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~ Introduction. In this paper we investigate hypersurfaces of real space
forms which satisfy certain conditions. Specifically, our results center around

analogues for real space forms of non-zero curvature of the following theorems
for Euclidean space.

THEOREM 0.1 (Nagano-Takahashi [1]). A homogeneous hypersurface in
Euclidean space is isometric to the Riemannian product of a sphere with
a Euclidean space provided that the second fundamental form has rank
different from 2 at some point.

THEOREM 0.2 (Nomizu [2]). A complete hypersurface in Euclidean
space whose curvature operator when extended to act as a derivation on
the tensor algebra at each point, satisfies R(X,Y)-R=0 (for all tangent
vectors X and Y) is congruent to the Riemannian product of a sphere with
a Euclidean space (embedded. as a cylinder over the sphere) provided that
the second fundamental form has rank=3 at some point. (We allow the
case when the Euclidean space has dimension zero in which case our
hy persurface is a sphere.) ’

In 81 we introduce the basic facts about hypersurfaces in Riemannian
manifolds and in particular in spaces of constant curvature. The real space forms
are mentioned together with the model hypersurfaces for the later classification
theorems. Finally, rigidity of hypersurfaces in real space forms is discussed.

The main local decomposition theorems are proved in §2. The structure of
the hypersurface is studied by looking at the distributions of principal vectors.
Section 3 is devoted to a classification of complete Einstein hypersurfaces of
real space forms and provides a global version of the work of Fialkow [3].

*) This paper is a part of the author’s doctoral dissertation written under the direction of
Professor K. Nomizu at Brown University. The research was done while the author held a
fellowship from the National Research Council of Canada.
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In section 4 we prove an analogue of Theorem 0.2 for hypersurfaces in
the sphere and also prove a local version for hypersurfaces in real hyperbolic
space. The homogeneous case is discussed in §5 and a new proof of Theorem
0.1 is obtained, together with results for the sphere and hyperbolic space.
Finally, in §6 we investigate the minimal hypersurfaces of real space forms
which satisfy one of the conditions previously studied.

All manifolds and differentiable functions will be of class C=. Any notation
not explicitly defined will be found in [4].

1. Hypersurfaces. Let M""' bte a connected Riemannian manifold. A
connected Riemannian manifold M™ together with an isometric immersion f of
M into M is called a hypersurface of M. If M admits two immersions f, and
f2 as hypersurfaces in M, (M, £,) and (M, f») are said to be congruent when
there is an isometry 7 of M such that fo=7of}.

For any immersion f of a manifold M™ into a manifold Mm** it is a familiar
notion that the tangent vectors to M may be considered as tangent vectors to
M and it is possible to talk about covariant differentiation in M of vector fields
along directions tangent to M. This idea is made precise by the following
formalism due to Dombrowski.

We say that Z is a vector field in M along f if

(i) Z is a differentiable map of M into T(M), and

(ii) the following diagram is commutative

T(M
Z (M)

M T

—

where 7 is the natural projection.

Let %,(M) denote the set of vector fields in M along f. £,(M) is a module
over $(M) in a natural way. It X € Z(M), then fxX € £,(M). Also if Y € (M),
then the restriction of Y, which we denote by f*Y, lies in x,(M).

Let §~7 be a Riemannian connection on M. Then it can be proved that there
is a unique mapping  : ¥(M)x X,(M)— £,(M) such that the following
formulae hold :

~
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(1) VinZ=VnZ+VnZ

(2) VHZi+2y) = VxZi+xZs

(3) VirnZ=9¢VaZ for ¢eI)

(4) V$Z) = X($of)Z+$xZ for ¢ FM)

(5) VW), = AT W) for all pc M and W e (M)
provided that fu(X,) = V.

In the case where (M", f) is a hypersurface in M"™' we may define £ € ¥ f(M)
subject to the following conditions :

i géf=1
) gESoX) =0 for all X e EQM).

Such a £ can always be defined locally and is referred to as a field of unit

normals. If M is simply connected and M is orientable, & may be defined
globally on M. Wherever £ is defined, it is uniquely determined up to a sign

by i) and ii). For each pe M, Tf(p)(]\Z) is the orthogonal direct sum of fy(T,(M))
and the span of £,. Since fy is one to one we can define, for X and Y in ¥(M),
VyY € (M) and h(X,Y)< R by the formula

VoY) = fi(VY)+ (X, Y)E.

It turns out that </ is just the Riemannian connection of M and that A is a
tensor field on M of type (0,2). Furthermore if we define the operator A on
tangent vectors to M by the equation

Vit = —fu(AX)

we can show that A(X,Y) = g(AX,Y) forall X and Y € X(M). A is a symmetric
tensor field of type (1,1) defined wherever £ is defined and is called the second
fundamental form. A? is well defined on all of M since any two normal fields
agree up to a sign.

In the following we will consider 7T,(M) as a subspa-e of Tm,)(JVI) for all
p whenever confusion is unlikely. We will replace V;/f,Y) by VY and identify
f+«X with X. With these identifications in mind we write

ViY = ViY +g(AX, Y)E
%A’f = —AX.
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A direct computation applied to these equations yields the Gauss and
Codazzi equations :

RX,Y)Z = R(X,Y)Z+g(AX, Z)AY — g(AY, Z)AX
RX,Y)E = (V+A)Y —(VrA)X.

In any inner product space V, we may identify VAV with the space of
skew symmetric endomorphisms of V by setting

(aNb)(c) = <b, c>a—<a, ¢>b.
With this notation the Gauss equation may be written
RX,Y) = RX,Y)+AXNAY.

A complete, simply connected, connected Riemannian manifold of constant
curvature is called a real space form. For each real number ¢ and each integer
n>1 there is (up to isometry) exactly one n-dimensional real space form of
constant curvature ¢.

All real space forms are frame homogeneous, i.e., for any pair of points x
and y and any orthonormal frames u at z and v at y there is an 1sometry ¢
such that ¢(x) =y and ¢y maps « onto v.

The real space forms are

(1) Euclidean space E" (R" with the usual inner product X-Y =3 X'Y?),

¢ =0. o

(i) Real hyperbolic space H"(¢) (the interior of the disk of radius 2a in
R" with ¢(X,Y) = X-Y/(1—r*/4a®)?, ¢=—1/a’<0.

(iii) The sphere S"(¢) of radius a in Euclidean space with the metric
induced from E"*', é = 1/a*>0.

In a space of constant curvature &, the curvature tensor is expressed by
fé(X, Y)=¢XAY. Thus for hypersurfaces of spaces of constant curvature, the
equations of Gauss and Codazzi reduce to

RX,Y)=¢cXANY+AXNAY
and

(VrAY —(VrA)X = 0.

