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Introduction. The notion of an almost contact structure (¢, £, ) was
given by S. Sasaki [7]. The main purpose of this paper is to study certain
almost contact manifolds which are similar to Kdhlerian manifolds.

Let M be an almost contact manifold with structure tensors (¢, &, 7).
We shall prove that there exists a linear connection such that ¢, £ and 9
are parallel with respect to it, and whose torsion tensor field 7" is given by :

T(X,Y) = 2dn(X,Y) & + 9(Y)$X — 9o(X)pY

—  (OY) = 240X, ) £ + iX) (L)Y — oY) $(Let) X}

for all vector fields X and Y on M, where ® is the Nijenhuis’ tensor field
of ¢ (Th. 1).

Let us consider the tensor field ¢ of type (0, 2) on M given by:
9 X, Y) = —2dn(X, Y) + n(X)n(Y)

for all vector fields X and Y on M. We shall say that the structure (¢, £,
n) is non-degenerate if the tensor ¢ is a (pseudo) Riemannian metric on M.
Then, we shall prove that if the almost contact structure is non-degenerate,
there exists a unique linear connection such that ¢, £, 9 and ¢ are parallel
with respect to it, and whose torsion tensor field is the same tensor field as
given in Th. 1 (Th. 2).

By Th. 2, it follows that if the non-degenerate almost contact structure
on M is normal, then there exists a unique connection ¥ such that b, &
and ¢ are parallel with respect to it, and whose torsion tensor field T is
given by:

T(X,Y) = 2dn(X,Y)- £ + 5(Y)$pX — n(X) Y



74 K. MOTOMIYA

for all vector fields X and Y on M (Th. 3, [6], [8]). This linear connection
is closely related to the almost contact structure and will play an important
role in the subsequent paper [4]. Non-degenerate normal almost contact
manifolds are similar to Kihlerian manifolds. We shall study the geometric
properties on non-degenerate normal almost contact manifolds with respect
to the linear connection V obtained in Th. 3.

The author wishes to express his sincere thanks to Prof. N. Tanaka for
his kind guidance and many valuable suggestions and to Prof. S. Sasaki for
his precious advice.

1. On almost contact manifolds. In this paper the differentiability of
manifolds and tensor fields means always the differentiability of class C=.

Let M be a differentiable manifold of dimension 2z+1 (n=1). We
denote by X(M) the Lie algebra of all vector fields on M. An almost
contact structure on M is, by definition [7], a triple 3=(¢, £, n), where ¢ is
a tensor field of type (1,1) on M, £ is a vector field on M and 7 is a 1-form
on M, which satisfies the following conditions:

(1.1 (X)) = —X+9gX)-& forall XeX(M);
(1.2) 7E) =1.

We have the following equalities from equalities (1.1) and (1.2):

1.3) (&) =0;
(1. 4) APX) =0 for all Xe<XM).

On any almost complex manifold, we have known that there exists a
linear connection such that the almost complex structure is parallel with
respect to it. We shall find such a connection on a manifold with (¢, &, 9)-
structure (cf. [8]).

THEOREM 1. Let M be an almost contact manifold with structure
tensors (¢, £, ). Then, there exists a linear connection such that the funda-
mental tensor fields ¢, & and 7 are parallel with respect to it, and whose

torsion tensor field T is given by:

(1.5) T(X,Y) = 2dn(X,Y)-£ + n(Y)$X — n(X)$Y

- % (DX, Y)—2dn($X, ¢Y) - £+ 9(X) (L) Y —5(Y) p(Legh) X3
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Sfor all X,Y € (M), where L, means the Lie derivation with respect to £
and ® is the Nijenhuis’ tensor field of the tensor field ¢ of type (1,1), i.e.,

DX, Y) = —¢’[X,Y] + ¢[oX, Y] + ¢[ X, Y] — [¢X ¢Y]
for all X,Y € X(M).

LEMMA 1.1. Let M be the same manifold as in Theorem 1. There
exists a linear connection such that the two. tensor fields & and 7 are

parallel with respect to it, and whose torsion tensor field T is given by :

(1.6) TX,Y) = 2dy(X,Y) &
for all X,Y € X(M).

PROOF. - We have known that there exists a torsion-free linear connection

< such that the vector field £ is parallel with respect to it [3]. Let A be
the tensor field of type (1,2) given by:

AX)Y = (Vyn)¥)-£  forall X,YeX(M).

