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1. Introduction In his lecture notes [2], Chern proves that the image of
the Weil homomorphism of a differentiable principal fibre bundle is the charac-
teristic algebra of the bunble. His proof, based on the theory of invariant integrals
of E.Cartan, is rather computational. We shall give here an alternative proof
using a theorem of Leray.

To state our result more explicitly, we have to fix our notations. By (P,P/G,G)
we denote a (differentiable) principal fibre bundle with total space P, base space
P/G and structure group G. For every closed subgroup H of G, the principal
bundle (P, P/H, H) is defined in a natural way.

By I(G) we denote the space of ad-G-invariant homogeneous polynomial
functions of degree k defined on the Lie algebra g of G. In the same manner
as every quadratic form can be identified with a symmetric bilinear form, every
element of I°(G) can be identified with a symmetric multilinear map gX... Xg—
R of degree k invariant by ad-G in the following sense:

f(ad-s(X)),...,ad s(Xp) = f(X4,-..,. X)), F€ I'(G), X, € g, s € G.
Set

oo

IG) =3 I(G).

k=0

Then I(G) is an algebra.
Let @ be a connection form in (P, P/G,G) and Q its curvature form. For

every f € I(G), there exists a (unique) closed differential form f of degree 2%
defined on P/G such that

() = F(Qrrevnn D),
where 7 is the projection P— P/G. Denote by w(f) the cohomology class
defined by f. The algebra homomorphism w:I(G)— H*(P/G; R) is independent

of the connection chosen (see [2]) and is called the Weil homomorphism.
Our main result is the following

THEOREM A. Let G be a compact Lie group (not nécessarily connected),
T its maximal torus, N= NgT) the normalizer of T in G. Together with a
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principal fibre bundle (P,P/G,G), consider principal bundles (P, P/N,N) and
(P,P/T, T). Then
(1) The diagram

IiG) ——>IiN) _’IS,T)
H*(P/G; R)»H*(P/N; R)~>H*(P/T;R)

is commutative, where the vertical maps are Weil homomorphisms, the upper
horizontal arrows denote restriction maps and the lower horizontal arrows
are homomorphisms induced from the natural projections P/T—P/N—P/G.

(2) Both KG)—I(N) and H*(P/G; R)—»H*(P/N; R) are isomorphisms
(onto).

(8) Both KN)—~KT) and H*(P/N;R)-H *(P/T; R) are monomorphisms
and, in both cases, the images consist of exactly those elements which are
invariant by N/T.

As a consequence of Theorem A, we shall obtain

THEOREM B. Let (P,P/G,G) be a principal fibre bundle. If G is compact,
then the image of the Weil homomorphism w:G)—>H*(P/G;R) is the char-
acteristic algebra of the bundle.

The isomorphism H*(P/G; R)->H*(P/N; R) is due to Leray ([4] p.103,
see also [1] p.194). The monomorphism H*(P/N; R)-»H*(P/T; R) and the
statement concerning its image are trivial consequences of the fact that the
Weyl group N/T of G is finite. For the proof of Theorem B, it is sufficient
to know that H*(P/G; R)»H*(P/N; R) is a monomorphism when P is an
n-universal bundle for G where 7 is the dimension of P/G. This can be proved
by spectral sequences using the fact that H(G/T; R)= 0 for i odd (see [1] p.194).

2. Proof of Theorem A. We shall first prove that the restriction map
I(G)~I(T) is a monomorphism and its image consists of elements invariant by
N. Note that, since T is abelian, I(T) is the algebra of all polynomial func-
tions defined on the Lie algebra t of T. Let £ € I"(G). It is evident that the
restriction of f to t is invariant by N. Assume that

AX,...... ,X) =0 for all Xet.

Let f* be any element of I(N), i.e., any element of I(T) invariant by N. We
can define an element f of I(G) by the following equation:

FX,...... X) = f(ad-s(X),...... ,ad-s(X)) X €egqg,
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where s is an element of G such that ad-s(X) is in t. Since f is invariant by N, f
is well defined by the above equation. This completes the proof of our assertion.

To complete the proof of Theorem A, it remains to show the commutativity
of the diagram. We shall reduce the proof to the commutativity of several
simple diagrams.

PROPOSITION 1. Let (P, P/G, G) and (E, E/G,G) be two principal fibre
bundles with same structure group G. Suppose there exists a bundle map
P—E. Then the diagram

(&)

\

H*(E/G; R)y—»H*(P/G; R)

is commutative, where the horizontal arrow is induced by the bundle map
and the other two arrows are Weil homomorphisms.

