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1. Introduction.

1.1. In a preceding paper [2] the author has started the study of
approximation of functions by processes, which are generated by the use
of summability methods for the expansion of the functions in terms of
Jacobi polynomials. The summability methods can be interpreted as
convolution operators, if the convolution structure for Jacobi series,
defined by Askey and Wainger [1], is used. By means of some general
theorems on approximation processes on Banach spaces, (Berens [3]), it is
possible to characterize the saturation class and the classes of non-optimal
approximation of a number of classical summability methods for the sum-
mation of the Fourier-Jacobi series. This paper deals with saturation of
positive convolution operators and the main part is a theorem of the
Tureckii [10]—DeVore [4] type, which determines the saturation order
and the saturation class of a sequence of positive convolution operators,
satisfying a special condition on the Fourier-Jacobi coefficients of the
kernel. The proof is a straight-forward generalization of DeVore’s proof
in the case of Fourier series. As applications, the saturation class of the
higher order Jackson kernel and some other positive kernels are charac-
terized.

1.2. We introduce some Banach spaces of complex valued functions
on the interval [—1,1]. We write C for the space of continuous func-
tions, L= denotes the space of essentially bounded functions and we define
the L* spaces with respect to the weight function (x = cos 9)

1.1) =P (6) = <sin %)MH(COS—%)MH <a >pB > —%) .

We call M the space of all regular finite Borel measures on [—1, 1].
The spaces C, L*(1 < p < ) and M are Banach spaces if endowed with
the following norms
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Ilf lle = sup | f(cosd)|,
0sfsr

171 =[[[17eos o)y poer@an]”  a<p<e,

[| f ll« = ess sup| f(cosb) |,
0sfdsrx

el = |l dpteos o)1

With elements of these Banach spaces we can associate an expansion in
terms of Jacobi polynomials. If P/~#(x) is written for the Jacobi poly-
nomial of degree n and order (a, B) (see Szego [9]), the functions

P8 (cos 0)

R*P(cos ) = Pra(l)
satisfy
(1.2) S:R,f“’ﬂ’(cos 0) Ri~#(cos 0)p'?(0)d = 0, n[@ "] .
Here,
(1.3) w@P = @nt+a+p+l) I'(n+a+p+1) '(nta+l) _ O(n2+)(n—sco) .

rn+p+1)I(n+1)I"(a+1)I(a+1)

With f belonging to one of the spaces C or L?(1 < p < o) we associate
the Fourier-Jacobi expansion

0o

1.4) f(cos 8) ~ Z,o fANn) P R*P(cos 9) ,

where

(1.5) SfNn) = S: f(cos O)R,*P(cos G)p#(@)dd (n=0,1,.--).
With a measure pe€ M we associate the Jacobi-Stieltjes expansion

(1.6) dge(cos 6) ~ 2‘, 2 (n)w P Ri=P(cos 0) ,

where

(1.7 @¥(n) = EZR;“'ﬁ)(cos 8)dpx(cos 6) (=01 --).

Askey and Wainger [1] have introduced a generalized translation operator
T,;, which maps a function f with (1.4) into

1.8) T,f(cos 0) ~ i‘, fAm)w =P R*P(cos )R P (cos ¢) ,
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and Gasper [5] has shown the positivity of this operator. This implies
that T, has an operator norm 1. If f,, f,€ L', then the convolution f, f,
is defined by

(1.9) (f, £ (c03 0) = | T (cos 0) Fi(cos $)p? (¢)ds -

This convolution has the usual properties (see Gasper [5]). If felL?
(1< p< ) and pe M we can define the convolution f *xdyu by

(1.10) (f * dp) (cos 8) = S"T,, f(cos 6)dp(cos ¢) -
Moreover, f *dpe L? and the following inequality holds
(1.11) Nfxdeell, < F 11l

1.3. In the rest of this paper X is written for one of the spaces C
or L? (1 < p< ). Assume that we are given a sequence {L,} of positive
convolution operators, that is, L, has the form

(L12)  L(f3 cos0) = (f » ds) (cos 0) = | Tuf(cos O)dpueos ) (Fe X)),
where g, (n = 1,2, --+) are non-negative elements of M with

Sxdp,,(cos ¢)=1.