Making use of the above tensor field A, we define a new linear connection
¥V by:

Vi = V.Y + AX)Y for all XY e X(M).
By condition (1.2) and the properties of the connection YV, we have

(Vam)(§) =0,
(VX)) — (Ve)(X) = 2dn(X,Y) for all XY e XM).

Therefore, we have
Vi = Vi + AX)E = (V) =0,
(Vm(¥) = (Vam¥) — n(AX)Y) =0,
and
TX,Y)=AXY - AW) X = (Va)(¥) = (Vem)(X)} - £ = 2d9(X,Y)-E.

Thus Lemma 1.1 is proved.
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PROOF OF THEOREM 1. Let A be the tensor field of type (1,2) given
by :
AX)Y = (V) X — (Vi) oY + d(V)Y + (V) X
— 9(Y) $(Vep) X — 49(X) Y

for all X,Y € X(M), where ¥ is the linear connection in Lemma 1.1. Then,
we have the following four equalities.

L7  AX)E=0;

1.8) 2(AX)Y)=0;

L9  AX)¢Y —pAX)Y) =4V Y;

110 AXY - AY)X = ®(X,Y) — 2d5$X, pY)-£ + 9(X) p(Lep)Y
— 9V P(Lp) X + 49(Y)$X — 4n(X) $Y

for all X,Y ¢ X(M). In fact, by equalities (1.1) ~(1.4) and the properties
of the connection Y, we obtain

(1.11) (Vi) € =0;
(1.12) 2(V)Y)=0;
(1.13) (Vi)Y + (Vi) $Y =0

for all X, Y € X(M). Therefore, (1.7), (1. 8) follow from equalities (1.3), (1.4)
and equalities (1.11), (1.12). Using equality (1.1) we have

A(X) ¢Y — $(AX)Y)
= {(Vord) X = (Vi)Y + $(V)dY + §(V o) X — 49(X) $*Y)
— (TP X — (V) dY + P (V)Y + ¢*(T2) X — oY) 9*(Tep) X
— 4(X) $*Y}
=2V Y + 26(T29)dY — sV )T — o(Va)Y)- £ — o(Ve) X)- £
+ 9¥) 5(Vep) X)- € .

By equalities (1.11) ~ (1. 13), we obtain
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AX) ¢Y — $AX)Y) = 2(V2$) Y — 2%V x) Y
= 4AVxp)Y — 29(Vx$)Y)-
=4V, Y.
AX)Y — AY)X = (Vord) X — (V) $Y + $(Ta) Y + ¢(V 1) X
— 1N H(Vep) X — (X)$Y} = (Voxd)Y — (Vr) X + $(Vrd) X
+ §(Vxp)Y — nX)$(Veh) Y — 45(Y) X}
= — ¢ (VsY — ViX) + ¢(VerY — VidX) + (V20Y — VyrX)
—(VexdY = VordpX) + (X)) (V)Y — n(Y) $(V ) X
— 4n(X) @Y + 4n(Y) ¢ X
= — ¢[X, Y] + ¢[9X, Y] + 6[X, ¢Y] — [$X, ¢Y]
— ¢ T(XY) + ¢-T($X,Y) + ¢-T(X, ¢Y) — T($X, ¢Y)
+ (X)) d) Y = 9Y) $(Ved) X — dn(X) Y + 4n(Y)$pX
= DX, Y) — 2dn$X,$Y) £ + n(X) $(Veh)Y — n(V)$(Ve) X
+ 49(Y) ¢ X — 49n(X) ¢pY .

On the other hand, we have
$(Vep) X = $VpX — ¢*V. X
= ¢([£, $X]) — ¢*(£, X)) + ¢- T (&, ¢X) — ¢+ T (£, X)
= ¢l§, ¢ X] — ¢’[§, X] = ¢(Led) X

Hence, (1.10) follows.
Now, making use of the tensor field A given above, we obtain the linear
connection V defined by :

VY =Y - —‘ll—E(X)Y for all XY ¢ X(M).

Then, since equalities (1.7) ~(1.10) hold, we can show that the linear
connection Y satisfies the conditions in Theorem 1. Q.E.D.
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2. On non-degenerate almost contact manifolds. Let M be an almost
contact manifold with structure tensors (¢, £, 7). We consider the tensor field
g of type (0, 2) on M defined by:

9(X,Y) = = 2dn(X, Y) + 9(X) n(Y)
for all X)Y € X(M).

