
SOMU THEOBEMS ON FRACTONAL INTEGKATON

GEN-ICHIRO SUNOUCHI

(Received August 14, 1957)

1. Let u(θ) € 27(0,2*π), (1< r < oo) and have mean value zero and put
CO

where ' denotes that the term for which n = 0 is omitted. The fractional
integral u*(θ) of order ct is defined by

where

(ιw)-* = I n I - α exp {(Λ TΓ f sgn »)/2}.

Hirschman [1] proved many interesting results for fractional integration
which are related to the work of Littlewood-Paley [4], Marcΐnkiewicz [5] and
Zygmund [9]. But he has not considered the function g*(θ) of Littlewood-
Paley. In § 2 we shall prove an integral inequality concerning with the function
g*(θ). This inequality is used by Koizumi [3] to prove other theorems for
fractional integration. In the last section we will generalize Theorem 4.2
of Hirschman.

2. If we put1)

and

then 5f*(0, /3 ^) reduces to the function g^(θ) which is given by the present
author [7] and #*(0,1 θ) reduces to the function g*(ff) of Littlewood-Paley. We
shall introduce another auxiliary function h*(a,β; θ) by the definition

where

1) We consider the complex Lr class. This class is ΐsomorphic to the real Lr

class by the M.Rίesz theorem.
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τ£(«, θ) = Jj 2
= 1

Then the following lemma is proved.

LEMMA 2.1. If β>a-~ 1/2, then^

A«φ ^ g*(cc, β θ)/h*(a,

PROOF. Since

««_! (z, θ) ~ 2

we have

^ ^ ϊ l = 1

Using the Parseval identity,

and

Σ (A?)2|τg(α, « |* I (1 - />)a(β-α) p™dp
0

jS β>a-112)

where 0(1) depends on a and /9 only.
THEOREM 2.1. If β>a> — oo, αwJ /9 > 1/r wten K r g 2 αwrf /3 > 1/2

r ^ 2,

2) -Aα,/5» Ba,β>... are constants depending on «,£, and are differ in each
occurence.
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\ {g*(oLi β θ)}r dθ^A I Iu(θ)\rdθ.
0 0

PROOF. (1) The case β - 1. From Lemma 2.1, we have

where Λ>(#) = v cv e
ivθ. On the other hand,

g*ίa, l;θ) = 0 (1) j

Γf we put
n

Tn(θ) = 2 Uθ),
v = l

then AbeΓs lemma gives
n «—l

2 v-a t»(θ) = 2 T»tf) Δ υ-α + Γ«(̂ ) n-

and

^ i ^ 3 - 2 * = ^ L ^ 3 - 2 * ^
n = i n = i '* n-i

= 21, + 2/2

say. Then

By the well known inequality (see Hardy, Littlewood and Polya, Inequalities
p. 255, Problem 346), we find, for a < 1,

Thus the theorem is now a consequence of the integral inequality of Littlfe-
wood-Paley.
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(2) The case 0 < β < 1. Let us put

then we have

n—μ

μ = l v=0

n JV

= Σ A% t%ff) 2 Kzl A-/'1 (n-N+ v)-»,

where N = n — μ. The last term equals
n—1 JV

say.
On the other hand, if we put

then we have

Let us assume Byt-i ~ 0 (iV > 1), then

2 A*rJr A;-3-1 (« - N + p ) -

- - B ,̂v_i) (n - N 4-

Since
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JV If

= Σ | - Σ Afr\A-k

= - 2 2 A%-\A-k^

3 H

we obtain, for Nz±l,

(n~N+ v)-a

v)-

Hence we find that

or

and

or

|7| ^ Al tiiθ)»-- + 2 A. ^(έ )^-"T1,

17| ^ Agί£ ̂ "α +

when a > - 1

when - oo < α: < - 1 ,

W) n~« +

For the case a > — 1, we get

when - oo < α: < - L

μ - l

and using the above cited inequality if β > a> —1, the last term is less
than
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n'Z(β-oc)+l

For the case — oo < a. < —1, we get

μ = l

Collecting the results of both cases, we find

-3(ΛTί)

Since we have proved elsewhere [7],

o n=ί o
β >l/r when 1 < r <Ξ 2 and /3 > 1/2 when r >̂ 2, we can prove the theorem
completely, when 1/2 < β ΞΞ 1.

(3) For
details.

β > 1, we can proceed analogously, but we omit the

REMARK. In the above proof, if we see n~a as a summability factor,
and consider na for the place of n~a, then we have

for — β < a < oo. Since it is easy to verify that

9<ff)£Bβg*(0,β;θ), (β>~l),
the Littlewood-Paley theorem yields the following theorem.

THEOREM 2.2. // — β < a < oo and β > —1, then

J ig*(a,β;β)γdθ^AJ \u(θ)\rdθ, (r > 1).

