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ON A THEOREM OF HAAR

MASAAKI SHIBA

(Received December 20, 1968)

Let {@,} be a set of functions which are orthonormal on [0, 1]. W. Rudin
[3] (cf. A. Haar [1]) proved the following result.

- PROPOSITION. (1) If @,<« BV [0, 1] (n=1,2,--"), then V(p,)>An",
and

D) if @neAy[0, 1] (n=1.2,--+), then N(g})>A'n,

where A and A’ are positive constants, V(f) is the total variation of f
€ BVI01), N(f)=sup| f(2)—fW)l/|x=y| for fe M0, 1] and {@a} ({ga}) is
a rearrangement of {@,} according to non-decreasing V(p,) (N(@,)).

Recently, J. J. Price [ 2] showed (I) under the conditions > [(@u, @,)| <oo

and |@,ll.=1 (n=1,2,--) instead of {gp,} € ON[O,1].

In this note we extend W. Rudin’s result under a much weaker hypotheses
than those of J.J. Price.

Let {@,} be a set of functions in L*[0, 1] such that

mxn

(L) l@nll. =1 (n=1,2,--+)
and
(2) Z [(@ms> @a)|* < o0,

For fe A2[0,1] O<a=1, 1=p=co) (cf. [4]) we put
(3) NE) = sup| f(-+R)—fOll/ | h]*

Then, we have the following.
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THEOREM. Under the conditions (1) and (2), if @, <€ A2[0,1](n=1,2,--"),
then

(i) for 1=p=2 and 1=za>1/p—1/2,
Ng(an)>Ana+1/2-l/p
and
(i) for 2=p=cc and 1zZa>0,
NYF ) > A'n%,

where A and A’ are positive constants depending on the sum (2), p and a,
and {$,} is a rearrangement of {@,} according to non-decreasing N¥g,).

(1) and (2) are satisfied for {@,} € ON[0,1]. So we have (I) from (i) and
NI =A"V(f) for fe BV[O, 1]. We get (II) from (ii) for p=oc0 and a=1.
Further, we have the result of J.J.Price by (2) and (i).

Now, we need the following lemma.

LEMMA. If fe Ai(—m,n) and f is 2n-periodic, then

(i) for 1=p=2 and 1=a>1/p—1/2

i = Su(f)ls = O-ria-s
and
(i) for 2=p=c and 1za>0

| f=Sa(H)ll: = O@™),
where f~§: ?,, e and S,(f)= > /J?ke“”.

|kl=n

PROOF OF LEMMA. (i) We have
fla+h)—fa—h)~2 S fasin(nh)e™=.

From Hausdorff-Young’s inequality we get
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PN 1/p’
<Z |fasin(nh)| "') = Al C+R)—f—m),
= 0" for 1=p=2,

where 1/p+1/p ' =1. Putting h=n/2"*', then

const.( > |?,,|r')wg( A sin(nhw')w

P len] <2 ¥ loin] <2V

= 02).

For 2+'< |n| =24,

F—SOli= T A=Y S (A

|n|>2# v=p 2v-1<|,n']§2u

oo ~ 2/p’ .
éz ( Z Ifn ‘p ) QvE-p)/P

V= VgVl =¥

é Bp,a Z 2—v(2a+1—2/p).

vep
From 2a+1>2/p, we have
= Su()lls = O(2-He2-m) = O w/a-m),
(i) AZcAX for p=2, so that by (i)
If=Sae=0@")  for feAl (p=2).

This is the best possible, because (cf. A. Zygmund [41])

f=3 entomegna/pitac A, (0<a<1),

n=1

but

Nf_Sn(f“)“ﬂz > A z 1/k1+2a —~ n-z;:'

k>n
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PROOF OF THEOREM. From (1) and (2), we have easily the following

(5) S el =MIfl for FeL*[0, 1] and ¢ =(f, @0

where M is a positive constant depsnding on the sum (2). Let {4~} be a cosine
set on [0, 1] and we put

Me=sup |f~SANI/NLS) for feAz,

0<Ng(f)<oo
where f~3" ?n‘l’m S.(NH=> ?k\ll‘k and ?n =(f, ¥»). From the lemma,
k=0

we have

(6) O(n~@*2=1p) for 1=p=2 and 1=a=1/p—1/2
6) A=
O(n ) for p=2 and 1=a>0.

It follows from the definition of AZ® that

Z (¢’k A= N 3(‘?!:))2-

izn+1

Since {yr,} is a complete set,
1=3" (Pe ¥ = NZ@)) + 2 (P ¥0)*
i=1 i=1
Adding these inequalities for £=1,2,-.-, m and applying (6), we get

m=2%)?Y" (N%@.)*+M-n for every m and n.

k=1
This inequality holds for N%(@,), so putting n = [m/2M],
m/2= Ny NP ) m.

From (6) we have the results.
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