DEFINITION 1. An almost contact structure (¢, &, n) on M is called
non-degenerate if the tensor field g is a (pseudo) Riemannian metric on M,
i.e, for each peM, ¢, is a non-degenerate symmetric bilinear form on
T (M)xT (M), where T (M) is the tangent space at p.

REMARK. If an almost contact structure (¢, £, 7) is non-degenerate, the
following two conditions hold:

2.1 dn(¢pX,¢Y) =dn(X,Y) forall X, YeX(M);
(2.2) n is a contact form, i.e, at each p e M,
Adn)y A\ -+« A (dy),>=0, where dimM=2n+1.
n-times

In fact, (2.1) follows from the symmetry of ¢, and (2.2) follows from
the fact that ¢ is non-degenerate, and equalities (1.3) and (1.4). Conversely,
if an almost contact structure (¢, £, n) satisfies conditions (2.1) and (2.2),
the structure (¢, £, ») is non-degenerate.

On the other hand, we see that condition (2.1) is satisfied if the
structure (¢, £, 7) is normal, i.e.,

2.3) BX,Y) — 2dn(X,Y)-£ =0

for all X,Y ¢ (M), where ® is the Nijenhuis’ tensor field of the tensor
field ¢ of type (1, 1) [8].

Now, for the sake of simplicity, we denote by I the tensor field of type
(1,1) given by:

IX=X+Lp)X forall XeXM).

THEOREM 2. Let M be a non-degenerate almost contact manifold with

structure tensors (¢, £, ). Then, there exists a unique linear connection \J
such that the fundamental tensor fields ¢, & n and ¢ are parallel with

respect to it, whose torsion tensor field T is given by:
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T(X,Y) = 2dn(X,Y)+ £ + n(Y)$X — n(X) Y
—~ 711‘ [@X,Y) — 2dn(¢X, $Y)-£ + n(X)$(Lp)Y —n(Y)$(Lip) X}

Sor all X,Y ¢ X(M).

Let M be a non-degenerate almost contact manifold with structure
tensors (¢, £, 7). We have the Riemannian connection ¥V on M. With
respect to the Riemannian connection YV, we have

2.4 24(VaY, Z) = X-g(Y, Z) + Y -y(Z, X) — Z-g(X, Y)
+ 9(X, Y], Z) + 9((Z, X]),Y) — 9(IY, Z], X)
for all XY, Ze X(M).

LEMMA 2.1. Let M be a non-degenerate almost contact manifold with
structure tensors (¢, &, 7). We have:

(2.5) Ln=0;

(2.6) (Leg)(X,Y) = 2dn((Lep) X,Y) ;
@2.7) 2V £ = —¢-IX;

(2.8) (Van(¥) = dn(IX,Y)

for all X,Y € 22(M).
PROOF. By condition (2.1), we have
dn(X,Y) + dn(X,¢Y) =0 for all X,Ye2X(M).
This equation implies that
dn(X,€)=0  for all Xe2X(M).

Hence (2.5) follows. Since the Lie derivation L, commutes with the exterior
differential d, (2.6) {follows from (2.5) and the definition of g¢. Using
equation (2.4), we obtain
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=X-n(2) - Z-9n(X) — (X, Z)) + (Ley)(X, Z)
=2dn(X,Z) + 2dn(L) X, Z)

Hence, since ¢ is non-degenerate, (2.7) follows. Since V¢ =0 and ¢(.Y)
=) for all Y € X(M), we have

g(Vi£Y) = (V) forall X, YeX(M).
Therefore, (2. 8) follows from (2.7) and the definition of g¢. Q.ED.

LEMMA 2.2. Let M be a non-degenerate almost contact manifold with

structure tensors (¢, E,m). Then, there exists a linear connection Y such
that the three tensor fields &, n and ¢ are parallel with respect to it, whose
torsion tensor field T is given by:

T(X,Y) = 249X, ¥) - £ + - (n(¥) - IX = n(X) ¢ - IY)
Sor all X,Y e 2(M).
PROOF. Let A be the tensor field of type (1,2) given by:

AX)Y = (n(V)$- IX + 2dn(IX, Y)-£)

for all X,Y € 2(M). Making use of the Riemannian connection ¥, we have
the linear connection Y/ given by:

VY = VY + AX)Y forall X, YeX(M).
By Lemma 2.1, we have
Vit = Vit + AX)E = Vit +%_¢-1X=o,

(V@) = (Van)¥) = 9(AX)Y) = (Va)(¥) — dn(IX,Y) = 0.