The following is a list of the hypersurfaces which will appear in our classification
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theorems. Unless specified otherwise each is of the form (M, f) where f is an
inclusion mapping. For M = E™! we have

1) Hyperplanes : M = {x|x,,, = 0}, A =0, M=E"

2) Spheres: M= {x||x|*=1/c}, A=+ ¢ I, M=S"c).
3) Cylinders over spheres: M= {x|23+ -+ -x22=1/c},
A=+ ¢ I,®0, n>p>1.

4) Cylinders over complete plane curves : Let K: R—E? be a complete
plane curve. K(R) is isometric either to E' or S' depending on whether or not
it is simply connected. If 7 denotes the identity map in E"™! then (E'x E"!,

Kx i} is a complete hypersurface in E™'. A =AI, &0 for some scalar function
A on the curve.

We also consider the following hypersurfaces in S™*'(¢)

1) Great spheres : M= {z||x|* =1/¢, 2y =0} ; A=0, M=S5"().

2) Small spheres : M = {x||z|* =1/¢, 24 =a/1/¢—1/c,

A = Jc—¢ I, M=5"().
3) Product of spheres : M = {(x, y)||lz|* =1/cy, |ylI* =1/c,, x € EP*,
ye Bt 1/e,+1/c, =1/, 1<p<n—1}.
M=5"(c)x 5" (c2); A= (/v cr+c) (e, ®(=e)l,-,).

4) M=E'xS8"'(c,). fit,2)=((1/n/c))cost, (1/s/ ¢))sint, x) € S"*1(6)S Em*?

where 1/¢, =1/6—1/c,. A=/s/ci+ ) (], B (=c),_).

For H"*'(¢) we will need only one kind of hypersurface
1) Hyperplanes: M= {zx|x,,, =0} ; A=0, M=H"7).

Later, when classifying hypersurfaces up to congruence, the statement “(M,f)
is a great sphere” (for instance) means that (M, f) is congruent to the
hypersurface described above as a great sphere.

- Let (M", f) be a hypersurface in M. We recall that the rank of A, is
called the type number at x and is written #(x). The type number depends on
f but not on the choice of £&. We will use M"c) to denote a Riemannian
manifold of constant curvature c.
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PROPOSITION 1.1. Let (M™, f) be a hypersurface in M”“(c’). Then if
Hx)=2, ker A, = {XeT,(M)|RX,Y)=¢XNY for all Y e T,(M)}.

PROOF. Denote the latter space by Ty(x). If AX =0, then 0= AXANAY
=R(X,Y)—¢XAY by the Gauss equation. Thus ker A,STo(x). If we now
choose X arbitrary in Ty(x), there is a Y € T,(M) such that AY #0 and
g(AX,AY)=0 at x. Since AXANAY =0at x, g(AY, AX)AX = g(AX, AX)AY
at x. Thus g(AX, AX)=0, and hence AX =0, namely, X € ker A,.

PROPOSITION 1.2. Let f and f be isometric immersions of M" as a
hy persurface in M™(é). If t(x) for f is=3 for all x, then A = +A, where
A is the second fundamental form corresponding to f.

PROOF. We first observe that #(x) = #(z). For if #(x)=1, then AXAAY
=0 for all X and Y and hence dim Ts(x) = n contrary to the fact that z(x)=3.
Thus #(x)=2 for all x. Hence ker A, = Ty(x) =ker A,. Since A and A are
symmetric, Im A, =Im A, = Ty(x)~. In particular #(x) = t(x).

Furthermore, for arbitrary X ¢ T,(M), AXAAX =0. For if not, we may
choose Y so that AXAAXAAY+#0. But AXANAY = AX N\NAY since R(X,Y)
—¢XAY is independent of the immersion. Thus AXAAXAAY +#0 which is

a contradiction.
Thus, for each X there is a scalar ¢, possibly depending on X such that

AX =c AX. Choose X, and X, linearly independent in Ty(x)t. Then
AX, =cAX,, AX,=c,AX, and AX,+X,)=c;A(X,+X,). But A and A are
one to one on Ty(x)t and so ¢,=c,=c;. Thus AX=cAX for some ¢ independent
of X. This equation also holds of course for X € kerA. Now

AXNAY = CAXNAY so ¢ = =1.
We conclude that A4, = +A4,.

It is a standard result (see for example [5], p.207) that (M, f) and (M, f)
are congruent whenever they have the same second fundamental form. Under
the hypothesis of Proposition 1.2, we can choose £ in such a way that A and

A coincide on M. Thus we have proved

THEOREM 1.3. Let f and f be immersions of M" as a hypersurface in
a real space form M™'. If t(x) is=3 at each x, then (M", f) and (M", f)

are congruent.

We recall that a hypersurface is said to be umbilical if A, is a multiple of the
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identity for every . We will show in §2 that in this case A is in fact a constant
multiple of the identity. If A is identically zero, the hypersurface is totally
geodesic. This means that in Dombrowski’s formulation Vi{(fyxY)=fx(VY)

for all X and Y € ¥(M). This definition of a totally geodesic submanifold makes
sense for higher codimension as well.

We now investigate the possibility of realizing certain spaces of constant
curvature ¢ as hypersurfaces in a space of constant curvature ¢.

PROPOSITION 1.4. Let M"(c) be a hypersurface in M™'(¢) where c+¢
and n>2. Then ¢>¢, rank A=n and M" is umbilical.

PROOF. Let x be an arbitrary point of M. Choose mutually orthogonal

unit eigenvectors {e;}7., for A, and let {A;}7; be the corresponding eigenvalues.
Then by the Gauss equation

R(ei, e_;) = (7\;i7\.j +E)ei /\ej.

Since M has constant curvature ¢, MA;+¢é =c for distinct 7 and j. We
conclude that all the N; are equal and non-zero. In fact Ai=c—¢. Thus ¢>¢,

rank A=n and A?=(c—¢)l.

COROLLARY 1.5. Let f and f be immersions of M™(c) as a hypersurface
in a real space form M"(¢). Then if n>2 and ¢+ ¢, (M", f) and (M", f)

are congruent.

PROOF. Since #(x) =n=3 for all x< M we may apply Theorem 1.3 to
obtain the result.

The case ¢ = ¢ is more difficult and we use a theorem of O’Neill and Stiel
[6] which' may be stated as follows.

THEOREM 1.6. A complete hypersurface M™Z) of M) is totally
geodesic provided that ¢>O0.

No such result is true in the case ¢ =0 since cylinders over complete plane
curves need not be totally geodesic in E™*!.

Theorem 1.6 provides us with a rigidity theorem in light of the following
proposition.

PROPOSITION 1.7. Let f and f be totally geodesic immersions of M"

as a hypersurface in a real space form M. Then (M",f) and (M*, f) are
congruent.
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PROOF. Since the second fundamental forms A and A are both zero, the
standard result used in Theorem 1.3 gives the desired conclusion.