We say that the sequence {L,} is saturated if there exists a non-
increasing sequence of positive numbers {¢(n)} with lim,_.¢#(n) = 0, such
that

i) ILf — La(f) llx = o(¢(n)) (n — oo)

if and only if f belongs to some “trivial” subspace of X
and

ii) there is a “non-trivial” element f,€ X satisfying

1 fo = La(fo) [lx = O(p(n)) (n— o) .

The sequence {¢(n)} is then called the saturation order and the set F(X,
L,), which consists of all the elements of X which satisfy ii), is called
the saturation class or Favard class of L,.

In this paper we shall prove a theorem, in which the behavior of the
second trigonometric moment

(1.13) T(t,; 2) = S;‘(sin%fdp,,(cos 9)
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determines the saturation of {L,}. In section 2 we give some inequalities
for Jacobi polynomials and we investigate the relationship between Jacobi
coefficients and trigonometric moments. Then, following DeVore [4], we
introduce the following conditions:

A. There exists a constant C, >0 such that for each integer % there
is an N (k) for which

— (k)
1 — LD = Cle(k+a+B+1) for n > N (k) .

B. There exists a constant C,>0 such that for each ¢ >0 there is
an N (¢) such that
Se <s1n >dpz,,(cos 0) = Cyg S <s1n )dy,,(cos 0) for n> N(e) .
0

In section 3 we shall prove

1.4. LEMMA. The conditions A and B are equivalent.

We define the Lipschitz classes with respect to the generalized trans-
lation operator by

(1.14) Lip(v, X) = {fe X:3¢>0, Os<1;£¢|| Tof—fllxSep}, 0<7r<L2).

We now state the following theorem that will be proved in section 4.

1.5. THEOREM. If {L,} is a sequence of operators of the form (1.12)
and if either condition A or condition B is satisfied, then {L,} is saturated
with order (1—pY(1)) and the satwration class F (X, L,) s Lip(2, X).

The Jacobi polynomials R/ *#(cos #) satisfy the following differential
equation:

a5 ——1 4

- p(a 7(6) o

If for fe X with the expansion (1.4) there exists an element Afe X such
that

{ “ () L d _ Ri*¥ (cos 0)} — n(n+a+B+1R?(cos 0) .

(1.16) Af ~ 3 nn+a+B+1) fA()0P RiP(cos ) ,

then we say that fe D(A) and we call A the operator which maps D(A)
into X by f— Af. The operator is the realization in X of the differential

operator
1 (e, ) (/]
,o“’ P(6) do {p O3z }



POSITIVE CONVOLUTION OPERATORS 59

with boundary conditions d/dd = 0 at ¢ = 0 and =, as follows from (1.15).
Lofstrom and Peetre [7] have shown the close connection between the
generalized translation operator 7T, and the operator A. In fact, for
fe D(A) the following relations hold:

(1.17) [ Tof — fllx < C.HIASf llx
. lim|[f =Tf _ af] =0,
(19 lim |-~ 41],
where
— ¢ 1 o (a, B)
(1.19) C.(p) = So_——p(a’ﬁ)(ﬁ)(Sop ﬁ(r)dr)dﬁ,
(see Bavinck [2], section 4). Moreover,
7 Cl(¢) — 1
1.20 1 =
( ) ¢l_.r£. sinz—g— o+ 1

and, since for 0 <¢ < @/2, V' 2/2 < cos ¢/2 <1 we have

Cip) < Sjm (S: (sin—é—)ml cos% dr)dﬁ

sin—
¢
<1 S 2__ o
a+1Jo 7ANE
<COS§')

28+ ., @ T
< sin® =— 0 < —.
a+1 2 <¢ 2

(1.21)

Notation: We will use the notation a, ~ b,(n — ) if there are positive
numbers ¢, and ¢, such that ca, < b, < ca,.

