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1. Let #(0) € L'(0,27), (1< 7 < =) and have mean value zero and put

u@)~ X ane

N=—oo
where ’ denotes that the term for which # = 0 is omitted. The fractional
integral #.(0) of order « is defined by

u(0) ~ E ' an(in)~% &,

where
@En)y= = |n|~* exp {(a wisgn n)/2}.

Hirschman [1] proved many interesting results for fractional integration
which are related to the wark of Littlewood-Paley [4], Marcinkiewicz [5] and
Zygmund [9]. But he has not considered the function ¢*(d) of Littlewood-
Paley. In § 2 we shall prove an integral inequality concerning with the function
g*(@). This inequality is used by Koizumi [3] to prove other theorems for
fractional integration. In the last section we will generalize Theorem 4.2
of Hirschman.

2. If we put?

#alp, 0) ~ > cu (im)~* p" eine, #a(1, 0) = ua(0)

n=1

and

2 1/2
g*@,B;0) = fa_,,w » dp f tta ,<p,i;[r£§)| )

then g*(0, 8; 6) reduces to the function g%(f) which is given by the present
author [7] and ¢*(0,1; ) reduces to the function g*(d) of Littlewood-Paley. We
shall introduce another auxiliary function A*(a, B; 6) by the definition

Yo, B 0) = {g 'Tf,(l%f)lz }1/2

where

1) We consider the complex L7 class. This class is isomorphic to the real L”
class by the M. Riesz theorem.
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i, 0) = 45 3 AL () e,
v=1

n—yp
5= ("%2)

Then the following lemma is proved.

LEmmA 2.1. If B> a —1/2, then?
Asp=g*a,B;0)/r¥a,B; 6) < Ba,s.

PrOOF. Since

Hay(2,0) ~ 2 Ca(fn)~@—1) 21 "8
n=1

we have

gu_l(z, 0L

(1—2)P = 2 Abri(a, 0) 2.

n=1

Using the Parseval identity,

27 o
2
[ e RO LDE 4y~ 5 appin o1

=l
and

{9%a,B; 0)}*
1 27

= f (1 — p)x6- gp Ntasi(p, 0+ D17 4
0

|1 — pe'|2®

0

eo 1
= 3 Al o) [ (1 pree pmdp
n=1 0

- "
= 0() X I, O)* 0o (for 8 >a —1/2)

n=l

s [T, 6)*
=0 22—
n=1

where O(1) depends on o and B only.

THEOREM 2.1. If B> a > —, and B > 1/r when 1< r <2 and B >1/2
when r = 2, then

2) Aa,g, Bap,... are constants depending on «,8, and are differ in each
occurence.
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f {9, B; )y do< A f |%(8)|" db.

Proor. (1) The case 8 =1. From Lemma 2.1, we have
9%(0)=9*(0,1;6)

n

= | Svae - ; s

- oo {ZE |7 - om{

n=1 n=

where #,0) = vc, €. On the other hand,

. IEVC el —ulz

o, 1;0)= om [ Z-= 1"

n=1

o | 3o 2(0)]2

- 0 {3}

n=1

If we put

To(6) = 2 ¢40),

then Abel’s lemma gives

n—1

D (0) = 2 ThO) Av= + Tu(f) n—,
v=1 yv=1
and

n-—1
Z8Ove S I STO N g

2 e S22 + 2

n=1 n=1 n=1

= 211 + 2[2

ll/\

say. Then

n 0
=3O8 o
Nal
By the well known inequality (see Hardy, Littlewood and Polya, Inequalities
p- 255, Problem 346), we find, for a < 1,

- I'S @Oy - o
Lol A0 'Szmz@m—_

ns—z ] = ni3—i@

N=l

< SO < agropy

n=1
Thus the theorem is now a consequence of the integral inequality of Little-
wood-Paley.
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(2) The case 0 < B8< 1. Let us put
(@) = nca e, (t(0) = 0),

£6) = 45 S A0,

ny=1

ra6) = n-@D e, (r(6) = 0),
O) = 55 2 AL TA6),
n y=1

then we have

n
Ar¥0) = 2 AL nca e
v=1

= > A8 21 AJP AB £5(9)
v=1 =1

n n—pu
= DAL 30 2 AL AT+ )
u=1 v=0

n N
= 2 AL0) ZALAPT (n— N+ )",
=1 v=y
where N = n — p. The last term equals

n—1 ¥
ARG m + AL O DAL A (n — N+ 0y = 1,
=1 v=0

say.
On the other hand, if we put

v
By, = S A% At
k=0

then we have

1, N=0.
0, N=1.