For all X,Y,Ze (M), we have
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(Vg)X.Y) = (V)X Y) = g AD X, Y) - g(X, AZ)Y)
= —[YADX,Y) + 9 X, AD)Y)} .
On the other hand, we obtain
JADXY) = - 1(X) g+ IZ,Y) + g(dnIZ, X)-£,Y)
= —n(X)dn(IZ,Y) + n(Y)dn(IZ, X) .
Hence, we obtain

g AZ)X,Y) + ¢(X, A(Z)Y) = 0.

Therefore, it follows that ¢ is parallel with respect to the connection V.
Since the Riemannian connection Y/ is torsion-free, we have

T(X,Y) = AXY = AV) X = - ((¥)$- IX — o(X)$- IV}
+dy(IX,Y)- & — dy(IY, X)-&
=5 V)$-IX = n(X)$-IY} + 2d9(X, Y)-E.
Thus Lemma 2.2 is proved.

PROOF OF THEOREM 2. We shall prove Theorem 2 in the same way
that we proved Theorem 1. Let A be the tensor field given by:

AX)Y = (Verd) X — (V) ¢Y + $(V1h)Y + (V) X
— (V) (V) X + 29(X) ¢Y

for all X,Y e ¥(M), where ¥V is the linear connection in Lemma 2.2.
Making use of the tensor field A given above, we define a linear connection

¥V by:

VY =9.Y — %/K(X)Y for all X,Y ¢ X(M).

Since £ and 7 are parallel with respect to the linear connection ¥, it follows
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from the proof of Theorem 1 that the three tensor fields ¢, £ and 5 are
parallel with respect to the linear connection v.

Next, we shall show that Yy =0. Since Vg =0, it is sufficient to
prove the following equality :

2.9) 9 AZ) X, Y) + ¢(X, AZ)Y) = 0

for all X,Y,Ze X(M). Since £ 7 and g are parallel with respect to the
linear connection Y/, we obtain

J(V) X, Y) = —2(V.dp)(X,Y) forall X,Y,ZeXM).
Therefore, we have
JAZ)X,Y) + ¢(X, A2)Y)
= g(Vox$) Z— (V1) $ X+ (7 20) X+ $(V 3¢) Z—y(X) $(V o) Z+20(Z) X, Y)
+ 9(Vor) Z—(V ) $Y +$(V 24) Y +$(Vr) Z —n(Y) $(V ) Z +20(Z) Y, X)
= (V) Z,Y) — g(Vr$) Z, X)) + {g(Vard) Z, X) — 9(V x$) Z, $Y)}
— 2{g(V:$) X, $Y) + g(@Y, (V) Y)} + 20(Z){9($X,Y) + g(¢Y, X)}
+ 2(X) g(V ) Z, $Y) — 9n(Y) (V) Z, $X)
= 2{Veldn)(¥, Z) + Veldn)(Z,$X)} — 2{V r(dn)(Z, X) + (Vxdn)$Y, Z)}
— 29(X) Vdn)(Z, ¢Y) + 29(Y) V(dn)(Z, $X) .
On the other hand, we have the following equality :
(2.10) VAdn)(Y, Z) + Veldn)(Z, X) + Vadp)(X,Y) =0
for all XY, Z e X(M). In fact, we obtain
VLAY, Z) + V¥dn)(Z,X) + Vdn)(X,Y)
= — 1 AoV $-IX — n(X)$+ 1Y, Z) + do(n(Z)$+TY — 7(Y) $-1Z, X)

+ dy(y(X) ¢ 1Z — 9(Z) ¢+ 1X,Y)}
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= 7(X){dn(p-IY, Z) + dy(Y,$-I1Z)} + n(Y){dn(Z, ¢-IX) + dn(¢-1Z, X)}
+ 9(Z2){dn(X, $-1Y) + dn(¢-IX,Y)} = 0,
because it follows that
¢ (Lep) + (Lep)p =0,

and dy((Lyp) X,Y) + dn(X, (L:)Y) =0 for all X,Y € X(M). Hence, making
use of equality (2.10), we obtain

g AZ)X,Y) + g(X, AZ)Y)

= =2V (dn)@$X,Y) + 2V (dn)(X, $Y)
= 9((V29) $X,Y) — 9(V29) X, $Y)
= 9(V) $X + $(V24) X,Y) = 0,

which implies (2.9).