PROPOSITION 1.8. Let (M",f) be a hypersurface of a real space form
M1 such that either tx)=3 for all x or H(x)=0 for all x. Then for every
isometry ¢ of M, there is an isometry T of M such that fop = 7tof.

PROOF. We apply Theorem 1.3 or Proposition 1.7 to the immersions f
and fog.

N\
For a given Riemannian manifold M, we denote by M its simply connected
Riemannian covering. The associated covermg map 7 is a_ local isometry. If

(M?, ) is a hypersurface of M1, so is (M" fom). Let A denote the second

fundamental forrP\ for the latter hypersurface corresponding to some normal field
E. Then A and A are closely related. In fact, we have

N a
PROPOSITION 1.9. At each point x of M, A, = =n;"Arinym.
S s
PROOF. Let X be a vector field on M.

TE = —(for)xAX = — fymsAX

here we are regarding é\as a vector field in M along fo>7. On the other hand
every vector field on M is locally of the form 74X for some X € E(Z\?). Regarding
£ as a vector field in M along f we write Vo€ = —fxAn.X.

Since (forr)x (TAM)) = FulmyT(M)) = fil Trin(M)), we see that E,==E,.,.
Thus for each e M

(_V'.\'/f\) = i(%ﬂ,_\"f)n(z)-

Since fx is one to one, this implies ”;gﬁX: +An,X for all Xe 33(1\//?).

Since my is one to one, the conclusion follows.

N
We remark that A, and A, have the same rank and except perhaps for a
difference in sign, the same eigenvalues. Also, since 7 is a local isometry, any

N
local intrinsic property of M is also possessed by M. We shall make use of
these facts freely in subsequent work.

2. Decomposition of hypersurfaces. Let (M", f) be a hypersurface in
M"*'. The eigenvalues of A, are called principal curvatures at x and the
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corresponding eigenvectors are called principal vectors. The following lemma
assures us that the prncipal curvatures vary continuously on M.

LEMMA 2.1. Let A be a symmetric tensor field of type (1,1) on a
connected Riemannian manifold M". Then there exist n continuous functions
MZ=N = N3+ + + =N, such that for each x, {N(x)}7., are the eigenvalues of
A,.

PROOF. Let fl¢, x) =t"+at" '+a,t"*+ - -+ +a, be the characteristic
polynomial of A,. Each a; is a differentiable function of x. Suppose {£;}%.; are
the distinct eigenvalues of A, and let m; be their respective multiplicities.
Assume £, >E,>-...>£.. Let & >0 be arbitrary and let &= min{§, 1/2,
(1/2)max |€;,—&;|}. Let C;={z2¢ C| |2—§,;| =¢&}. Clearly f(2,2,)#0 on C;. Choose
8, >0 so that if d(x, x,)<<8, (where d is the distance function on M" arising from

. . . 4 f (2 xg)
the Riemannian metric) then f(z, £)# 0 on C;. Then m; = i f Pz, 20) dz.

However

1 { f(za)  f(z2) dz —¢ sup [(zx)  flzx)
27i I, \f(zx) Sz ) e fzx) flz ol

But this expression converges uniformly to 0 on C; as x—x,. Thus there is
8 < &, such that

d(r,ay) < 8 implies sup S(z2o) S (22) L<7 1.

et f(z,10) [z, 2)

| flaa) L.
n— e f i de < i d(ra)<d,

Since the integral is integer-valued and is in fact the number of zeros of f(2,x)
inside C;, we see that f(z,x) has m; zeros inside C;.
In our case each A; is real and so if d(x, x,)<<8 then | Ni(x)—Ni(x))| <EZE,.

PROPOSITION 2.2. Let A be as in Lemma 2.1 and suppose that exactly
two eigenvalues N> p are distinct at each point. Then N and p have constant

multiplicities and are differentiable.

PROOF. Let x,¢ M. Then
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M(xy) = No(Zy) =+ o = )'p(xo) = No > o = 7\'p+1(-5'30) = oo = Ny(0)

By continuity of each \;, x, has a neighborhood where

N+ Ny T o

2 >)"p+1—- ¢ Z)\'n-

MEN =z, >

Since only two eigenvalues are distinct, My =A; = ¢+« Ay=AS>p=Npy = *** =N,
within this neighborhood. We have shown that for each integer p U,
= {z|multiplicity Mx) = p} is open. But M is a finite union of such sets and M
is connected, so M has constant multiplicity.

Let p be the multiplicity of the larger eigenvalue M. Define two functions
f=prtqu (g=n—p) and g=p(p— 1N +2pghp+q(g—1)u’. Both f and g are
differentiable since they are coefficients of the characteristic polynomial of A.
Now f?=p’N+2pghu+q°w?. Thus pA2+qu® = f2— g and since (gu)* = (f— pN),
we have pnN*—2pfa+f2—q(f>—g) =0. Set h(t, x) = pnt*—2pft+(1—q)f*+qg.
Note A(N, x)=0. Oh/ot=2pnt—2pf=2pnt— prn—qu). Thus 0h/Ot(N,, 2,) # 0.
By the quadratic formula, A is the unique root of A(¢,x)=0 near x, which
coincides with N, at x,. Since A, is not a repeated root, A is differentiable.
Since p = (trace A—pMN)/q, p is also differentiable.

PROPOSITION 2.3. Let (M",f) be a hypersurface in M™1(&). If at each
point of M, exactly two principal curvatures N+ p are distinct, then the
distribution T\ = {X|AX =NX} is differertiable and involutive. If dim
T>1, then XA=0 for XeT,.

PROOF. Let us restrict ourselves to a neighborhood of a point x, where
£ is defined and A>p. By 2.2, A and p are differentiable and have constant
multiplicities. Choose differentiable vector fields X,, X,,- -+, X, near x, in such
a way that {X,,---,X,} and {X,,,,++-,X,} are bases at x, for Th and T,
respectively. Let YV, =(A—p)X,;, 1=i=pand Y, =(A—-MNX, for p+1=i=n.
Then the Y, are differentiable and linearly independent near x,. Furthermore
{Y,,>--,Y,} is a basis for Ty and {Y,+,,+-,Y,} for T, near x,. This follows from
the fact that (A—MN)Y,; =(A—-AN(A—wX, =(A’—(AM+pA+apw)X,; =0 for 1=i
=p since t*—(A+p)t+Ap is the minimal polynomial of A.

Finally if X and Y are vectors in T}, A[X,Y]=A(V;Y)—A(VyX)=Vi(AY)
—Vy(AX) by the Codazzi equation. However, AY =AY and AX =X so

A[X, Y]=(XNY - NX+AX, Y]

(A—NX, Y] = (X0)Y — (YM)X.
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The left side of this equation lies in 7, and the right side is in 7. But
ThNnT,=(0) so (A—N)[X,Y]=0 and [X,Y]e T).

Also (XN)Y—-(XYANX =0. If dim 7,>1 we may choose X and Y to be
linearly independent. Thus XA = 0.