Let us assume By,_1 = 0(N =1), then
N

2 AV AT Y (m— N+ v)~

v=0

N
Byy= 2 A8 APl = i

k=1

N
= > (By,— Byy)(n — N+ »)®
v=0

= > By.An— N+ )™

v=0
Since
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S 1Brol = 3|2 ar, arn|

v=0 v=0 k=0
N N
= 3| - 3 a4
v=0 k=v+1
N N

—3 3 AL A

v=0 Kk=p+l

Il

N

= -2 ASL AP (k4 1) =

k=0
we obtain, for N=1,

“LATE L (n— N+ v)

N
< > Byl | An — N+ )7
v=0
, (a>—1)
n-*- 1 (—o<a<g —1).

Mz

|Bual (ot oS {47

C

v=

Hence we find that

n-1
7] S ABef(0)n—= + 2 A, 15(0) 1, when a > —1
u=1
or
n—1
(7] S ABtE = + ) Auth(6) n~o! when —oo<a< —1,
m=1
and
n—1
T80) < t8@) n—* + f;ﬂ 2 AB(G) t5(9) pot when a > —1
m=1
or
P n—1
O SHOW+ s 2 AG)50  when—oco << —1.
p=1

For the case a > —1, we get

8(6)|2 < [28(6)|2
2 l —zw+!1 =2 2 I_;,-)L
n=1 =

n—1

+2 2 na(ﬁ—w)+1 2 A8 tﬂ(g)#—a—

r=1

2

H

and using the above cited inequality if 8 > a > —1, the last term is less
than
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> ( Aﬁ)2 | tﬁ(ﬂ) |2 p-2a+D)
Cup 2, R
n=1

< Ca,pz %_6_),_1 .

For the case — o < a < —1, we get

p—2@+1) 1

b 2
DT ,ZA,etﬂe)]
= 2 ;1- ou ,

n=1

n—1

72B+3

< N AB) tﬁ(e) 2 < | 25(0)|*
= z—g s 3 A0,
n=1 n=1

Collecting the results of both cases, we find

1 AN
> s <0, T

n=1

Since we have proved elsewhere [7],

o 27
e
f (3 1o %ogEﬂ,,.[ |(6)[" b,
0 n=1 0

B>1/r when 1< 7 <2 and B8 >1/2 when » = 2, we can prove the theorem
completely, when 1/2< 81,

(3) For the case B >1, we can proceed analogously, but we omit the
details.

REMARK. In the above proof, if we see »~% as a summability factor,
and consider n* for the place of #~%, then we have

9%0,8,0) < Anpg¥a,B, )
for — B < a < . Since it is easy to verify that

9(6) < Bs 9%(0,8; 0), B> -1,
the Littlewood-Paley theorem yields the following theorem.

THEOREM 2.2. If —B<a < and B> —1, then

27 27
f {9¥e, B; 0)y d0 = A f |2(6)|" do, (r > 1.
0 0

8. Let us write
27

1/
wa,q; 0) = {f lua(e+t)—um(e—t)|qt—w—ldﬁ}
0

)

then we have the following theorem.
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THEOREM 3.1. If ¢ =2, then

2

f {ma, a; 9)}’d€§Au,q,rof [#(0)|" d6,
0

where 1> a >0 when co >r=qand 1 >a >qlr —1 when 1 < r < q.

Hirschman® [1] proved the cases ¢ = 2 and ¢ =7, and the author [8]

proved the case o = 1, but he modified u(1,¢;6) such as

27

w1, q;6) = ui6) = { f [04(0 + #) — 2u,(8) + 24(0 — )|t~ dt }”q

0

and proved
fﬂﬂ (@) do < A,,» fh |2(6)|" db, (1<7r< oo, g=2).
For the‘vproof of the theorein, we need two lemmas.
If we put
g%8,6) = g0, B; 6) = f (1 — pypri-dp f lua (.8 e la o bt 0l ar|™

then, we have
LEmMmA 3.1. If q =2, then

27

f (2B,0)y d0 < A, f (@) d, (1< 7 < oo,
0

1]

where 23 > qlr when r < q and 28 > 1 when r = q.

This is due to Koizumi [2].
For a fixed & > 0, let us put

1/
5@ = 1] a-prstupoipdoar)
V61 =50—p)
then we have

LEMMA 3.2. If g =2, then

27 27

f {S[(O))y df < Aq)rf |(6)| 7db, A<r<o).
0 0
Proor. In the domain Qg: [ — 0| =< 8(1 — p), we have the estimation
lu—i(p, )| = w*©0)/(1 — p),

3) The Theorem 1.2d of Hirschman’s paper is valid only on the case 2¢>1/p

if 1< p<2. Hence his Theorem 1.3 is established only on the case a>2/p—1
The author thinks that the remaining case is false.
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where #*0) is the maximum average of %(¢). Hence

.
[ Of {S(0) dﬁ}
0 Qg
[ 5 s qr 1r
= f {nfg'“—l@,t)l pd pdt. (w¥0)) } do]
<| f h{(u*(ﬁ))"‘” (Sx@)):ya de]” ’
0
= f oSy ao ]/