2. Some relations for Jacobi polynomials.

2.1. Inequalities. We shall first prove the following inequalities for
Jacobi polynomials R*#(x). Let k be a natural number. Then

@.1) 1 — RiP(cos ) < BEta+B+D) o 0 (g opg<py,
a+1 2

There exists a constant ¢,> 0, such that for 0 <e<4/2k+a+ B+ 2)

2.2) o Bt At BHL) e 1 _ puoeoss) (0<O<e).
a+1 2

By the differentiation formula
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d a kEk+a+B+1) paripn
R®# — Rjatup+n
Pl () 2@+ 1) k (@)

we obtain from the mean-value theorem

2.3) 11— R (cos 6) = k(k(*c‘!“:ﬁ 1) gine % Rt (cos §), 0 < < 4.

Since | R{*#*(cos )| < 1,0 < 8§ < x, formula (2.1) follows.
For the proof of (2.2) we use Hilb’s formula (Szego [9], (8, 21.12)) for
large n

(sin %)u <cos%)ﬁ RP(cos ) = N~*I'(a+1)(0/sin )2 J (N 6)
{0"20(%‘3’2“‘), ifen'<<m—e¢,

6*+*0(1) , ifo<o<ent,

where N = n + (a+g8+1)/2.
The power series expansion of (z/2)~*J,(z) has terms with alternating
sign, and monotonically decreasing for real z, 0 <2z<2. Hence we have

@.4) RH5+0 (cos 6) > I'(a + 2)(-15—0>a+1.],,+1(N0) +6°01) 0<6<2N-
<N0)2
2
>1— £0(1
> o + °0(1)

a+1 _
> — O(N7Y) .
a+ 2 ( )

The inequality (2.2) follows from (2.3) and (2.4) for £ > k,. On the other
hand, the constant ¢, can be chosen in such a way, that (2.2) remains
valid for k < k.

2.2. Relations between trigonometric moments and Jacobi coefficients.
The following expansion is a simple consequence of Rodrigues’ formula
(see also Szego [9], formula (9.3.11)).

(2.5) (sin %)

_ I'(e+hI'(c+a+l) 20‘,(— 1) Cn+a+p+1)'(n+a+B+1)
a+1) w=0 roe—m+1)r'n+a+pB+0+2)I'(n+1)
X R/=P(cos 6) (c=1,2 +-+).
From the expression of the Jacobi polynomials in terms of hypergeometric
functions
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R/*P(cos ) = 2F1<—n, n+a+pB+1; a+1; sin2%>

we easily derive
(2.6) 1— R™P(cosb)
A

_ 2 (—1)k+ I'n+a+p+k+1)'(n+1)I(a+1) sin# 9 .
= I'n—k+1)In+a+p+1)I(k+a+1)I(k+1) 2

If the trigonometric moment of order 20(c =1, 2, -+-) is defined by

T (t,; 20) = S:<sin%>2ad,an(cos 0 ,

we obtain by (2.5), noticing the value of (2.5) at ¢ = 0,
2.7 T(pt; 20)

_ Le+thI'c+a+l) i(_l)k+1 Ck+a+p + DI'(k+a+p+1)
I'a+1) =L I'o—k+1)I'k+a+g+0+2)I'(k+1)
X (L=l (k)
On the other hand (2.6) leads to
@8) 1— mi(k)

— F(k‘}‘l)r(a-i'l) k —1)o+ F(k+a+,8+0'+1) T 2
I'k+a+p+1) uz=1( ) I'k—o+1)I'c+a+1)I(c+1) (23 20) -
Hence, we easily derive from (2.7)
2.9 T n;2=_aL1_ V(1
(2.9) (tn; 2) a+,3+2( ££(1))
and