PROPOSITION 2.4. Let (M™, f) be an umbilical hypersurface in M ().
Then M" has constant curvature c=¢. The equality holds if and only if
(M™, f) is totally geodesic.

PROOF. As above A =AI where M\ is constant. The Gauss equation gives
for any pair of tangent vectors X and Y

RX,Y)=\+6)XANY

so the sectional curvature of all planes is A?+¢. Thus M™ has constant curvature
¢c=AN+¢ and ¢=¢ if and only if A =0.

THEOREM 2.5. Let M" be a hypersurface in M™\(¢) whose principal
curvatures are constant. If exactly two are distinct, then M is locally
isometric to the product of two spaces of constant curvature.

PROOF. Let A> u be the two distinct principal curvatures. By Proposition
2.3, Ty and T, are differentiable and involutive distributions.

If XeTy, YeT,, the Codazzi equation gives VApY)—Ve(AX)=AVsY
—Av/yX. Since N and p are constant, we get (A—AN)VyX =(A—p)VsY. The
left side is in T while the right side is in 7T,. Hence both sides are zero,
VyXeTy, V¥ €T, Now if ZeT)

IJ(VXY)+9(X,VY) = VAg9(X,Y)) =0.

On the other hand VY € T, so g(X, V,Y) = 0. Thus we have shown V,X € T+
for all Z and XeT). But Th=TL We may write our results V. 7T,cT,
and Vr,T)STi. This means that T} (and similarly 7},) is a parallel distribution.

It now follows from [4], p.182, I, that M is locally isometric to the
Riemannian product of the maximal integral manifolds M, and M,. Furthermore
each integral manifold is totally geodesic in the sense that the Riemannian
connection on M, (resp M,) is just the restriction of Vv to My(resp M,). The
curvature tensors of M, and M, are therefore just the restrictions of R. If
X,YeT, then R(X,Y)=A+¢&)XAY. Thus if dim M,>1, M, is a space of
constant curvature A?+¢. Similarly, M,. If dim M, =1 the product decomposition
still holds but the sectional curvature is not defined. Since all one dimensional
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Riemannian manifolds are locally isometric, there is nothing further to say.

In either case, however, we may now find the relationship between A and
p. Take X e T, Y € T,. Since each distribution is parallel, R(X,Y)Y € 7). Thus,
assuming X and Y are orthonormal,

0=g(X,R(X,Y)Y)=g(XAMp+ENXNY)Y) = (Ap+)(9(Y,Y)g(X,X)—-0).
Thus Au+é=0.

The assumption that exactly two principal curvatures are distinct is not as
restrictive as would appear at first glance. In fact, for hypersurfaces of M 1(é),
£=0, it offers no restriction in light of the following theorem of E. Cartan
[7]. For a proof and generalization of this theorem we refer to Gray [8].

THEOREM 2.6. Let M" be a hypersurface in M""'(¢), ¢ =0, whose
principal curvatures are constant. Then at most two of them are distinct.

If ¢ were allowed to be positive in Theorem 2.6, the statement would be
false. In §6 we will give an example of a hypersurface in S"*'(¢) with three
distinct constant principal curvatures.

3. Einstein hypersurfaces. We recall that a Riemannian manifold is
said to be Einstein if the Ricci tensor is a constant multiple of the metric
tensor, that is S = pg. We shall prove a local classification theorem, first proved
by Fialkow [3] for Einstein hypersurfaces in spaces of constant curvature.

THEOREM 3.1. Let M", n>2, be an Einstein hypersurface in M’”‘(E).
If p>(n—1¢ then M is umbilical with N*=p/(n—1)—¢ and thus M is of
constant curvature p/(n—1). If p=n—1¢ then t(x)=1 for all x and M is
of constant curvature ¢. If p<<(n—1)¢ then ¢ >0, p=(n—2¢ and M is locally

. . L (n—2 wl n—2 _
isometric to M (p—l c) X M3 (n—p—lc) where 1 < p<<n—1.

PROOF. The Ricci tensor for a hypersurface in a space of constant curvature
is given by the formula

SX,Y)=mn—-1¢g(X,Y)+g(AX, Y)traceA— g(AX, AY).

Let xo€ M and let {e;}}-, be the unit principal vectors at x, corresponding to
the principal curvatures {A;}. Since S =pg, we have for each 7, S(e;,e;)=p
=(n—1)¢ +\(trace A)—A}. Thus at each point, the principal curvatures satisfy
the quadratic equation #2—st+p—(n—1)¢ =0 where s = trace A. Thus at most
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two principal curvatures can be distinct at each point. Let us denote them by
A= p

Suppose p>(n—1)é. If A u at some point, then N and g have the same
sign. Also pv+(n—p)u = trace A =N+p where p is the multiplicity of A.
Hence (p—1)M+(n—p—1)p=0. This is a contradiction since p=1and n—p=1
imply n = 2. Hence M is umbilic and AN —(#A)A+p—(n—1)7=0. This implies
(n—DA*=p—(n—1)c and by the Gauss equation M has constant curvature
p/(n—1).

If p<(n—1)¢ and A = g at some point, then the same formula (n—1)A°
=p—(n—1)7 holds. This is a contradiction since p—(n—1)¢ <0. Hence M
has exactly two distinct principal curvatures at each point. As above,
(p— DA+ (n—p—1)u=0. Since neither N nor u can be zero (their product being
p—(n—1¢), we must have 1<p<n—1. Thus

A= — n%f;l—_l (p—(n—1)¢) and u*>= — ;f—;‘i‘l(P*(n—‘l)f)-

Applying 2.5 we see that M is locally isometric to the product of spaces of
constant curvature A?+¢& and w?+¢é respectively. It also follows that Ap+¢ =0.
This implies p —(n—1)¢ = —¢, that is p=(n—2)7 and ¢>0. Hence

n—p—1 n—2
-1 p—1

%
+
)]
Il

Ax)]
+
]
Il

c.

Similarly

This completes the proof when

p<(n—1)¢.

If p=(n—1)¢, the product of two distinct eigenvalues (if such exist) is
zero. Thus if N0, trace A=pN so M—pA* =0 implies p=1. Thus #(x)=1
for all &£ and M has constant curvature ¢ by the Gauss equation.

COROLLARY 3.2. Let M", n>2 be an Einstein hy persurface in M \(¢).
If ¢=0, then p=(n—1)¢ and M is a space of constant curvature p/(n—1).

For M=E™" and S**"' (¢) we now give the global versions of Theorem
3.1
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THEOREM 3.3. The complete Einstein hy persurfaces in E**! are spheres,
cylinders over complete plane curves and hyperplanes.

