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1. Let τv=f(z) be a non-constant single-valued meromorphic function in
a domain D on the complex 2-plane and let Φf be the covering Riemann
surface generated by the inverse function of τv = f(z) over the extended
complex w-plane. Take a regular point q0 € Φf lying over the basic point
zvo=f(zo) (Φ°°) and consider the longest segment U on Φf which starts from
qQ, consists of only regular points of Φf and lies over the half straight line
3Xg{zv — w0) = θ (0 :fg θ <C 2π) on the tc-plane. Here a regular point of Φf is
a point of Φf not being an algebraic branch point. If U has finite length,
then IΘ is said to be a singular segment with its argument θ of Φf. The set

of union \J IΘ is clearly a domain and is called a Gross' star region with

the centre q0 on Φf.
If for any Gross' star region on Φf the measure of the set of arguments

of all singular segments equals zero, then we say that the function f(z) or
Φf has the Gross property. Further, if any non-constant single-valued
meromorphic function in D has the Gross property, then we say that the
domain D has the Gross property. This was first discussed by Gross [2] for
meromorphic functions in the finite £-plane \z\ < +°o and, later, Yύjόbό [6]
extended Gross' theorem in the following form (cf. Noshiro [5]):

If the boundary of D is of logarithmic capacity zero, then D has the
Gross property.

2. Suppose that a domain D has an exhaustion [Dn}n=ι which satisfies
the following conditions

i) the domain Dn is compact relative to D and the boundary Cn of Dn

consists of a finite number of closed analytic curves,

ii) Dn = DnuCncDn+1,

iii) the open set Dn+1—Dn consists of a finite number of doubly connected
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domains DJ

n (J = 1, , N(n)\

iv) each connected component of D—Dn is non-compact with respect to

D and

v) each connected component of D— Dn contains at most p domains

Every domain D3

n can be mapped onto an annulus 1 < | ω | < RJ

n on the
ω-plane in a one-to-one conformal manner. We denote by TJ

n the inverse
image of the circle \ω\ =*y RJ

n . The quantity Rl is called the harmonic
modulus of Di We put Rn = Min RJ

n.

Let f(z) be a single-valued meromorphic function in the domain D and
suppose that each boundary point of D is an essential singularity of f{z).
On the exceptional values of f(z), Matsumoto [3] proved the very interesting
theorem which can be stated as follows (cf. Carleson [1]) :

If Rn-+ +oo (?z-*oo), then the number of exceptional values off{z) in
Picard's sense in any neighborhood of every essential singularity is at most

In the proof of this theorem, it plays an important role that spherical
length of the image curve of YJ

n by zv = f(z) tends to zero as n —» oo. This
follows from the assumption Rn—> +oo (τz->oo) in the theorem and from the
following lemma (cf. [3]).

LEMMA. Let g(z) be a single-valued meromorphic function in an
annulus 1 fg \z\ ^ R. If g{z) does not take three values wly zv2 and zv3 i?ι
the annulus, then there exists a positive constant A depending only on zvl9

zv2 and vυ3 such that spherical length of the image of \z\ =Λ/R by zv = g(z)
does not exceed

3. It seems to be of some interest to discuss the Gross property of a
given function in connection with the above Matsumoto's theorem. Here we
prove the following theorem from this point of view.

THEOREM. Suppose that the domain D in the z-plane has an
exhaustion {Dn}n=i satisfying i), ii), iii), iv) and

vi) Inn - ^ = 4 = 0 .

Let f(z) be a single-valued meromorphic function in D with an essential
singularity at every boundary point of D. If f(z) has at least three
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exceptional values in Picard's sense in some neighborhood of every essential
singularity, then f{z) has the Gross property.

PROOF. First we note that the assumption vi) implies that the boundary

E of D contains no non-degenerate continuum. For every ζ <ε E we can find

a positive integer mζ and a connected component Gm of the open set D—Dm

such that the boundary of Gm contains the point ζ and such that the function

f(z) does not take at least three values in Gm . Denote by Gmζ the open set

of union of Gmξ and its boundary contained in E. Letting Gmζ correspond to

the point ζ € E, we get an open covering [Gmζ}ξ€E of the set E and can choose

a finite number of points ζγ, , ξv of E so that the union \lGm covers E.
fc = l

Put m0 = Max(?τz?1, , mζv). Clearly f(z) does not take at least three values

in each connected component Fi9 (j = l, , N(m0)) of D—Dmo. We denote by
w{ (ί = l,2,3) the three values not taken by f(z) in Fl0 and by [wk]

ι

kssl ( ί ^ 3 )
the set of all points w{ (1 ^ i ^ 3, 1 ^j ^ N(m0)). It is obvious that f{z)
does not take at least three values among wu ywι in any connected
component of D—Dn for n^mOy so in any DJ

n (1 fg j ^ N(rί)) for n^:m0.
N(n)

From Lemma stated in §2, spherical length L(n) of the image of \J^ί by
3 = 1

w =f(z) does not exceed AN{n)/^/Rn for n g: m0> where A is a constant
depending only on zvλ, , TXV

Consider any Gross' star region S on the covering Riemann surface Φf

generated by the inverse function of w=f(z) on the extended ze -plane. It
suffices to show that the set of arguments of all singular segments of S,
which end at accessible boundary points of Φf, is of outer measure zero.
This can be easily seen from vi) and from the fact L(ή) rg AN(n)/^R~ for
n g: m0. Thus we get our Theorem.