@100 L4 _ _(@+2(@+p+2) [2(01+B+3)_1—p,‘{(2)].
T(t,; 2) (a+p+3)(a+B8 + 4L atp+2 11—y (1)

From (2.8) and (2.9).- we conclude

(2.11) 1= k)
1— (1)
_ kkt+a+p+1) _ I'k+1)Ma+2)
a+pB+2 (@+pB+2)Ik+a+B+1)
v é‘z(_ly I'k+a+p+o+1) T(¢.; 20)

r'k—o+1)ro+a+1)re+1) T(¢.; 2)

Similar relations between trigonometric moments and Fourier coefficients
have been established by Stark [8]. We also have the following theorem,
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which generalizes a result of Gorlich and Stark [6] (see also Stark [8]).

2.3. THEOREM. For a sequence {L,} of positive convolution operators
of the form (1.12) the following assertions are equivalent:

1 — (k) k(k+a+p+1) i -
@) }LI_I.E =D - aigiz kK=1,2,+4),
) lim L= (2 _ 2@+p+3)
noe 1 — py(l)  a+p+2
o T (s 4) _
lim —w =2 = (.
© e T (1, 2)

ProoF. Relation (b) is a trivial consequence of (a). Relation (c) fol-
lows from (b) by (2.10). Since 0 <sin*§/2 <1 and the measures g, are
positive it is obvious that

T(tt.; 20) < T(¢.; 4) for o0 > 2.
Therefore relation (c) implies that lim,.. T(,; 20)/T(¢.; 2) = 0, 0> 2.
Thus, by formula (2.11) relation (a) follows.

3. Proof of lemma 1.4. We first show that B implies A. If we
take ¢ <4/Qk+a+pB+2) and N(¢) as given in B, we have, using (2.2)
and (2.9), for n> N(e)

1— (k) = S:(l — R (cos 6))dp,(cos 6)

= SE 1 — R(*#(cos 0))du,(cos 6)

o kktatpt1)

* a+1

k(e t+a+g+1) o
a+1 ?

¢.C
=278 L — ) .
Tt o1z k+a+p+1) 1 — £l @Q))

Therefore, A holds with N(k) = N(¢) and C, = (¢c,.Cy)/(@+L+2).
We will now show that A implies B with Cy; = C,(¢+5+2)/2. We
choose € = ¢, and we consider the measures
0, 0<6<s,,
v,(cos 6) = 1
T (¢ 2)

= S sin'- d,(cos 6)
0 2

> ¢, S” sin® % dp,(cos 0)
0

t.(cos 6) , &l .

Then
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1 1
280 T(t; 2)
2

1

€
sin’=2

S:dv,,(cos o) < S sin*— dpn(cos 6) =

sin
Thus, we have for each k (k=1,2, -..)
2

Sz{l—R,,(“’ﬁ’ (cos 6)}dv, (cos 8) <
’ sin*Se

2
Choose k, so large that

C, o(ko+a+,8+1) (a+6+2) > 1
Hat]) o

sin

Then,

__1
T (1 2)

_ 1
T(tt; 2)
S {1—-R>?(cos 6)} dv,(cos 6)
>_ 1
T (pta; 2) Do

_ C.kf(k,+a+B+1) (@+5+2)
2(a + 1) )

S {1—R/= (cos 6)} dpt,(cos 6)

S {1—R{>#(cos 0)} dy,(cos 6)

S {1— R (cos 6)} dfta(cos )

By virtue of condition A we have for n > N(k,)

S {1— Ry=®(cos 6)} dyt,(cos 0)

> C (ko +ct+ B+1) (—‘"—(@ | sin* 2 du,(cos 0) .