PROOF. From 3.1 we have two choices, p>0 and p=0. In the latter case,
t(x)=1 for all . Thus M is locally isometric to E™ and by a theorem of
Hartman-Nirenberg [9] is a cylinder over a complete plane curve. If #(x)=0 for
all z, then M is totally geodesic and is just a hyperplane.

If p>0, M has constant curvature p/(n—1) and by 1.4 #(x) =n for all x

A\
and M is umbilical. Let M be the simply connected Riemannian covering of M

and denote the covering map by 7. Then (]\/2, form) is a complete simply connected
space of constant curvature p/(n—1)>0 and hence is isometric to S™*(p/(n—1)).

Thus M is orientable and £ can be defined globally on M. By 1.3 (f\\/l, fom) is
congruent to the standard sphere in E"*!. In particular fom is one to one,
7 is one to one and M is simply connected. (M, f) is congruent to the standard
sphere of curvature p/(n—1).

REMARK. A proof of the Hartman-Nirenberg theorem, more in the spirit
of this paper, may be found in the appendix of [2]. For the case p>0 in 3.3,
a more elementary proof, based on the fact that an umbilical hypersurface in
E™! is part of a hyperplane or a sphere, may be found in [4], Volume II, p. 36.

THEOREM 3.4. The complete Einstein hypersurfaces in S**'(¢) are the
small spheres, the great spheres and certain products of spheres.

PROOF. Let (M", f) be a complete Einstein hypersurface in S"*'(¢). Then
(M\", Sfor) has the same properties. There are three possibilities : (i) p> (n—1)¢
implies Misa complete simply connected space of constant curvature p/(n—1) and
is hence isometric to S™(p/(n—1)); (ii) p=(n—1)¢ implies M is isometric to S"(é);
(iit) p=(n—2)¢. Since Mis simply connected, £ and hence T’y and 7', can be defined
on all of J\/Z By [4] p. 187, 1 Z\/l\is isometric to S? 7}——26 x Sn-p n—2 ¢l.

) T -1 n—p—1
By 1.3, 1.6 or 1.7 (M, for) is respectively a small sphere, great sphere or
product of spheres. In each case for is one to one and thus 7 is one to one.
It follows that M is simply connected and (M™, f) is congruent to the appropriate
hypersurface.

We note that any space of constant curvature ¢ is Einstein with p = (n—1)¢.
Also the product of two spaces of constant curvature MP(c,)X M"?(c,) is
Einstein if (p—1)c, =(n—p—1)c,. Thus the above hypersurfaces are indeed
Einstein.
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4. Hypersurfaces for which R(X, Y)-R=0. For any pair X and Y
of vector fields on a Riemannian manifold, R(X,Y) is an endomorphism of the

tangent space at each point. The mapping of the algebra of tensor fields into
itself given by

T— sy T =V T —VixnT

is the unique derivation which extends R(X,Y). Thus it is natural to write
R(X,Y)-T for the image of an arbitrary tensor field 7" under this mapping.

In particular, we consider the (1, 3) tensor field R(X,Y)-R. It acts on a pair
of vector fields U and V as follows

(RX,Y)-RYU,V)=[R(X,Y), RUV)]-R(R(X,Y)UV)—RWU,R(X,Y)V).

We first observe that on a two dimensional Riemannian manifold R(X,Y)-R
always vanishes. In order to verify this it is sufficient (because of the symmetry
properties of R) to look at (R(X,Y)-R)(X,Y) for linearly independent X and Y.

We also note that if M is a locally symmetric Riemannian manifold (i.e.,
VxR =0 for all X), then R(X,Y)-R=0 f{for all X and Y. The problem of
finding an appropriate converse to this statement has been studied by Nomizu.
In [2] he conjectures that the converse is true for complete, irreducible
Riemannian manifolds of dimension at least three. The main theorem of his
paper verifies this conjecture for hypersurfaces in Euclidean space as follows.

THEOREM 0.2. The complete hypersurfaces of Euclidean space such
that R(X,)Y)-R=0 and t(x)=3 for some x are (i) spheres and (ii) cylinders
over spheres of dimension at least three.

For a compact Riemannian manifold M, the condition R(X,Y)-R=0
together with .S =0 (in particular the Einstein condition S = pg) implies that
M is locally symmetric. We refer the reader to Lichnerowicz [10] pp. 9-11 and
Yano [11] p.222.

We now proceed to investigate the implications of the condition R(X,Y)-R=0
for hypersurfaces in spaces of constant curvature.

PROPOSITION 4.1. Let M™ be a hypersurface in M"*\(¢). Then R(X,Y)-R
=0 (for all tangent vectors X and Y) if and only if for distinct i.j,k the
principal curvatures satisfy (ANN;+&)N—N;)N = 0.

PROOF. Let {e;} be an orthonormal basis of eigenvectors of A, corresponding
to eigenvalues M. If 7,7,k are distinct we use the Gauss equation to get
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[R(ese;),Rei,er)] = NN +E) NN +E)les A eje N ex)
= (AN FENM A+ e N e
R(R(eie;)eer) = —(MN;+ R(ejer)
= (NN +E) NN +E e Ne;
R(e;, R(ee;)e,) =0.

Thus if R(X,Y)R=0 for all X and Y, we must have

Conversely, suppose that this condition holds. It is sufficient to verify R{e;e;)-R
=0 for i#j. If i,k and [ are all distinct every term in the expression for
(R(eise;) R)ex,e) = 0. By the above condition (R(ee;)R)(e;.e;) =0. Finally, the
skew symmetry takes care of the rest.

COROLLARY 4.2. Let M"™ be a hypersurface in E**'. Then

(1) if H{x)=2, we have R(X,Y)-R=0 for all XY ¢ T, (M)
(2) if lr)y=3 and R(X,Y)R=0 for all X, Y e T (M),

then the non-zero principal curvatures are equal.

PROOF. The formula above reduces to AN AN —N;) =0. Thus if #(x) =2
the formula is always satisfied. If #(x)=3 then if A; and A, are non-zero, we
can find A, 70 and by the formula A; =N\;.

REMARK. Conclusion (2) is the starting point for Nomizu’s proof of 0.2.
Conclusion (1) shows that the condition R(X,Y)-R =0 offers no restriction on
the class of hypersurfaces with #(x)=<2 everywhere. The existence of an
irreducible, complete hypersurface in E**'(n = 3) with #(x) =2 everywhere which
is not locally symmetric is undecided. However, such a surface would have at
least one x with #(x) =2 by the Hartman-Nirenberg theorem.

Henceforth we will deal with the case ¢ #0.

PROPOSITION 4.3. Let M" be a hypersurface in M™(¢), ¢ #0, n>2
with R(X,Y)R=0. Then for any x€ M either {(x)=n or t(x)=1.
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PROOF. Suppose #(x)7# n and thus N; =0 for some 7. Then for any j# £
distinct from 7, (AMN;+E) N, —AN; N =0 so MN¢ =0. Thus A, is non-zero for at
most one j and #(x)=1. Furthermore if #(x) = #n, then for any j, M N;+ )N —N;)
=0 so A=A, or A;=—¢&/N. Thus at most two principal curvatures are
distinct at each point.

