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1. Let f{x) be Lebesgue integrable in ( —1,1).

The Legendre series for this function is

11 fi2) ~ 25 an Pu(®)
n=0
1 1
where an=(n+ - f J(%)Pn(x) dx.
( 2 >_1
Let Sn(cos0) = > a, P.(cos 0).

ves

Wilson [1] has proved the following theorem :
If & denotes a number between 0 and 1/2 such that the integral

f Sflcos 0) (sin 8)5+12 df exists and if 0 < a < B < then
0

8
(1.2) f f(cos @) Py (cos 8)sin @ df = o(n*1?)

and
Sy (cos 0) = o(n*) 0< k<1/2,
= o(log ») } k=0.
We consider the generalised form of the series (1.1) as given by
Kogbetliantz [2].
Let

(1.3)

(1.4) (%) ~ X an PM(),

n=90

where PM(x) is the Gagenbauer’s polynomial and

L HNTQ) Lo+ DTN [ s
W= A2 4 MNTA2) " T+ 20 f (@ — #P72A) P0GE) dt.

-1
The series (1.4) reduces to (1.1) if A = 1/2 and by putting x = cosd and
making A tend to 0, we get the trigonometric series as a limit-case.
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Wilson’s theorem will precisely be a particular case of the following
more general theorem:

THEOREM: If 0 <k <\ where 0 < A\ < 2/3 and if the integral

f ( () B W f S(cos 6) (sin O)+* df
0

1 — x..)(l —-A-k)/2
exists, then
€5 Sn(cos ) = z a, P (cos 8) = o{n*) 0< ks,
* v=1(
=o{logn) k=0

Jor almost all 6 in (0,7) excluding the end points.

2. We require the following

LEmMMA. If 0=Z a < B <, then,

(2.1) ff’\cos 6) P (cos @) (sin @) df = o(n +i-1),

PrOOF. Because
(2.2) PP —x) = (—1)" PP (x),
it will be sufficieat to p-ove (2.1) for the interval 0 S a < B <7/2. We may

suppose a = 0.
cin 3

8
We write f S(cos 8) PM(cos ) (sin G)2* db = f + f
0

0 cin
=Ji+], say.
Now, Szegd [3] has derived the {following orders for P{(cos 6).

-20m1) c/n<f0=<m/2
2.3 (\) = ' =" =
@3) PP036) = { oty 0<0<c/n
A being artitrary and real, A =0, —1, —2,....; ¢ >0.
Therefore
cin
|Jal = f [f(cos @) (sin @**|(sin A% O(n* 1) dé, using (2. 3),
0
= Onr-1) o(nt-1), using the property of L-integral,
2.4) = o(n¥+r-1),
It is well known [4] that

(2.5) PI(x) = const. (1 — 2™z Pm+1(x),

where P7(x) is Legendre’s associated function of order m, for which Hobson
[5] has shown that, for n <80 <7 — 1,
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00 om0 = (3 g) ool 1)o- T 475+ 0l he).

From (2.5) and (2.6) we find for the range c¢/n <60 < =/2,
PM(cos @) = const. (sin )~ *-13(n + A — 1/2)212

) H(n Py —?/Z)WSinH}”zcos{(n 00— T+ 5O —1/2)}

+0( i) |

= const. (sin @)A1 (g + A — 1 /212

‘ H 7+ A — ?/2)7rsin 9) }”z Sin_{(” 00+ 7?'} + 0(71——1—73‘——1/_2)3/1

= O[(sin g)- =11 {n“l (sin @)~1/2 sin [(n -+ \)8 + mA/2] + O(nA—Z)H

2.7 =0 [(sin 6)- (-1 {n’\'l (sind)V2 sin wn + O(n"’”)H,

where  wu = (1 + N0 + 7A/2.

Henceforward, by A we will denote a constant, not always the same at
each occurrence.

Now,

8
L=A f Ff(cos ) (sin §) (sin 6)~» (n FA— %-)M sin an df

cln

8
+ 0<n FA— ,12;>“" f ficos 0) (sin 6) (sin §)- -1/ gg
c/n
= Jo,1 + Jos, say.
Consider J.,, first.
21 = A fgf(cos 0) (sin G+ (n +A— %)"-1 sin e, (sin 8)~* df.
c/n
Here, (sin#)-* is a monotone decreasing function and so the second mean-
value theorem can be applied to this integral. We get

vl
Jo1 = AO(nk+r-1) f Scos 8) (sin @+* sin wn db where c/n<n<pB
cln
= o(n*+A-1), by Riemann-Lebesgue theorem.
As regards [, 4, it is o(n*+*-1) for all %, whether greater than or less
than 1/2.
(2.8) Thus [, = o(n¥+2-1),
Combining (2.4) and (2.8), the lemma is proved.