Finally, by (2.1) we have

—_ (a+1) (a,
S sin? d;zn(cos 0) > Tt at 51D S {1— Ry (cos 6)} dp,(cos 6)

>C, Mﬁg sin® — d;z,,(cos 0) ,

which proves lemma 1.4.
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4. Proof of theorem 1.5. Let {L,} be a sequence of positive linear
operators of the form (1.12) which satisfy either condition A or B. On
account of lemma 1.4 both conditions A and B are satisfied and we will
interchange them appropriately.

We first show that {L,} is saturated with order (1—y(1)). If feX
and

| La(f) = f llx = o(L— £/ (1)) (n— ),
then
SNE) — fAE) (k) = o(L— /(1)) (n— o).

In view of condition A this implies fAk) =0, k=12 .-+, and
therefore f is a constant. The function f,(cos 6) = (sin §/2)* is an example
of a non-constant function which satisfies

1 Lu(F) = £ lx = O — (1)) (n— o) .

Hence {L,} is saturated with order (1—gy(1)). The “trivial” subspace
used in section 1.3 is here the space of constant functions.

We now wish to characterize the saturation class F (X, L,). An ele-
ment fe X belongs to F (X, L,) if and only if

|1 Tt (cos 0) p(cos o)) dpfeos )] = 0U—pz@) (o — o),

or equivalently

(n— o),

Sn (T4f (cos 6) — f(cos 6)) dpa(6) "X — 0Q)

0 2

sin® =
where

(a+pB+2) sin’ % dp,(cos @)

W0 = — G a—mm)

By (2.9) Snd';lr,(qi) =1, n=12 --- and consequently it is clear that
0
feF(X, L,), if fe Lip(2, X) (see (1.14)).

We still have to prove that fe F (X, L,) implies fe Lip(2, X). If we
denote by A the operator defined by (1.14), then we will first show that
for fe D(A) satisfying
(4.1) | f—=La(f) llx < M(Q1— (1)) (n— o0),
the following inequality is valid:
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4.2) |Af [l <CM+fllx)

Here C is a constant independent of f.

Since the measures +, all have norm 1, there exists a subsequence
{n;} and a measure v such that {y;} converges weakly* to y. By condi-
tion B and the weak* convergence it follows that for each ¢ >0

(4.3) S dy = lim S ;> Ca »

We choose ¢, so small that ¢, < 7/2 and

(4.4) S dy < 2 with §>2 + 25+,
(0,¢q) S

For fe D(A) satisfying (4.1) we have, putting M’ = (@ + B + 2)M/(a + 1),

[ ZL =L ay@)| <1tim

sin? g ==

\ T**fz ¢fdm,(¢) |< .

Hence,

(4.5) i

[ LS =1 g, <
sin* —

[ 2=t ],

sin? — ¢

oy 200

sin? S

From (1.18) and (1.20) we know that (T,f—f)/(sin’(¢/2)) — — 1/(a+1)
Af in X if ¢ — 0*. In virtue of (4.3) and (4.4)

wo [ Lav]

sin® — ¢

z(1—l)cgz—i—1nAf||X—u§M Lf =1 ay )], -

S 2 §
sin 5
Since by (1.17) and (1.21)
| Sm2¢ <2 04r <s<Z,

we derive from (4.6) and (4.4)



66 H. BAVINCK

4.7 ' S”’M dy(9) “
" sint L ¥
1 1 gt
1- = R )
>(1-2)ca—toiiari: -2 2 ar)
1
> gy O 1471l

as we have chosen S > 2 + 242,
Hence (4.7) and (4.5) yield
147l < 2@t (g 4 2171
B sin? &
2

which establishes (4.2), if C is chosen appropriately.
If we take an arbitrary element of F'(X, L,) such that

1 f —=La(f) llx < M(1—p25(1)) (n=1,2—-),

then we study the convolution of f with a positive polynomial kernel K,
(for instance the de la Vallée-Poussin kernel (see section (5.1)) f,, = f* K,,
which clearly belongs to D(A). Then for f,

SN =frdpally < MQA = pr(1)) (n=1,2+-+).
Since ||f.llx £ || f llx holds, it follows from (4.2) that
NAfwllx SCM + [ fullx) SCM + || F ) -
Hence for ¢ >0 it follows from (1.17) and (1.21)

Tfm——fm 2'9—1 = L] .
¢¢2 'XSa+1HAf”'Il‘YSCl(M—i‘”f“X)’ (m=1,2, )

(4.8)

If we take the limit as m — «~ in we get

| BL=L], <car+irio

which is equivalent with f € Lip(2, X).

