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1. Introduction. Let m,, 3, and m, be abelian groups and let T, ,: m,®m,
>y, Ty 3: m®@m;—m, be bilinear homomorphisms. In this paper, we shall give
a necessary and sufficient condition under which the given homomorphisms
T,. and T, ; are realizable simultaneously as the Whitehead product opera-
tions in spaces of the type K (m,2 ; 73,3 ; kP; m,4 ;k® ;. -) in the case m,
is free. This problem was handled by H. Miyazaki [5], but his solution is not
complete as was pointed out by P.J. Hilton in [3].

Our present method depends on the theory of cohomology operations by F.
P. Peterson [7],[8]. In §2, we state some properties of the Eilenberg-MacLane
complex Ky(m,2) and its homology, for later use. In §3 we show a cohomo-
logy relation, giving a connection between Postnikov invariants and White-
head products in a space. In the last section the realizability theorem is
stated and proved.

2. The complex Ky(m,2) and its homology. Let 7= be an abelian group.
Following Eilenberg-MacLane [2], we recall some properties of the R-complex
Ky(m, 2) with multiplication A.

For each u € o and each integer £ =0, there corresponds a 2t-cycle «s,
(u,2) of Ky(w,2) which satisfies the equations

ro(u, 2)=1,,

25(2t, 2)Arcy (1, 2)= (s :: t) K245ty 2)
and the following homologies

o (e, 2)~ 1y, (u, 2),

ICu(u + v, 2)""’ Z Kgi(u, Z)Axgj('v, 2)

i+j=t
By [2], II, Theorem 21.1, under the mapping

#2:.(t, 2)—homology class of «,,(u, 2)
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H,,(m,2), for £t=3, is isomorphic to the commutative graded ring (with
multiplication A) which is generated by «,,(%,2) for each u € = and integer
s =t, subject to the above equations and homologies.

In low dimensions, the FD-structure of x,,(u,2) is as follows.
Foey(u,2 )= Fiuey(u, 2)= Fye,(u,2)= 1, (unit one cell),
wy(u, 2) :(DsDzﬁz(u, 2))(D1Dyres(u,2)) —(D;Des(ue, 2))(D2Do’¢2(u, 2))
+ (D2Dll€2(u» 2)(D3Dyrey(u, 2)),

k(1 2)= 32 (= 1\ (DuDyDuDues(tty 2))(DyDyes(at, 2)),

"2(”? Z)A’C4(v: 2) = Z (_ 1)8(ﬂ)(Dv4DVsDV:Dv|’C2(u’ 2)) (DM:DM"'AL(”» 2))’

where &)= 3" (4, —(i — 1)) and the sums Y (resp. S_ ) being taken over

i=1

all (2.4) shuffles (u,v) (resp. all (2.4) shuffles (u,v) such that g, = 0).
In the following sections, we often use the symbol «,,(%,2) to denote
the homology class of «,,(%,2), if no confusion is expected.

3. A cohomology relation. Let m,, =, be abelian groups and k2® € H*(m,,
2; ;). Then there exists a space E of the type K(m,, 2 ; 73, 3; k). E is considered

as the total space of a principal fibre space in the sense of [6], whose base
space B is of the type K(m,, 2) and fibre F is of the type K(m;, 3). We id-
entify

Ty = 77'2,(E)= Pﬁl '77'2(B), m3 = 7r3(E)= i#:'"'él(l;‘)’

where p: E—B is the projection and ¢: F—E is the inclusion.
Under the identification H*(m,, 2 ;m;)= Hom (H(m,, 2); 7;), we define a
map 7 :m,—m; by

()= k®w,(u, 2), u € .
Then for any u,v € my(E), the Whitehead product [, v] € my(E) is
[, v]= n(u + v)— n(w)— 7(v).
Let 7, be an abelian group and assume that a bilinear homomorphism

T,,;: mQm;—m, and a homomorphism En:m;/2m;—m, are given. By [2], III,
Theorem 17.4, En determines the class # ¢ H%mr,, 4 ; m,). Moreover, let
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¥ € H¥m,,2; m,) be the fundamental class. Then we have

PROPOSITION. In case Ext (Hy(m,, 2);m,)= 0, the relation
D) + 4 U kD=0,

where the cup product U 1is taken relative to T, ,, holds in H%(m,,2;m,) if
and only if there exist the following relations:

T, (uQn(w)= 0,
T2,3(u®”7(v))+ Tz,a(”@[u{v]): Enlu,v],

Sfor all u,v € m,.

PROOF. By the hypotheses, we can identify H®(m,,2 ; m,)=Hom(H(m,, 2);
;). By the definition of U-product, we have

VU kg(u, 2)= T s, s(Y(F 3 F Fy Fores(u, 2)) QD (FoFiies(u, 2)))
=T, s(Yres(ut, 2) QD 1e,(, 2))
= T,,s(u®n(w)),

Y U ED (y(2t, 2)Ary(v, 2))= Ty s(u@n(v)) + T, (v Q[u, v]).

