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ON A THEOREM OF HAAR

MASAAKI SHIBA

(Received December 20, 1968)

Let {φn} be a set of functions which are orthonormal on [0, 1], W. Rudin
[ 3 ] (cf. A. Haar [ 1 ]) proved the following result.

PROPOSITION. (I) If φneBV [0, 1] (w = l,2, ), then V(φή)>An1/\

and

(II) if φn € Λx [0, 1] (n = 1,2, •), then N(φϊ) > An,

where A and A' are positive constants, V(f) is the total variation of f
€ BV[0,l], N(f) = sup| f(x)-f(y)\/\x-y\ for / e A.tO, 1] αnJ {<̂ n} ({^'}) «

a rearrangement of [φn] according to non-decreasing V(φn) (N(φn)).

Recently, J. J. Price [ 2 ] showed (I) under the conditions ^ |(φ m , φn)\ <oo

and Ĥ nlU = 1 (n = 1, 2, •) instead of [φn] € ON[Q, 1].
In this note we extend W. Rudin's result under a much weaker hypotheses

than those of J. J. Price.
Let {φn} be a set of functions in L2[0, 1] such that

( 1 ) W I 8 = 1 (zi = l ,2,-. .)

and

(2) Σ lfo.,9».)Γ<°°

^ l , l ^ / > ^ ° o ) (cf. [ 4 ] ) we put

(3) ^SCf) =

Then, we have the following.
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THEOREM. Under- the conditions (1) and [2\ if φn € Λ£[0,1] (n = 1,2, •)>
then

(i) for l^p^2 and l^

and

(ii) for 2t^p^°° and 1 ^

where A and A' are positive constants depending on the sum (2), p and OL>
and {<pn} is a rearrangement of {φn} according to non-decreasing iV£(<pn).

(1) and (2) are satisfied for {φn} £ ON[0,1], So we have (I) from (i) and
Nl(f)^A"V(f) for fzBV[0, 1]. We get (II) from (ii) for p= oo and ct = l.
Further, we have the result of J. J. Price by (2) and (i).

Now, we need the following lemma.

LEMMA. If f^h.v

a( — τr,π) and f is 2π-periodic, then

( 0 for l^ρ^2 and l^

( 4 )

and

{ιif) for 2^p^oo and l ^

where / - f ) fn ein* and Sn(f)= £ fke
ik\

P R O O F OF LEMMA. (Ύ) We have

f(x + h)-f(x-h)*2i Σ,fnsin(nh)ein*.
— oo

From Hausdorff-Young's inequality we get
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for l^

where l/ρ+l/p' = l. Putting h = π/2v+\ then

const. (

For \n\ ^

2^ 17 n I

.OP(2-P)/P

From 2ot+l>2/p, we have

(ii') ΛScΛ^ for ^>^2, so that by (i')

\\f-Sn(f)\\2 = O(n-a) for

T h i s is t h e best possible, because (cf. A . Z y g m u n d [ 4 ] )

oo

/ = Σ ^OogiDgfjixy^i/a+β 6 j±a (0<<X< 1),

but

! >AΣ
k>n
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PROOF OF THEOREM. From (1) and (2), we have easily the following

(5) Σ^ 2 ^^l l / l l2 2 for feUlO, 1] and ct =(/,<&),

where M i s a positive constant depending on the sum (2). Let {ψk} be a cosine
set on [0, 1] and we put

λ5 -=sup \\f-Sn(f)\U/Nζ(f) for /<ΞΛ2,
0<iVS(/)<oo

where f~~ Σ /nψΛ, £»(/) = Σ Λψ* a n d Λ = (/, ψ »). From the lemma,

we have

(Λ-<«+v*-i/i») for 1 ^ ^ 2 and l ^ Λ ^ 1 / ^ -

;θ(/2"α) for ^>^2 and l^

It follows from the definition of λ£ α that

Since {ψn} is a complete set,

Adding these inequalities for k = 1, 2, , m and applying (5), we get

m

m ^ ( λ £ α ) 2 Σ {NKφ^Y + M-n for every m and w.

This inequality holds for N%(φk), so putting n — [m/2M]y

m/2^(K'αm(φm)γ ?n.

From (6) we have the results.
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