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1. Introduction. R. Schatten-]. von Neumann [47] introduced the idea of
direct-product of Banach spaces, and the author modified this considera-
tions to C*-algebras in the previous paper [7], and defined the direct-
product of C*-algebras.

Let A, and A. be any C*-algebras with unit,and following R. Schatten-J.

von Neumann. construct A; x A, as the set of all expressionst; x ¥

with the equivalence relation =, as A,, A4, to be Banach spaces; and finally
define the multiplication, involution and norm of expressions as follows:
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" m m
product : <2 X X y;) <Z Sj % t,) = 2 2 %85 X Mty
y=" j=1

i=1 j=1

" n

. . *

involution : (E x. xy,;) = 2 % Xy,
(=1 i=1

n n n *\ 1/2
norm : (5% (Z X X yi) = sup [tb((sz ><yt>(2x¢ Xyi> ) HONS S]
i=1 i=1 =1 -

where & denotes the set of positive type functional @'s such that

oGy B )G )G ))

P x 1#((;::36, xy;) (Ex’ Xyi)*>

¢ and 4 are pure states on A; and A, respectively, and me; X ¥ is

an arbitrary element of A, x A,; then & becomes a cross-norm on A; > A,
and A, x A,, is a non-complete C* -algebra [7].
Now, let A, and A, be C*-algebras on the Hilbert spaces H, and H,

respectively. Then by [3,4], 1" % x »: can be considered as bounded
operator on H = H; x ; H,. In this paper, we consider the relation between
C* -algebra generated by 2;‘1 x;xy; as operator on H with operator bound as

norm, and direct-product A, x. A, (§2); and we give more detailed
discussions in the case where A; are C*-algebras of completely continuous
operators on H; (§3); and finally in § 4 we prove some algebraic properties
of Ay Xa Ay
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2. Relation between the direct-product as operators and as algebras.?

Suppose that H, and H, are Hilbert spaces. Then, F. J. Murray-J. von
Neumann’s construction [ 3] of direct-product gives us H= H, %X, H, as
Hilbert space. If x and y are operators on H, and H. respectively, then

(Z & x m)(x Xy)= 2 ExX py
i=1 =1

gives a linear operator x x y on H, and the operator bound of x x v on H
satisfies the cross-property of Schatten [47: [|x x y|[ = [[x]|- | ¥l ®.
If A, and A, are C*-algebras on H, and H, respectively, then the set
{xxy:x€ A, y€ Ay}
generates a C*-algebra A.

On the other hand, we can consider the direct-product A; X « 4, as in
77, in this case, we define the norm «(°) as follows:

n r n i n * :
a(Zx; xyi) = sup ld) <<2x ><_',Vz>( X X yt) )W: LORS @]
=1 i=1 i=1

where & denotes the set of positive type functional &’s on A; x A, such
that @ = 2? o1 Ps X Vi, ®A x 1)=1, and ?;5(x), Y;y(y) have the form
Pi(%) = < Ex, E; >, and Yi(9) = <y, 5y >
respectively where &€ Hy,n,€H, and | > " Eixn;|= 1. Then the following
theorem holds :
THEOREM 1. A is isomelrically isomorphic to the direct-product A, % . A,.
LemMA 1. If the expression 211 % X y; is equivalent to 0 x 0 as
element of direct product A; x o A, of algebras, then it is zero operator on H.

Proor. By the definition of the norm in A, x 4 A,,

n
0= > <Ex%, E><yny, n>
L,j=1
n

> <Ex, Exy > <y, 9y >

b i=1

n n
= <2 Exi X ny, E Exy x ny; >

i=1 j=1

for any elements £ € H,, n € H,, |E| = |n]= 1. Then, 2:=1.§x¢ Xn9=0

|

for any £ € H,, n € H,, so 2’;1 x; X 9; =0 as operator on H.

1> The author expresses his hearty thanks for many discussions of Prof. M. Nakamura;
he has pointed out the incompleteness of author's original proof of present and
next sections.