Now, we shall prove the following equality :
2.11) AX)Y — AY)X = &(X,Y) — 2dn(X,Y)-£
— (X)p(Le)Y + n(Y)$(Lep) X + 29(X) Y — 29(Y) X

for all X,Y € X(M). In fact, from the proof of Theorem 1, we have

AX)Y — AY) X = (X, Y) + 7(X) (L)Y — n(¥)p(Lep) X
— ¢ T(X,Y) +¢-T(9X,Y) +¢-T(X,¢Y) — T($pX,¢Y).
On the other hand, we obtain
—¢*-T(X,Y) + - T#X,Y) + ¢- T(X, ¢Y) — T($X, ¢Y)
= — ¢ (n(V)p-IX — n(X)$p-IY} + n(Y)¢p*- - ¢ X — n(X)¢p*- I-¢Y
— 2dn(¢X, $Y)-&
= 29(Y) (L) X — 2n(X)p(Le)Y — 2dn(X,Y)-E,

which implies (2.11). Since the torsion tensor field T of the linear connec-
tion ¥ is given by:

T(X,Y) = T(X,Y) — _31_ AX)Y — AV)X) for all X,YeXM),
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it follows from equality (2.11) that there exists the linear connection which
satisfies the conditions in Theorem 2. Uniqueness of the linear connecion
is proved in the sime way that we prove uniqueness of the Riemannian
connection. Thus Theorem 2 is proved.

REMARK. We have been orally communicated from N. Tanaka that
every pseudo-convex hypersurface M in a complex manifold N admits an
almost contact structure (¢, £, ») which safisfies the following conditions :

(@ (¢, &, n) is non-degenerate and the pseudo-Riemannian metric ¢ is
positive definite;

(b)) N*X,Y) =®(X,Y)—2dn(¢pX,$Y)-E—n(X) (L)Y +7(Y) p(Lep) X =0
for all X,Y ¢ 22(M) (cf. [9]).

It follows from Theorem 2 that the almost contact structure (¢, &, 7)
admits a unique connection Y such that V¢=VE=Vy=Vg =0, and whose
torsion tensor field 7" is given by :

TX,Y) = 2dn(X,Y)-£ + n(Y)$X — n(X)$Y
— - OLPY — (V) $(Le) X}
for all X,Y « 22(M).

3. On non-degenerate normal almost contact manifolds. Let M be
a non-degenerate normal almost contact manifold with structure tensors
(¢,&,7), that is, a non-degenerate almost contact manifold such that the
structure (¢, £, ) satisfies the condition (2.3) ([7]).

THEOREM 3. ([6],[8]). Let M be a non-degenerate normal almost
contact manifold with structure tensors (¢, E,n). Then there exists a

unique linear connection ) such that the fundamental tensor fields ¢, &, n
and g are parallel with respect to it, whose torsion tensor field T is given
by:

T(X,Y) = 2dn(X,Y)-£ + n(Y)$pX — n(X)$Y
Sor all X,Y € 26(M).

PROOF. Since the (¢, &, g)-structure is normal, equailty (2.3) holds.
Hence it follows that Lip = 0. Therefore, Theorem 3 is proved from
Theorem 2.
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REMARK. Conversely, it follows that if there exists a linear connection
on a non-degenerate almost contact manifold with structure tensors (¢, &, )
which satisfies the conditions in Theorem 3, then the (¢, &, 5)-structure is
normal.

A non-degenerate normal almost contact structure is similar to a
Kéhlerian structure. We have the following eguality which holds on
Kihlerian manifolds.

PROPOSITION 1. Let M be a non-degenerate normal almost contact
manifold with structure tensors (¢, £, 7). Let R denote the curvature tensor
field of the linear connection N/ obtained in Theorem 3. Then we have

R($X,¢Y) = R(X,Y)
for all X,Y ¢ X(M).

To prove Proposition 1, we shall show that the following equalities hold.

LEMMA 3.1.
3.1) ¢-R(X,Y) = R(X,Y)-¢;
(3.2) RX,Y)E=0;
(3.3) 7-R(X,Y) =0

for all X,Y € X(M).