PROPOSITION 4.4. Assume the hypothesis of Proposition 4.3 and in
addition that at each point exactly two principal curvatures are distinct
and they have multiplicities>1. Then M is locally isometric to a product
of two spaces of constant curvature.

PROOF. Propositions 2.1 and 2. 2 imply T and 7', have constant dimension,
are differentiable and involutive. By 2.3 XA =0 if X € 7). However p= —¢/M
s0 Xu= —(¢/A)XA=0. Similarly YA=Yu=0 for Ye7,. This N and u
are constant. Theorem 2.5 gives the result.

If the assumption that both A and p have multiplicity greater than 1 is
dropped (for instance if g has multiplicity 1) then XA =0 and Xu=0 for
X € T). But we know nothing about YA or Yu where Y € T),. This leads us to
make the following definition.

DEFINITION. Let M" be a hypersurface in M"*'(¢). A point xe M is
called bad if (i) A, is non-singular and (ii) A, has a simple eigenvalue. All
other points are called good.

REMARK. Given a hypersurface M" in M"*'(¢), ¢ #0 with R(X,Y)-R =0
we have shown that it consists of points of the following types

I A=n=#0.

I A=0.

I A has 2 unequal non-zero eigenvalues of multiplicity > 1.

IV A has 2 unequal non-zero eigenvalues of multiplicity 1 and n—1.

V A has 2 unequal eigenvalues, N of multiplicity 1, 0 of multiplicity
n—1.

PROPOSITION 4.5. Assume the hypothesis of 4.3. Then the set of bad
points is open.

PROOF. Let x, be a bad point. Choose a neighborhood U of x, where (i)
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A, is non-singular and (i) A\,(x)> M}%M> Na(X) = Ny() + + - =N(x). By

the last statement in the proof of 4.3, My(x)=MN(x)= +-+ =N, (x) in U. Hence
all points in U are bad.

REMARK. The same argument shows that the set of points of type III is
open and the multiplicities remain constant in sufficiently small neighborhoods
of points of this type.

PROPOSITION 4.6. Under the hypothesis of 4.3 if ¢>0 then the set of
bad points is closed.

PROOF. Suppose a sequence of bad points x; converges to x < M. Since
May) # p(xy), Ma)m(x;) + € =0. By continuity, Mx)u(x)+ & =0. Since N (x)+E#0,
x must be of type III or IV. Since the points of type III form an open set, x
must be of type IV.

PROPOSITION 4.7. Assume the hypothesis of 4.3 and all points are
good. Then either t(x)=1 for all x or t(x)=n for all x.

PROOF. Let F={z|t{x)=1} = {x|det A,=0}. Clearly Fis closed.
Since M is connected, it will be sufficient to show that F' is also open. First
consider a sequence of points y; of type Il converging to some point y,. Since
the principal curvatures are continuous and the equation Ap+é&=0 holds for each
member of the sequence, it also holds at y,. It follows that y, cannot lie in F.

Let x, be an arbitrary member of F. The above argument shows that z,
has a connected neighborhood U which contains no points of type IIl. We will
now show that U has no points of type I. Suppose there is a point y of type
Iin U. Let W= {xecU|det A, = detA,}. Clearly W is closed in U. Choose
an arbitrary x in W. Since A, is non-singular, x has a (connected) neighborhood
U’ € U where A is non-singular. U’ consists entirely of umbilics. By Proposition
2.4, N is constant on U’ and is equal to Mx). This shows that W is open and
hence W = U. This cannot happen since x, belongs to F. We conclude that
there are no type I points in U. Thus U C F and the proof is complete.

COROLLARY 4.8 Let M", n>2, be a hypersurface in M"“(é"), ¢#0. If
all points are good, R(X,Y)-R =0 and t(x)=1 for some x, then M is a space
of constant curvature €.

PROPOSITION 4.9. Let M" be a hypersurface in ]\7"“((‘:‘) (>0, n>2).
Assume t(x)=2 for some x and that M has at least one good point. If
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R(X,Y)»R =0 the umbilics form an open and closed set.

PROOF. We first note that all umbilics are of type I. This follows from
Propositions 4.5, 4.6 and 4.7. Let x;—x where the x; are non-umbilic points.
Then the x; are of type III and Max)u(x;)+¢& =0. By continuity of N and g,
we get Mx)w(x)+¢& =0. Since é >0, x cannot be an umbilic. Thus the set of
non-umbilics is closed. The other direction is trivial. {x|Mx)= p(x)} is closed.

THEOREM 4.10. The com plete hy persurfaces of S™'(¢) satisfying R(X,Y)-R
=0 and having at least one good point are (i) all small spheres, (ii) all
great spheres, (iii) all products of spheres (of dimensions>1).

PROOF. We first note that spheres and products of spheres satisfy VR=0
and hence satisfy R(X,Y)-R =0. They are also, of course, complete.

If ¢#(x)=1 for some x, M" is a space of constant curvature by 4.8. In
particular it is Einstein. If #{x)=2 for some x and M is umbilic, again M is
Einstein. The arguments of Theorem 3.4 give us great spheres and small
spheres respectively. By 4.9 the other possibility is that there are no umbilics
and every point is of type III.

(M™, for) has a globally defined normal, constant principal curvatures and
globally defined parallel distributions 7 and 7, of dimension> 1. Thus ﬁ" is
isometric to SP(A2+&) X S" P(u?+¢). By 1.3, fomw is one to one. Thus 7 is one
to one, M is simply connected and (M, f) is a product of spheres as required.

5. Homogeneous hypersurfaces. A Riemannian manifold is said to be
homogeneous if its group of isometries is transitive. A homogeneous Riemannian
manifold is always complete ([4] p. 176, I).

In this section we study those homogeneous Riemannian manifolds which
occur as hypersurfaces in real space forms.

THEOREM 5.1. Let (M", f) be a homogeneous hy persurface in M"”(f).
Then either t(x)=1 for all x or t{x) is constant on M.

PROOF. We recall (Proposition 1.1) that if #(x)=2 then ker A, = T\(x)
={X|R(X,Y)=¢XAY for all Y}. Now if y is another point of M, there is an
isometry ¢ of M with ¢(x)=7y since M is homogeneous. ¢y is a linear
isomorphism of T,(M) onto T,(M) preserving inner products. Thus ¢u(7T(x))
={pxX|R(X,Y)=¢X ANY for all Y} = {4 X | R(pxX,$+Y)=C P X NpxY forall Y}
=Ty(y). Thus dim Ty(x)=dim To(y). By symmetry, dim Ty(y)=dim7T(x)
so t(x) = t(y).