On the other hand, by [2], III, Theorm 17.4,
GRD)= kO U hD,

where the U,-product is taken relative to the pairing ¢ : m;@m;—m, such that

(e, )= Enfa),
d(a, B)+ $(B,a)= 0,
2¢(at, B)= 0,

for any a,B8 € m;. By the definition of U,-product ([9]), we get

£ U kD ey, 2)) = & (RO (FsFoee(u,2)), kP (FoFsieo(w, 2)))
+ PRP (FsFors(u, 2)), kO (FoFyeo(u, 2))+ O (FForo(v, 2)), kP (FoF1res(%,2)))
+ RO (F 1 Foreg(u, 2)), kP (FsFyes(u, 2)))+ (kP (FoFoxo(u, 2)), kP (F,F, ;’Ce(u, 2)))
+ ¢k (FsForo(, 2)), kP (FoFixo(u, 2)))+ ¢&L (F1Foro(, 2)), kP (FiFsrou, 2)))
+ (kO (FyFsio(u, 2)), kD (FoFsre((w, 2)))+ ¢ (RO (FsFuro(u, 2)), kO (FoFike(%,2)))
= ¢([u, u], [uul)= En(2n(w))= 0,

and similarly
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kO U kD (k5(u, 2)Akey(v, 2))= ¢([u, V], [u, v])= Eglu, v].

The conclusion follows immediately.

4. The main theorem. Let 5 € 7,(S*) be the Hopf class and Eyn € 7,(S?)
be its suspension. In any space X, it is well known that the following
relations hold:

[, v]=(u + v)oy — uony — von,
(_ u)o"' = uomn,

[z, uon]= 0,

[w, voyl+[v, [u, v]]=u, v]cEn,

for u,v € my(X). Using the result of the previous section, we shall prove the
following realizability theorem.

THEOREM. Let m,, m; and m, be abelian groups such that Ext (H(m,, 2);
my)= 0. For given bilinear homomorphisms T, : m,@my—m; and T, 5:m,Qm;
—ry, there exists a space of the type K(mwy, 2573, 3; kW ; a,4;k; <) in
which Ty, T, are realized simultaneously as the Whitehead product oper-
ations if and only if the following conditions hold:

(1) There exists a map n : w,—m; such that,

T, ,®v)= n(u + v)— n(u)— 9(v),
7(— w)= (),
for up € m,.
(i) There exists a homomorphism En:m,/2mws—m,, such that
T,,(u@n(w)=0,
T, su@n(0)+ T, s(vQT s, (@)= En(T,,,(u®7)),

Sor up € m,.
REMARK. By [2], II, Theorem 22.1, there exists the epimorphism
Tor (m,, )+ Ty(ymy)—Hy(r,, 2)

Therefore, when m, has no element of finite order or is cyclic of finite order
prime to 2, Hy(w,,2) vanishes and the condition Ext (H,(m,,2);m,)=0 is
satisfied.

PROOF. The necessity is stated above. Therefore, to prove the theorem,
it is sufficient to show the existence of a space realizing T,,, 1 s If the
condition (i) holds, then by [4] Theorem 1, there exists a space E of the
type K(my, 2;ms,3; k) in which T,, is realized. Now, suppose that the
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condition (ii) holds. As in §3, consider the principal fibre space (E, p, B)
with fibre F. By the proposition of 8§83, for 6 € H%(m;, 3;m,) associated
with Ez, the relation (8 + 4 U)k =0 holds. Since p*&> =0, we can
define ([7] p.297)

(0 + Y U)E® € H(E, m)/p*H (B, m)+ (0 + p*4 U)H(E, 7)),

where '@ denotes the suspension of 4. Let k2, be a represzntative of (¢ +

U)k® and let wu:F x E—E be the operation of F n E. Then, by [8]
Theorem 1,

wh= 1Qk, + *k,Q1 + 2’ Qp*,

where '6(x)= '60()= i*k, (. denotes of the fundametal class of H3(F,r,)).

As '6 is additive, we have '60(0 — x2)= 0. Hence ¢« — £’ = 22" for some
z” € H(F, ;). In the spectral sequence associated with (E, p, B), ¥®( — z’)
defines a class of Ey*~E}®, and d,{¥®@( — )} = (Y U2z "k} = 22" (Y UED)}
={x"26(k)} = {0} € E%°, where 2, 2" are endomorphisms of HYB,m),
YU HYB, ;) induced by z” respectively. Thus ¥®( — x’) defines a class of
E%® which is represented by some element %, ¢ H*(E,m,), and (see e.g. [1])

ke =( — )P + 1Qk,,
%k, = 0.
Let £® =k, + k,. Then we have
PRE® = u¥ky+ p*k, = 1QE® + *kD Q1 + 1Qp*y,
*E® = 16().

Let f: E->K(m,5) be a map representing the homotopy class determined
by k®. f induces a principal fibre space (X, q, E) with fibre Y of the type
K(my, 4). We identify my(X)= gg'my(E), m(X)= gx'ms(E) and my(X)= jum(Y) =
7, where j:Y—X is the inclusion. Then by [8] Theorem 2, for v ¢ my(X)=
Ty, & € my(X)= 3,

[u, a]l= T, (uQa),

thus T, ; is realized in X. As it is supposed that T, , is realized in E, under
the above identification, T, ; is realized in X. The theorem is proved.
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