3. Proor or THE THEOREM. We have
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Su®) = S a, PO().

v=10
The recurrence formula satisfied by the ultraspherical functions is
nPN(x) = 2(n + A — 1) xPP,(x) — (# + 2A — 2) PO (%).
Using Christoffel’s method, it is easy to show that

D +2) PXxPOE) — POL@PN(x)
20(n +20) " x—¢

- PO(x) PO(®) =

@+ N+ 1)
;?-J T(v + 2))

Now

Sn(cos 6) = > a, PV (cos f)

v=0

o TOOT(w + DIE)
=S @+
% v

T A/24 0D/ 2T (o1 2% 5[ f(cos @) (sin )= PN (cos 8) P (cos ¢) dp

. T)IEN " e N T+ D) \
= T2 + NA2) ! fl(cos ¢) (sin ¢) E——P 2 PM(cos 8) PP (cos ) dp.
We get
21/2 + N T(1/2)
TyT@Ey)  reoso)
_ M2 [ o P (cos 8) PP (cos ) — P (cos ¢) PR (cos 6)
T T(n+2)) E[ flcos ¢) (sin ) cos@ —cos¢ .
So,
3.1) ZP(%,/&;LI’,‘();SE(EY;” Su(cos 0) = f F(cos $) (sin $) F(m, 6, ) dp, say
0 - 0+ 1
= + +
[+ +]
(3 2) =1+ ]z - 13, say.
Write h(cos ¢) = _Slcos ¢)

cos@ —cos¢ °

If 0=<¢ =<0 —pu, we have h(cos ¢)(sin $)}*** integrable.
Now,

o-p
1, = P, (cos ) f hicos ¢) (sin ¢)2* P (cos @) dep
0
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0-p
—P(cost) [ Hcos §) P (005 ) (sin 9 dip
0

= PWN, (cos Q)o(n*t*+A-1) — PN (cos §) o(n**+*1) from the lemma.
But for 0< A< 1 and 0< 6 <, we have [3, p. 166]
(3.3) (sin O | PV (cos B)| < 21-M{T'(A)} -1 mr-L,
Therefore |I;] = O{m*~1(sin @)~ }o(n*+*-1)
3.4) = o{n2A+E-2} if @ is neither 0 nor ar.
(3.5) Similarly I3 = o{n2 k-2,
The theorem will evidently be established if we simply show that
1, = o(n~?**log ) for almost all @ in (0, 7).
We have
[
(3.6) I, = f F(n, 0,0 + t)f{cos (8 + 2)} {sin (6 + 2)}** dt.
-
Further, it can be readily seen by taking f(cos¢) =1 in (3.1) that

g - ngpy 2PA/2 + MIA/2)T(n + 20)
3.7) f Fin, 0,0 +8) {sin 0 + () di—r =0 o g

Let Vr(2) = {/[cos (0 + 2)] — f(cos 0)} {sin (6 + #)}**.
So, in view of (3.7), we have to prove that
, " log »
I, = Fn,0,0 + )Y(t)dt = o (—;z_“) almost everywhere.
—®
Suppose 6 + u =< 7/2, which does in no way harm the generality of the proof.
-1/n 1n i
Let 1;=(f +f +f )F(n,€,6'+t)~lf(t)dt
' - -1,n 1/n
=L+ Ly + L, say.
(3.8) p may be so chosen that @ —2u >0 and 6 + 2u < 7.

Now, in view of (3.3) and (3.8)

T(n + 2) o @+ AT +1
AT+ o000+ 0 = TR B eon )2 (oos 0 4 0)

v=0

= > Q@ 0@ 1) O@p\-1)

v=0

= >0(1) = O(n).

val

Therefore,
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1Z.] = O (fl A (t)dt ) = O(n“-l)o(—’l;)
Jim

(3.9) = o(n*~?)

almost everywhere.
To evaluate Z; and Z;, we use (2.7) again.
So, for 1/n < [¢]| = pu,

At pimn

F‘(nl 6’ 0 + t) ']T(Sino)'\{sin @ + t)})\

< [sin (7 + X + 1/2)t cosec (¢/2) — cosec (8 + #/2) sin{(2n+21+1) (@ + £/2) + Axr}]
= cosec t/2 _O(nz)\—s) — O(”Z)\—z)_

e
Thus L, = f F(n.0,0 + )y @) dt
1/n

|

_ Aln + it f” sin(n+A+1/2¢ W(b)

7r (sin @ l J sin#/2 [sin (@ + #)]* at
_ [ sin[@n + 22+ 10 + ¢/2) + mA] -
3.10) f sin(0 + /D [sin @ + o T EHE FOENT
3.11) = A + D1 YLy, — Ls o} + OnA-2),
(@)

nsid , first. his, - YW
Consider Z;. first. In this, sin(@ + £/2){sin (0 + £

being integrable,

L; ., = o(1) by Riemann-Lebesgue theorem.
Now,

®~
= [ sin(z+X+1/2)
Lo = f sin (2/2) x(t)at

1/n

Yr(t) .. .

— >~ is integrable in (0, u).

{sin (@ + &)} g ©, p)
Evidently, ZL;. is a Dirichlet's integral and so according to Hardy’s

theorem

where X(¢) =

L;, = o(log n) almost everywhere.
From (3.11) we find that
1
(3.12) Ly = 0<:%:Z>
L, behaves in the same way as L;.

From (3.9) and (3.12) we see that the theorem is established.
It can be observed here that it shall be possible to further generalize
the above theorem in the case of series of Jacobi polynomials.



48 D.P.GUPTA

I am highly indebted to Dr. B.N.Prasad for his kind guidance in the
preparation of this paper.

REFERENCES

[11 B.M. WILSON, Convergence of Legendre Series, Proc. London Math. Soc.’21(1923),
390.

[2] E.KOGBETLIANTZ, Sur la sommation des séries ultrasphériques, C.R.de 1'Académie
des Sci., Paris, 163(1916), 601.

[31 G.SzEGO, Orthogonal Polynomials, 1939, p.167.

[4] WHITTAKER AND WATSON, Modern Analysis, (IVth Edition), p.335.

[5] E.HOBSON, Spherical and Ellipsoidal Harmonics, p. 303.

UNIVERSITY OF SAUGAR, INDIA.