If t(x)=1 for some zx, then dim To(x)=n. Since by the above argument,
dim T, is constant, #(*)=1 for all x. This completes the proof.
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THEOREM 5. 2. Let (M", f) be a homogeneous hypersurface of a real
space form M"™ (). Then if {(x)=3 for all x< M, the principal curvatures
of M are constant.

PROOF. Choose x,y € M and an isometry ¢ of M such that ¢(x)=y. By
Proposition 1.8, ¢ may be extended to an isometry 7 of M (i.e., Tof = fopp). If
£ is a field of unit normals near x, then 7.£ is a field of unit normals near y.
The following sequence of equalities implies that A, = +¢4A, P and so

7= P Al
Tse%f,,.vf = —T*f *AX = _f *¢eeAX .

On the other hand,
gf*f aTx = \;f..qh‘x""-;ef = [ Ap*X.

Thus A2 and A; have the same eigenvalues. Thus the squares of the principal
curvature functions are constant. Since these functions are continuous (Lemma
2.1), they are themselves constant.

THEOREM 5.3. Let M" be a homogeneous hypersurface in a real space
Sorm M \(&) where ¢ =0. Then if for some x, t(x)# 2 either

(1) M" is a space of constant curvature ¢ and Hx)=1 for dll =

(1) M" is a spuce of constant curvature ¢>¢, t{x)=n for all x and
the immersion is umbilical

(i) M is locally isometric to MYN+E)X My ?(p>+ &) where Au+¢ =0
and 1<p<n—1.

(iv) M is locally isometric to M{x M;~'(p*+¢&) for some p.

PROOF. By 5.1, either t(x)=1 for all x or t(x)=3 is constant on M.
If the former holds then M is a space of constant curvature ¢. If the latter
holds the principal curvatures are constant by 5.2. If M is umbilic then by
2.4 M has constant curvature ¢ >¢ and #(x)=n. If M is not umbilic, then
there are exactly two distinct principal curvatures by 2.6. By 2.5, M is
locally isometric to the product of two spaces of constant curvature in the
manner described by (iii) and (iv).

We are now in a position to give a new proof of the theorem of Nagano
and Takahashi for Euclidean space.

THEOREM 0.1. Let (M", f) be a homogeneous hypersurface in E"*!
such that t{x)+#2 for some x. Then M" is isometric to one of the following

(1> En.
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(i) S'x Er-
(i) SHc)XE"*, ¢>0, 2<k=n—1
(iv) S™c), ¢>0.

PROOF. If #(x)=1 for all o, then we invoke, as in Theorem 3.3, Hartman-
Nirenberg Theorem [9] to show that M is isometric to E” or S' X E™~! depending
upon whether or not M is simply connected.

Otherwise #{x)=3 for all x and #(x) is constant. The simply connected

N o
covering hypersurface (M, for) has the same properties by 1.9. If #(x)=n, M
is a complete, simply connected space of constant curvature ¢ >0 so is isometric

to S™(c). If t(x)=k<n, then £ is defined globally on M and thus Ty and T,

are defined on all of M. By (4] p. 187 M is isometric to the Riemannian product
of the maximal integral manifolds. Each of these is complete, simply connected
and of constant curvature A* and O respectively. Then M is isometric to
SEA) X E™*"k, Now 1.3 implies that in each of these cases (lﬁjfon) is congruent
to the corresponding model spaces. Thus in particular for is one and hence so

is 7. We conclude that M was already simply connected and 7 is an isometry.
We have also proved

COROLLARY 5.4. The homogeneous hypersurfaces in E"*' such that
t{x)£2 for some x are (1) all hyperplanes; (ii) all cylinders over spheres of
dimension greater than 2, (i) all spheres, (iv) all cylinders over complete
plane curves.

THEOREM 5.5.  Let (M", f) be a homogeneous vy persurface in H" \(¢),
¢-<0 such that for some x, t{x)+ 2. Then one of the following is true:

(1) M is a space of constant curvature ¢ >¢ and is umbilical.

(1) M is a space of constant curvature €.

(ii) M s locally isometric to MA(N+¢)X My ?(p*+¢) where 1 < p<n—1
and Ap+c =0.

(iv) M is locally isometric to Mix M3 Y pu*+¢&Vfor some constant p+0.

PROOF. By 5.1 and 5.2, either #(x)=1 for all £ or 3=#(x)=constant.
In the former case M is a space of constant curvature ¢. If #(x) =3 for all x, then
the principal curvatures are constant and at most two can be distinct (5.2 and
2.6) say A=p. If A=p. M is a space of constant curvature A*+¢& and the immersion
is umbilical. If A >y, we apply 2.5 to get conclusions (iii) or (iv).



384 P. J. RYAN

THEOREM 5.6. Let (M", f) be a homogeneous hypersurface in S™'(¢)
such that t(x)#2 for some x. Assume further that at some point at most
two principal curvatures are distinct. Then one of the following conclusions
holds :

(i) M is a space of constant curvature c=¢ and (M, f) is umbilical.

(i1) M is locally isometric to MP(AN?+¢) X M3~2(u*+¢) where 1 < p<n—1
and Mp+éE =0.

(iil) M is locally isometric to Mix Mi(u*+¢) for some constant w.

PROOF. The argument is the same as 5.5 with the following two
exceptions. Proposition 2.6 does not apply when é>0 so we assume at most
two principal curvatures are distinct. The fact that (M, f) is umbilic when
¢ = ¢ follows from the fact that M is complete and from Theorem 1.6.

REMARK. I #(x)=2 but at most two principal curvatures are distinct at
each point, the conclusions of 5.6 still hold. For if A is the nonzero principal
curvature, T3 has dimension 2. For arbitrary x,ye€ M choose an isometry ¢ of
M with ¢(x)=y. Then ¢(Ty(x)) =To(y). Since Ti(x)= To(x)', ¢y preserves
T, as well. Thus if X and Y are orthonormal vectors in T,(M), R(X,)Y)
=(\+é&)XAY. Applying ¢y we get R(¢xX,¢%Y)=(A*+E)PxX N\ @Y. Hence
AM(x) =M(y). Thus N\ is constant. Applying 2.5, A-0+¢ =0 a contradiction.

THEOREM 5.7. Let (M", f) be as in 5.6. Then (M™", f) is either (i) a
small sphere, (ii) a great sphere, (iii) a product of spheres or M" is locally
isometric to Mix M3 (u*+¢) for some constant p. In the last case if M is
simply connected it is congruent to the immersion of E'XS"'(c,) onto
S'(c)) X S*Yc,) where 1/c,+1/c, =1/¢.

N\
PROOF. (M", for) satisfies the same hypotheses and in addition is simply-
connected. The arguments of 3.4. give the first three results. In the last case

o\
M is isometric to E'X.S8"Y(c¢,) (¢c; = p*+¢) and by 1.3 (j\\l., Jfom) is congruent to
the hypersurface described akove.