0 ϋ

3. Let us write

ί Γ % I 1/9

/*(α, ̂  θ) = j / |«tf fβ + ί) - «* (̂  - ί) | f f ί-**-1 Λ?l

then we have the following theorem.
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THEOREM 3.1. If q > 2, then

I {μ(a, q; θ)}r dθ ̂  Aβ),, r / | u{θ) \r dθ,
0

where 1 > a > 0 when 00 > r > # and 1> a > q/r — 1 when 1 < r < q.

Hirschmart0 [1] proved the cases q = 2 and # = r, and the author [8]
proved the case a = 1, but he modified μ(l,q; θ) such as

r2ηt

μ*(l, q;θ)s μ*(θ) = | J \Ul(θ + t) - 2uλ{θ) + Uι(θ - t)\H^'1 dt
0

and proved

\ \μ%β)\rdθ^AQ,r / Iu(θ)\rdθ, (l<r<oo,
J J

For the proof of the theorem, we need two lemmas.
If we put

then, we have

LEMMA 3.1. If q ί> 2, then

J Q β q> J
0 0

where 2β > q/r when r < q and 2β > 1 when r^>q

This is due to Koizumi [2].
For a fixed & > 0, let us put

= ] / a-py^iu-iipjwpdpdt
μ-eisδ(i-p)

then we have

r < oo),

LEMMA 3.2. If q^2, then

J {Sίβ)Ydθ^A,,rj \u(θ)\rdθ, (l<r<θ).
0 (J

PROOF. In the domain Ω«: |f — 0| ̂  8(1 — />), we have the estimation

3) The Theorem 1.2d of Hirschman's paper is valid only on the case 2σ>\jρ
if l</><2. Hence his Theorem 1.3 is established only on the case <x>2/ρ-l.
The author thinks that the remaining case is false.
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where Φθ) is the maximum average of u(θ). Hence

[J {s

0

- [
0

[J
0

Γj («
0

Applying Holder's inequality, maximal theorem and generalized Lusin's the-
orem (Marcinkiewicz-Zygmund [6]) succesively, we have

THE PROOF OF THEOREM. Since the method of proof is analogous to that
of Hirschman, we sketch only its outline. Put pt = 1 — t/(Φπ ), then we
have by Cauchy's theorem,

ua{θ + ί) - u«(θ - t)

β ^

1
 P/C^O ^ ς.-^o
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say. Let r = (1 — 1/ζf) (1 — a), then we have
1

Pt H

J I u'άXpu
Pt

Hence

^AJ (1 - />)*(2+r) dp J I «;"(/*, 0 + f) |«hp(t) r1-****"!* dt,
1/2 0

where hp(t) is the characteristic function of the interval 47r(l — p) g ί g 27r.
On the other hand, since

i»«'(P. ^ + t)I ^ A J Iu\p^\ s)\ 11 - pβ^+β-o I-3+*+2/Q-2/« J 5 J

0

it follows that

and

0

^ A ( l - p ) - 2 « + i i * + 1 Γ IM'C/)1/2,S)\<t11 - pe v+Θ-s> \ ~2 dsy

0

J
0

/ (1 - p)β(2+o-:w+ί*+i dp J I * ' (p1/2, s) I«cfc / 11 -A
1/2

(1 — p)Ί~2dp I Iu'(ρ ιί2,s)\qds

1/2
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J ( l -
1/2

S A{Sq{θ)Y

Using Lemma 3.1 and 3.2, if r <Ξ & when 1 + α: > #/r (that is,
cc>q/r — 1), and if r > #, when 1 -f a > 1, (that is, a > 0) we have

f[f
0 0

Concerning with I2, we have
e+t

Θ

cβ+tβ+t

d u

o

Hence it follows that

J

S i tq dt\ I u'{pγ\ s) I a 11 - o, β':ίθ+^ I - a

0 U

0 0

If 1 > a > q/r — 1 when r <Ξ #, then we have 2 > tf/r, and by Lemma 3.1,
it follows that

ί\ί
0 ϋ

For l3, we have

(1 _ p)2Q-l-^ I u^pj 0)\qdp

1/2

(1 - /j)22-i-β«{ I «,„!(/), 0) I a + I wα_2(p ; 0) I *} J/)

1/2
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0 0

^ AA(q, a-l,u;θ) + AΔ(q, a, u θ)

where A(q, a, u, θ) is defined in Hirschmarr's paper [1, p. 541J. Thus we have

J ίj t-^^U^dt^1"dθ^A\\u\\r

r .
0 0

For k = 4, 5, 6, we have similarly

o o

and the theorem is proved completely.

THEOREM 3.2. Ifl<p<L2, and 0 < a < 1. then

r
]0 0

The case /> == r is Theorem 4. 2a of Hirschman.

The proof is similar to that of Hirschman [1, theorem 3. 2]. We can
show that

μ(P,a;θ)>AA(j>,a,u;θ),

but we omit the details.
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