4. Here we shall show the existence of a domain D and a function
zv=f(z) satisfying conditions of Theorem by giving an example.

Consider a general Cantor set E(ply p2, •) on the w-plane. This set
is constructed as follows. Let pn (n ^ 1 ) be a positive number greater than
1 and delete an open interval with length 1 — 1/pi from the closed interval
Jo = [ — 1/2,1/2] on the real axis of the w-plane so that there remains the
closed set 7X which consists of two closed intervals I\ (z* = l, 2) with equal
length lι = l/2pi. In general, if In consists of closed intervals Iί (z' = l, , 2n)
of equal length ln =l/(2npι pn), we delete an open interval of length
ln(l — l/pn+1) from every I* so that there remain two closed intervals ilVΛ
7Ϊ+1 (ί = 1, , 2») with equal length l/(2*+1 & . . . pn+1). The set E(ply ft,. . •)
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oo

is the set of intersection j \ In. It is known that E(pL, pt, ) is of positive
π=l

logarithmic capacity if and only if

(cf. Nevanlinna [4]).

Denote by F the complementary domain of E(pl9 p 2,
m ) with respect to

the extended w-plane. We describe circles

Kl: \w\= 1, Ki: \zv-wi\ = rn (n ̂  1, 1 ̂  i ̂  2n)

in ί*, where τvι

n is the middle point of 1%, rn = (1— ) and
2n PoPi ' ' ' Pn-Λ *Pn '

po = l. Clearly K™'1 and Kl1 are tangent outside each other and if

( 2 ) 1 + 2pn.1pn>3pn (n^2),

then Kl1-1 and K? are enclosed by K*^ (l^n, 1 ̂  i ̂  2n~ι). Let i^ be the

doubly connected domain surrounded by three circles Kll~\ Kl1 and K*-i

(n ̂  1) and let Fn be the domain bounded by \^JKϊ and containing the point
i=l

z = oo in its interior. We make a slit Li in every F^ such that Li is

contained in \w—t^n-il ^ 2rn and only one end point of Li lies on Kl

and we put

= F-\J\jLi-Ll, (k = 1,2),

= F- \J \J L« - L* , (*=1, , 2")

First we connect two replicas of F 0 with each other crosswise across the

slit LI and denote by F° the resulting surface which has two free slits
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corresponding to every L\ (£ = 1,2). Next we take a replica of F£, connect it

with Fo crosswise across a free slit corresponding to Lί and proceed this

process for all free slits of Fo corresponding to h\ (£ = 1,2). Thus we get

the resulting surface Fι which has 2(1+2) sheets and 2(1+2) free slits
corresponding to each h\ (£ = 1, , 22). In general, we connect a replica of

Fl with F71'1 crosswise across a free slit corresponding to L* and proceed this

for all slits of Fn~ι corresponding to LI {k — 1, , 2n). Thus we get the
n

surface Fn with ll (1 + 2*) sheets. Continuing the procedure indefinitely, we

obtain the surface F of planar character which covers no point of the set

E(pl9 p2, ). This surface F is considered as the limiting surface of Fn and

every Fn is a subdomain of F. Denote by Fn the part of Fn lying over Fn+1.

It is not so difficult to see that {Fn}n~i is an exhaustion of F and that the
-_ n-l

number of doubly connected components Fi of Fn+1~Fn equals 2 7 Z Γ I ( l + 2 i ) .

Clearly the harmonic modulus Ri of Fi is independent of z. Putting Rn = Rι

ny

we easily have

1 -

Rn>P.+1 % * - =
1 _ •*•

because F£ contains the univalent annulus lying over 2rn+2 <.\w — wί

n+1\ <^ rn+1.

Now we map F onto a domain on the 2-plane in a one-to-one conformal
manner and denote by w=f(z) the inverse function of this conformal mapping.

If we denote by Dn the subdomain of D which is mapped onto Fn by

ΐv=f(z), then it is evident that {Dn}n=i forms an exhaustion of D and each

doubly connected component of Dn+1—Dn is of harmonic modulus Ri and the
n-l

number N(n) of these components is equal to 2n H (1 + 2*).

So, if we take pn such that

Pn ^ 2(n+1)°,

then (1) and (2) are valid and



REMARK ON THE GROSS PROPERTY 399

It is easy to see that w—f{z) has an essential singularity at every boundary
point of D and has E(plf p2, ) as the set of exceptional values in Picard's
sense in any neighborhood of its essential singularity. Thus we get an
example which guarantees the existence of a domain D and a meromorphic
function f(z) in D satisfying the assumption in our Theorem.

Further, as mentiond already, (1) implies that the set E(pu p2,
mmm) is of

positive logarithmic capacity, so we see from Nevanlinna's theorem [4] that
the boundary of D is also of positive logarithmic capacity. Hence Gross-
Yύjόbό's theorem stated in §1 can not imply the assertion of our Theorem.

It is still open whether the condition for the number of exceptional values
of f(z) in Theorem may be dropped or not.
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