that f(x) belongs to Lip
(, p) (@ >0, p =), is that, for B> 0,
([ 10w (e + ) = oa® () 7 dx ) =0 (1819

uniformly in n.
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