Applying Holder’s inequality, maximal theorem and generalized Lusin’s the-
orem (Marcinkiewicz-Zygmund [6]) succesively, we have

=1 " (o) doy-mn {f " (S0 a6 I

2.4

s 4| [ 1) a0}

0

1/r

THE PROOF OF THEOREM. Since the method of proof is analogous to that
of Hirschman, we sketch only its outline. Put p;=1—%/(4w), then we
have by Cauchy’s theorem,

(0 + ) — ua(6 — 2)

L@+t Prel(0+t)
1 ; I 1 2 400
=5 ) [2- eIy (2)dz + | [z2— 9D u,'(2)dz
P;e‘(9+') pet®

+ »;, u;(Pt, 0){ — [Pz ed — ez(o+t)]z + [Pt et — ei(o-z)]z}

+ %, (p, €°){[ps €% — &'+ — [pre®® — & @-D]}
,i(6—L) : %eia

- % [z — e D12u,'t)dt — 1 f [z —e 2 u,'(z)dz
ptcz(o—z) pge'(0—=1)
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=h+ L+ L+ 1L+ I+ I,
say. Let r =(1 —1/g)(1 — a), then we have

1 1
a0s [ 1o+ ol a—prenap( [ a-prap)”
Py Pt

1
< At“"“"f |u¢,(Pt g+ t)l"(l — p)q(2+r) dp.
Pe
Hence

n

f (L7710 gt

0

1 27
<A f (1 — pye+n dp f [ (pe, 0 + )]0 R (8) -1+ 0%i0 g,
0

1/2
where k() is the characteristic function of the interval 47 (1 — p) < ¢ < 2.
On the other hand, since
27
lu;,'(Pr 0 + t)l § Af lut(Pllzy s)l I]- — Pef,(t-o-GAs) |—3+w+2/q—2/q dS,
Q

it follows that

2
o0+ D10 A([ i 91— petseo)-as )
0

27
ajp
- (f |1 —-p etsl (—3+@+2/9)p ds )
0
27

sa@—praen [ @ )1~ pe oo -2 as

0

and
2
f | 1|70 gt
0
1 27z 27
é Af (1 — P)q(2+;~)_vq+qw+1 dP f Iur (P1‘/2’ s)lquf Il _— P et(:-v-o-s) '—2
1/2 0 0

X hy(t) t1-1a-el» gt

saf a-prdpf lw@nsias

1/2 10—s] S1—p
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1
+A f (L — py=>+ dp f [/(p112, )76 — 5| == ds
12 16—-s|=1—p
= A{S(0))" + A{g5(1 + a)/2; O))".
Using Lemma 3.1 and 3.2, if »r<¢q, when 1+ a>gq/7 (that is,
o >gq/r —1), and if » >¢g, when 1 + a > 1, (that is, a > 0) we have

27 27

f [ f 1,741 dip ]”" df < Alul; .

0 0

Concerning with Iz, we have

8+t
ip
I12|°<f |2, (pz, %) | du(f u du )“
)

G+
= AgCrevar f 26" (ps, )| dut

]
27

= v+ tqwqf Iul(Pw 5)|'1| 1— P}Ig ei(0+s)l 2 ds.
0
Hence it follows that

27
[
0

2z

<f 71 dtf [ul(pllz S)Iqll — P el(0+s)l—2 ds

<f (1~P)quf Iu<p’0+s>|qu.

eleld

If 1>a>q/r —1 when » <gq, then we have 2 > g/r, and by Lemma 3.1,
it follows that

27 2r

—1—qa i »
Of{f VAL, dt} d0=< Alul” .

0

For I;, we have

2

f - qmllslth<Af (1 — pyu-i-om [uw(P,e)lqu

0 12

=A f @ = Py [sas(p, O)|" + |%6a—x(p, 0)|%} dp

1/2
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1 1
= Af (1 — p)r1-9e=Y |y _s(p, )| dp + Af (1 — p) % 20 _1(p, 0)| " dp
0 0

<AA@g, a—1,u;0)+ ANg,a,u; 6)
where A(g, a, #,0) is defined in Hirschman’s paper [1, p.541]. Thus we have

27 2

Of {Of t-1~w113|th}"“degAuuu;.

For £ = 4,5,6, we have similarly

27 27

f { f t-1-0%| [, |2 dt }mzdegAHuH:,

and the theorem is proved completely.

THEOREM 3.2. If1<p=<2 and 0< a<1. then
Apr [ Aptp ;07 a8z [ u@lrao, A<r<om.
4] 0

The case p = r is Theorem 4. 2a of Hirschman.

The proof is similar to that of Hirschman [1, theorem 3.2]. We can
show that

@, a; 0) > AAD, a, u; 0),
but we omit the details.
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