2) |l ]Il denotes the operator bound.
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LEMMA 2. The converse statement of Lemma 1 holds.

1 .
PrOOF. Let 2:;1 x x ¥ =0 as operator on H. First we [remark that

we can assume, without loss of generality, the linear independency of
n

{x). Indeed, if x = >, @ % holds, then for any £ x n € H,

(& x n)éxi Xy =(E xn) ((é‘za; x.-)xy; + :szt xy;)

=

n n
zZa;’g’xg Xnh+ D EHX 9y
i=2

=2

Il

n n
DERXn(@y) + 2Ex Xy
i=2

i=2

R

(& xn) (E % X (@ +J’s))>
) =2

50 > M m X v 2 " x % (ay, + ).

Now, assume that 2;'1 % Xy, =0 as operator on H, and {x} are
linearly independent, then for any & & € H, and », € H,

0=<Exp 2axy Exy>

i=1

1l

n
< DEHXny, E x>
=1

= X <Ex, EF><ny, y >

=1

n
= 2<<77yi, n >Ex, F>

=1

n
<> <9y, o >Exn, ¥ >.

i=1
Since & is any element of Hy,, S< 9y, 5 >Ex=ECE<ny, n>'%)=0,
and furthermore, by the arbitrariness of £ € H,, S <9y, 5 >x%x=0 as
operator on H,. While {x} are linearly independent, so< n¥;, ' > =0
for £ =1,2,....,n. Again by the arbitrariness of , and #, . =0, i=1,2,

-.-.,n as operators on H, so finally 2:] x X y=0x0 as element of
direct-product.
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LEMMA 3. a (2 % xy;) - %:
=1

PrOOF.

n
2 Xi X Y
li=1

| [

Gen)(Eeon)

¢4

& 1
:1}

’]25; X ny

J=1
Z.E‘f X ’7:‘) = 1]
SUP[ 2 < Ejky, Exxn > < 03¥ meIm> Zf: X ns
Lhkym J
sup [ S Paax )V (veyy) | 2 E X 9y | = 1],
HWahk,m J
where @ () = < &%, & >and ¥u() = <y, m >
sup [(’D((Z % % y,-> (Z x, X yf,)) ‘P E 6’]
=1 —"J=1
" 2
=« (2 X % yl) .
t=1

Proor oF THEOREM 1. By Lemmas 1 and 2, A is algebraically isomorphic
to A; x4 A,, and by Lemma 3, this isomorphism is also isometric. This
completes the proof.

2 ‘
| =sup[\
|

= sup [ 2’;’,& X 75 Yi
hJ

Il

-

Il

I

3. Direct-product of completely, continuous operators. Our principal
aim of this section is to show

THEOREM 2. If A, and A, are C*-algebras of completely conlinuous
operators on H, and H, respectively, then A= A, x, A, is also a C*-algebra
of completely continuous operators on H= H, x , H..

To prove the statement, we shall begin by proving

LemMa 4. For any &, & € H, and 3, 7. € H,,
(&1 x m) > (B2 % n2) = (& x E) X (my X 72)
where § ({, x §,) = <&, £, > 8 for §,8,8: € H.
ProoF. Let £ € H, and 5 € H,, we have, forl{ =& x »,
(& x ) (&1 x m) * (2 X 7))
=<Exy Exp>E xn
= <EE><nnp>Exny
EE x &) x nlm x )

|
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= (&£ x n) [(El > fz) X (X 7a) ]

To prove the theoren, it is sufficient to show that each x xy is completely
continuous, since A, X, A, is generated by such x x y’s. If x= > : £ xE

and y = }3:1 7y X n,are the canonical form of J. Dixmier [1], then it is

also sufficient to show for

n m
x= XExE and y= > x 7},

i=1 )=1

since such’x x y are dense in A; X, A,. Therefore by Lemma 4,

XXy= (éffxf»') x (é‘mx’?;>

n m

SUE: x ny) X (E, x 7))

i=1 j=1
shows that x x y is a completely continuous operator on H, x,H, This
proves Theorem 2.