PROOF. Since ¢, £ and 5 are parallel with respect to the linear connec-
tion Y/, we obtain the above three equalities.

LEMMA 3.2.
(3.4) C{R(X,Y)Z} = 6{—2dn(X,Y)$Z}

forall X, Y,Z e (M), where €{P(X,Y, Z)} denotes the sum of the expression
P(X,Y,Z) over the cyclic permutation (X,Y,Z), Y,Z,X) and (Z,X,Y).

PROOF. By V7T =0 and the Bianchi’s identity : for all X,Y,Z < (M),
C{R(X,Y)Z} = C{T(T(X,Y), Z)} + C(V )Y, Z)}, it is sufficient to show
the following equality :
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(3.5) C{T(T(X,Y), Z)} = C{—2dn(X,Y)$pZ}

for all X,Y,ZeX(M). Since T(X,Y)=2dn(X,Y) £ + n(Y)pX — n(X) Y,

we obtain

T(T(X,Y),Z) = 2dn(T(X,Y), Z)- £ + n(2)$-T(X,Y) — n(T(X,Y))+$pZ
= 2{n(Y)dn$X, Z)+ £ — n(X)dn($Y, Z)- £}
+ 2(n(Y) n(2)$2X — n(Z) n(X)$*Y} — 2dn(X,Y)-$Z,

which implies (3. 5). Q.E.D.
LEMMA 3.3.

(3.6) JRX,Y)U,V) = —gU,RX,Y)V);

3.7 JRX,Y)U,V) — g(RU,V)X,Y)

for all XY, U,V e X(M), where ¢ is the pseudo-Riemannian metric given
in §2.

PROOF. By Vg =0, we have
Z-9X,Y) = g(VaX,Y) + g(X, VaY)

for all X,Y,Z e X(M). Making use of this equality succesively, we obtain
(3.6). By Lemma 3.2, we have

JCRX,Y) UL, V) = g@{—2dn(X,Y) U}, V),
J@RY,U)V}, X) = g@{—2dn(Y,U) ¢V}, X),

— 9@ {RU, V) X},Y) = —g(6{—2dn(U, V) $X},Y),

and
— g IRV, X) Y}, U) = —g(@{—2dn(V, X) $Y},U).

Summing up the four equalities and using equality (3.6), we have
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2§R(X,Y)U,V) — 29(RU,V) X, Y)
= —4{dyX,Y) g(U, V) — dn(U,V) y(¢X,Y)} .
Hence (3.7) follows. Q.E.D.

PROOF OF PROPOSITION 1. Making use of equality (3.7) repeatedly, it
follows from Lemma 3.1 that

JR@X, $Y) U, V)
= g(R(U, V) $X, $Y) — 2{dn($X, ¢Y) g(dU, V) — dyU, V) g($*X, $Y)}
= g@RWU, V) X, $Y) — 2{dn(X,Y) gU, V) — dn(U, V) g(¢X,Y)}
= gRU,V) X,Y) = 2{dn(X,Y) g@U, V) — dn(U,V) g(¢X, Y)}
= g(RX,Y)U,V).

Since ¢ is a pseudo Riemannian metric, Proposition 1 is thereby proved.

A non-degenerate almost contact manifold with structure tensors (¢, &, 5)
has the pseudo Riemannian metric ¢ which is related with the almost
contact structure (¢, £, n). We have studied Riemannian geometric properties
on non-degenerate normal contact manifolds (cf. [6], [8],---).

Now we shall study relation between the linear connection Y obtained
in Theorem 3 and the Riemannian connection Y with respect to the pseudo
Riemmanian metric g. From the construction of the linear connection %,

we have
%J=VJ+%AMW
for all X,Y € X (M), where A is the tensor field of type (1, 1) given by:
AX)Y =2dn(X,Y)-§ + n(X)9Y — 5(¥) X

for all X,Y « 22(M) [6].
Let R (resp. R) denote the curvature tensor field of the linear connection
v (resp. V). We have

PROPOSITION 2.

mxm=mxn+%£mn
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for all X,Y € X(M), where B is the tensor field of type (1,3) given by:
BX,Y)Z =2{n(Y) dn(¢pX, Z) — n(X) dn(¢Y, Z)} - & — 9(Z) n(Y) X
+ 92y n(X)Y — 2dy(Y, Z)-$X + 2dn(X, Z)-$Y — 4dn(X,Y)-$Z.