PROOF. Choose an arbitrary connection on E and consider the induced con-
nection on P by the bundle map P —E. Construct Weil homomorphisms using
these two connections. Then the commutativity of the diagram holds already at

the cochain level. QED.

PROPOSITION 2. Let (Q, Q/H, H) be a subbundle of (P,P/G,G) so that
Q/H = P/G. Set M = Q/H = P/G. Then the diagram

I(G) —I(H)

H*(M; R)

is commutative, where the horizontal arrow is the restriction map and the
other two arrows are Weil homomorphisms.

PROOF. From an arbitrarily chosen connection in Q, construct the Weil
homomorphism I(H)— H*(M; R). Considering the connection of Q as a con-
nection of P, construct the Weil homomorphism I(G) = H*(M; R). Then the
commutativity holds already at the cochain level. Q.E.D.

PROPOSITION 3. Let H be a closed subgroup of G. Consider bundles
(P,P/G,G) and (P,P/H, H). Then the diagram

KGy———IH)
H*(P/G; R)~>H*(P/H; R)

is commutative, where the lower horizontal arrow is induced from the natural

projection P/H—P/G.
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PROOF. Let (E, E/G,G) be the bundle induced from (P, P/G,G) by the
map P/H—P/G so that E/G = P/H. Then (P,P/H,H) is a subbundle of
(E,E/G,G) in a natural way; the imbedding P—E is defined by PP x P/H—E,
where PP X P/H is given by u—>(u,uH) for « € P and P X P/H—E is
given by the very definition of E. Consider the diagram

I(Cf) —*I(lH )
H*(P/G; R)~»H*(P/H; R)

where the diagonal arrow is the Weil homomorphism of (E, E/G,G). The
other maps in the diagram are self explanatory. The lower left triangle is com-
mutative by Proposition 1 and the upper right triangle is commutative by Proposi-
tion 2. QED.

The commutativity of the diagram in Theorem A is an immediate con-
sequence of Proposition 3.

3. Proof of Theorem B. Let z be the dimension of P/G. Let (E, E/G,G)
be an n-universal bundle for G so that the first # homotopy groups of E are
trivial. There exists a bundle map P—E. The image of the induced homomor-
phism H*(E/G; R)-»H*(P/G; R) is by definition the characteristic algebra of
(P, P/G, G). Because of Proposition 1, it suffices to prove that every element
of H(E/G; R) for i < n is in the image of the Weil homomorphism I(G)—
H*(E/G; R). Let T be a maximal torus of G. Then (E,E/T,T) is an n-
universal bundle for 7. By Theorem A, the problem is now reduced to proving
that every element of H'(E/T; R) for i <n is in the image of the Waeil
homomorphism KT )—~>H*(E/T'; R). For further reduction of the problem, let
S* 11 be an odd dimensional sphere whose dimension 2N + 1 is greater than
the dimension of E/T. Consider the principal fibre bundle (S****, Px(C), U(1))
where the base space Py(C) is the complex projective space of complex dimension
n and U(1) is the circle group. Let m be the dimension of 7. Let E° be the
m-fold Cartesian product of S****. Then T = U(1)X...... XxU(1) and E/T =
Py(O)X...... X Py(C). Thus we obtain a principal bundle (E’, E'/T,T). This
is-a 2N-universal bundle for 7T as the first 2N homotopy groups of E’ vanish.
We may assume 2N = 7n. Then there exists a bundle map E—~E’. Since both
E and E’ are n-universal for T, we have a natural isomorphism HE'/T; R)
=~ HYE/T; R) for i < n(see, for instance, [1] p.166). By Proposition 1, it is
sufficient to prove that every element of HYE'/T; R) for i <n is in the
image of the Weil homomorphism I(T)—>H*(E'/T; R). Since (E'.E'/T,T) is
the m-fold Cartesian product of (S****, Py(C), U(1)), it suffices to prove that
every element of H'(Px(C)) for i < n is in the image of the Weil homomor-
phism I(U(1))—H*(Px(C); R). The cohomology algebra H*(Py(C); R) is gene-
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rated by a single element ¢, of H*(Px(C); R), the first Chern class of Py(C).
The existence of an element of I{(U(1)) which is mapped into ¢; by the Weil
homomorphism is well known (see, for instance [3]). QED.

REVIEW OF THE PROOF. Step 1: the reduction from an z-universal bundle
(E,E/G, G) for G to an n-universal bundle (E, E/T,T) for a maximal torus
T. Step 2: the reduction from (E, E/T,T) to the bundle (E".E’/T,T) which
is the m-fold Cartesian product of (S***', Py(C),U(1)). Step 3: the reduc-
tion from (E',E'/T,T) to (S**, Py(C), U(1)).
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