THEOREM 3. If A; of the previous theorem are the algebra C(H;) of all
completely continuous operators on H;, then A is the algebra C(H) of all
completely conlinuous operators on H: i.e.,

C(H,) xa C(Hy) = C(H, X H,).
Proor. By the previous theorem, it is sufficient to show that A contains
all one-dimensional projections of H. This is proved when (2; Ei-x ?7»')
X (2:1 £ x 5.) is contained in A, if 27 E x m exists and is of norm
unity. Since, for each =,

n n

& x 2Exm
=1 =1

13 | "w
DE X s \Z&X’ﬂ
¢=1 i=1

exists in A and converges uniformly to (3& X o) X (3 & x n), the latter
is contained in A.
Following Corollary is an immediate consequence of our Theorem 3 and

I.Kaplansky [2].
COROLLARY, If two C*-algebras of completely continuous operators are
simple, then their direct-product is simple too.

REMARK. This corollary is not yet decided when the condition of
“completely continuous operators” is replaced by “operators.”




6 T.TURUMARU

4. Some algebraic properties of 4; Xq A4..

THEOREM 4. If A; are C* -algebra with unit, and if A, X« A, is simple,
in the sense of mon-existence of proper two-sided closed ideals, then each A;
ts simple.

Proor. We prove this theorem by an indirect argument.If A, were not
simple, then there exists a proper closed ideal 7;. Then I; X, A, is a closed
proper ideal in A, X « A,, so by assumption, I; x4 A; = A; X 4 A;. Then for

avery positive real number &, there exists 2;1 % x v, €], x A, such that

"

a(Zxny,——l x1><8.
' =1

Then, by the definition of a(-) [7],

S omvon—1| <,
i=1

for any pure states ¥ and ¥ on A, and A, respectively.
On the other hand, by I.E,Segal’s result [67, there exists a pure state
%, of A; which vanishes on I;, For a such state ®,,

Pox)=0, i=1,2,,.---m
Then the above inequality implies the contradiction : |1] < €.

THEOREM 5. If A; are C*-algebras with unit, and if A, %« A, is factorial
(that is, the center is a multiple of unit), then each A; is so.

Proor. If x is in the center of A;, x x 1is :in the center of A, x4 A,,

s¢ by assumption x x 1=¢g(1l x1) = (al) x1 for some scalar a. Thus
x= al, this is desired.

THEOREM 6. If A, = I+ ] (direct sum), then
A XoA,=IXxA,+ J X A, (direct sum).
PrOOF. By assumption, if x € A,, there exists a unique expression
x=a"+x", ¥€l, ¥'&].
Then for any y € A,,
xXy=2Xy+ %" xy, ¥ xyEIxXJA, ' xXyEJx.A,

Thus (I+J) ¥a A ST Xa A, + J ¥a A, (right-hand side is not necessarily
direct). On the other hand, since I+ J217, J,

I+])XaA, 2T xa Ay J Xa Ay,
so
T+]) xa Ay2I X As+ ] X 4 A,.
Thus, to prove the theorem it is sufficient to show
I xaA) N (] xa A,) =0.
Now if ¥ € I, x” € J, then for any y', ¥’ € A,,
(& x¥)(x" x5") = (&%) x (¥'y") = 0x(5/y") = 0.
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Since I x4 A, and J X A, are generated from
{#'xy: ¥ €Iy € A;} and {x" % y": 2" € ], " € A,}
respectively, (I x « A,)(J X« Ay) = 0, by the above relation.

On the other hand, I xq A, and J x« 4., are closed two-sided ideals in
C*-algebra A, x« A,,s0 of course self-adjoint, then if # € I x4 A, N J XaA.,,
uu* € (I X As)(J xa Ay) =0, that is uu* =0, = 0. This completes the
proof.
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