PROOF. Since VA = 0, it follows that, for all X,Y € X (M),

R(X, Y) = %x%xf - %Y%X'— g[x,n
= %XVY + %_\'(“%‘ A(Y)> - %J’VX - %Y (% A(X)> - %[X,Y]
_ 1 1 = 1 =
= VxVy + TA(X) Vr + TA(VXY) + TA(Y)VX

— VsV — 5 AX) Va2 ATX) = AX) Vs
~ Vien — A(X,Y)

=R(X,Y) + %{A(A(X) Y)— A(A®Y) X)— AX) A(Y)+ AY)AX)].

On the other hand, we have

AARX)Y) Z = 2(n(Y) dn($X, Z) — n(X)dn($Y, Z)} - &
= 9(Z2) )X + n(2)n(X)Y — 2dn(X,Y)-$Z,

and
AX)A(Y)Z = 2{n(Z) dn(X, ¢pY) — n(Y) dy(X, pZ)} - £
+ 9(X) n(2D)Y - 9(X)9(Y)Z + 2d9(Y, Z)-$X .

Hence we see that for all X,Y,Ze X(M),
BX,Y)Z = AAX)Y)Z - AAY)X)Z - AX)AY)Z + AAX)Z
=2{n(X¥)dn(¢X, Z) — n(X)dn($Y, 2)} - £

=9 nX)X + o(Z)n(X)Y — 2dn(Y, Z)-$X + 2dn(X, Z)-¢pY
— 4dn(X,Y)-$Z.

This completes the proof of Proposition 2.



ALMOST CONTACT MANIFOLDS 89

Let S (resp. S) be the Ricci tensor field of the linear connection ¥
(resp. V). We have

PROPOSITION 3. For all X,Y e X(M),

S,Y) = SEY) + £ gX, Y) + P yx)nw),

where dim M = 2n+1.

COROLLARY. S is also symmetric, i.e.,
SX,Y)=38(Y,X) foral X,YeXM).
PROPOSITION 4. For all X,Y,Z e 22(M),
(VRYX,Y) = (V.RX,Y) + AZ)R(X,Y) — RX,Y) A(Z)
— R(A(Z)X,Y) — R(X, A(Z)Y).
PROOF. Since VB =0, we have
(V2R)(X,Y) = (VR)(X,Y)
= [V R(X,Y)] — R(VzX,Y) — R(X, VzY)

= (V:R(X,Y) +[AZ), RX,Y)] — RAZ)X,Y) — R(X, AZ)Y).
QE.D.

COROLLARY. If VR = 0, then we have
(VR)(X,Y) = [R(X,Y), A(Z)] + R(A(Z)X,Y) + R(X, A(Z)Y)

for all X,Y,ZeX(M).

BIBLIOGRAPHY
{11 W. M. BooTHBY AND H. C. WANG, On contact manifolds, Ann. of Math., 68(1958),
721-734.
[21 J. W. GrRAY, Some global properties of contact structures, Ann. of Math., 65(1959),
421-450.

[31 S. ISHIHARA AND M. OBATA, On manifolds which admit some affine connection,
Journ. of Math. 1(1953), 71-76.
[4]1 T.KAaTd aAND K. MoTOMIYA, A study on certain homogeneous spaces, to appear.



90 K. MOTOMIYA

[51 S. KoBAYASHI AND K. Nomizu, Foundations of Differential Geometry, Volume 1,
Interscience Tracts No. 15, John Wiley and Sons, New York, 1963.

[6] M. OKUMURA, Some remarks on space with a certain contact structure, Tdhoku Math.
Journ., 14(1962), 135-145.

[71 S. SAsAKI, On differentiable manifolds with certain structures which are closely related
to almost contact structure 1, Tohoku Math. Journ., 12(1960), 459-476.

[81 S. SASAKI AND Y.HATAKEYAMA, On the differentiable manifolds with certain structures
which are closely related to almost contact structure II, Todhoku Math. Journ., 13
(1961), 281-294.

[91 N. TANAKA, On generalized graded Lie algebras and geometric structures 1, to appear
in Journ. Math. Soc. Japan.

RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES
KYOoTO UNIVERSITY
KYOoTO, JAPAN