6. Minimal hypersurfaces. A hypersurface (1/\2”, f) in M1 s said to
be minimal if trace A, =0 for all x€ M. The class of minimal hypersurfaces
in M"*'(¢) is very large so we shall discuss only those which have one of the
additional properties we have studied earlier. However, the minimality
assumption will sometimes permit us to weaken the other hypotheses. For
example we shall discuss minimal homogeneous hypersurfaces with #(x)=2.

PROPOSITION 6. 1. Let (M*, f) be a homogeneous hy persurface in M™1(¢)
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and assume t(x)=2 on M. Then the non-zero principal curvatures N and u
satisfy Mu+¢ = constant.

PROOF. Following the notation of 5.1 we consider the two dimensional
distribution 7,. Denote by K(x) the sectional curvature of this distribution at
z. Since ¢y maps To(x) onto T(y), the sectional curvatures K(x) and K(y)

are equal. On the other hand, K(x) = Mx)w(x)+¢ by the Gauss equation for
all x. Hence Ap+¢ is constant.

COROLLARY 6.2. If ¢=0 and n>2, then there are no minimal
homogeneous hypersurfaces of M"\(¢) with #(x)=2.

PROOF. By 6.1, Ap+¢é =constant. By minimality p= —A\. Thus A is
constant. By continuity of N, A is constant. But 2.6 implies that A,—A and 0
cannot be distinct, a contradiction.

THEOREM 6.3. The minimal homogeneous hypersurfaces of E™' and
H"Y(¢) are hyperplanes if n>2.

PROOF. 6.2 allows us to assume that #(x)#2. The only minimal
hypersurfaces in the classification of 5.4 are hyperplanes. For H™*!(¢) we look
at 5.5. If Ap+é& =0 and pr+(n—p)u =0 then pA*+(n—p(—¢&)=0. But A? and
(—&) are positive. Thus the only minimal homogeneous hypersurfaces are totally
geodesic spaces of constant curvature, ie., hyperplanes.

PROPOSITION 6.4. Let (M*, f), n>2, be a minimal homogeneous
hypersurfaces in S™*(€) such that for some point, at most two principal
curvatures are distinct. Then (M™, f) is a great sphere, a product of spheres

isometric to S"( n;“ ) XS""’( nfp) for 1< p<n—1 or Mis locally isometric

n—

né
X n—1 .
to M 1 Mz (n__'l‘ )
PROOF. If #(x)#2, Theorem 5.7 together with the assumption of minimality
gives the appropriate restrictions on ¢, A and p. If #(x) =2 for all z, then the

non-zero principal curvatures must be equal. Thus trace A=2A+0 a contradiction
to minimality.

The necessity of the assumption on the number of distinct principal
curvatures is demonstrated by the following example due to Wu-Yi Hsiang [12].
Consider E® as the space of 3 by 3 real matrices with inner product <A,B>
= trace AB'. Consider the subset {A]A is symmetric, trace A=0, [A|=1]}.



386 P. . RYAN

Clearly this subset is isometric to S%(1) since it is the intersection of S%1)
with the four independent hyperplanes xy, = x5, X3 = Z31, Loz = T3z, Tii+Tae
+x;;, =0. Let SO(3) act on E° by conjugation. Then S%1) is invariant under

/2 0 0
this action. The orbit of the point | 0 —1/+/2 0} is a certain submanifold
0 0 0
M of S*Q1). The isotropy subgroup at this point is easily seen to be the finite
1 0 0y(1L O O

subgroup K of SO(3) consisting of the four matricess |0 1 0f|0 —1 O
0 0 1/(0 0 -1

-1 0 O -1 0 O

0 -1 O] [ 0 1 0. Hence SO@B)/K is diffeomorphic to M and the
0 0 1 0 0 -1

Riemannian metric of M induced by S%1) can be transferred to SO(3)/K. The

N
simply connected Riemannian covering M of M is diffeomorphic to S* though

N\
not isometric to a sphere. In any case we have (M, iox) is a simply connected
homogeneous hypersurface in S%1). We can show that it is minimal as well
and that the principal curvatures are constant. However, the following proposition

A\
shows that M cannot be any of the spaces of Proposition 6. 4.

PROPOSITION 6.5. Let (M", f) be a hypersurface in M™'(¢), é#0 and
suppose that for some x, t(x)<<n. Then M is locally irreducible.

PROOF. Let T, = {X|R(X,)Y)=¢XAY for all Y}. Clearly dim Ty(x)=1.
Suppose T is a parallel distribution near x. If Xe T,, Y € T (X and Y non-zero),
then R(X Y)Y € T since T is parallel and R(X,Y) is in the holonomy algebra.
Thus (@Y, Y)X—g(X,Y)Y)eT. But YeT and ¢g(Y,Y)#0 so XeT. Thus

T,cT. If T(M) = éTi is a decomposition into parallel distributions, T, & ﬂTi
i=1 i=1

=(0). This is a contradiction if 7 1. Thus M is locally irreducible.

PROPOSITION 6. 6.

(1) The complete minimal Einstein hypersurfaces of E**' and H"*\(¢)
are hyperplanes if n>2.

(ii) The complete minimal Einstein hypersurfaces of S"*(¢) are great
spheres and products of spheres SV*(2¢)x SY¥(2¢). The latter case occurs only
if n is even.
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PROOF. Adding the assumption to minimality to 3.1, 3.2 and 3.4, we see
that either (i) p=(n—1)¢ and we get hyperplanes or great spheres or (ii)
=m—2)>0. As in 31 we also have M+ pu=traceA=0 so AN +¢
_n=2_ _ n—=2
=_—c€= =p+¢ = P 1

the appropriate product of spheres.

¢. Thus n=2p and ;—%c—Zo By 3.4 we have

PROPOSITION 6.7. The complete minimal hy persurfaces of H"*'(&), n>2
satisfying R(X,Y)R=0 are hyperplanes.

PROOF. By 4.3 either #(x) =7 or {(x)=1 in which case minimality implies
t(x)=0. If t(x)=n and N and p are distinct principal curvatures at x, then
NH(n—pu=0—->pA*+(n—p(—¢)=0 which is impossible since A*>0 and
—&>0. Thus #(x) =0 for all x.

PROPOSITION 6.8. Let (M", f) be a complete minimal hypersurface in
S (&), n>2, such that R(X,Y)-R =0. Then the conclusion of 6.4 holds.

PROOF. As above either t(x) =0 or {(x)=n and pN*=(n— p)¢, (n— p)u*= pé.
The set of bad points is open and closed by 4.5 and 4.6. Also by 4.7, t(x)=0
for all x or #(x) = n for all x. If all points are good, (M™", f) is a great sphere
or product of spheres by 4.10. If all points are bad, A and u are still constant
and M is locally isometric to Mix M3 '(né/(n—1)).
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