5. Applications. We will show in this section, that many of the
classical approximation processes which have a positive kernel, satisfy the
conditions of theorem 2.3. Since condition (a) of theorem 2.3 is essential-
ly stronger than condition A of theorem 1.5, we may conclude by
theorem 1.5, that these approximation processes are saturated with order
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(1—/(1)) and that their saturation class in Lip (2, X). For some of the
examples given here, these results have already been obtained by dif-
ferent methods in Bavinck [2].

5.1. The de la Vallée-Poussin summability process. The de la
Vallée-Poussin kernel is defined by

2N
G.1) Vy(cos 6) = wé“'“”’(cos%) N=12 -,
where w{®#*" is given in (1.3). The trigonometric moments of V, are
very easy to calculate:
wéa,ﬁ+N)

_——TT o e
a)éa+a.ﬁ+N)

Hence

A T(V . 4) . @letLEEN) . a2
lIim=22"»% —|im —*%*—_=lim___ — "2  —
Now T'(Vy; 2) Noe @284 vow N+a+B+3

By theorem 2.3 and theorem 1.5 we conclude that the summability pro-
cess Vyf(cosf) = (f » Vy) (cos §) is saturated with the order 1 — V3{(1),
which by (2.9) is

oy ([@+B8+2) oy A+B+2
1 Ve = S T(Vy; 2) NiarsiE"

The saturation class is Lip(2, X).

5.2. The Jackson kernel. We now direct our attention to the
Jackson kernel

sin n 2\* (r and tive int
R r and n positive integer,
(5'2) Ln,'r(a) - 7\‘7»,7‘ . 0 ,r> 5% + 2)’
sin—
2
where
] sin n 9\"

(o(a,p)(a) dﬁ ~ n2r~2a—2 .

)’n»r = S
0 .
sin—

2

In order to find the saturation order and the saturation class, we show
that the kernel (5.2) satisfies condition B of theorem 1.4. Using the well-
known estimates 6/7 < sind/2 < 6/2 for 0 <0 <z and V' 2/2 < cosf/2<1
for 0 <0 < 7/2 we have
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D
—_— (COS—) dé
0< . 0 )21‘—2a—3 2
sin—
2

7\'n,rT'(I/n,r; 2) = S

< n.2'r—2a—3<%>2r Sx/” Gra+3dy 4 ir—ta=s Sr grat+i-trgg
0

z/n

2r 2r—2a— 2r—2a—4

(G
2/ a+2 2r—2a—4

s 2r+1 1
= <(%> a+2 + 2r—ga—4> )

On the other hand (n > 2)

(sin n £>r
/n 2 I

28+1 n\ z[n
Mo S w (COS _) do > <_> Qr—2a—3—p—1[2 S 92=+2 49
0 (sin > 2 T 0

( n >2r—2a—4 22r—2a—4-—p—-1/2

T (@ +2)

If we choose € >0, then for n> n/e

|, L @0 ©)d0 = C, | L. 0)p»©)as .

where

22r~2a—4—ﬂ—1/2 T 2r41 1 T —1
0= iy (5) )
7T i1 2) \\ 2 a+2 + 2r—2a—4
Since T(L,,.; 2) ~n~* it follows from (2.9) and theorem 1.5 that the

kernel L, ,.(f) is saturated with order n~* and that the saturation class
is Lip(2, X).

5.3. The Weierstrass kernel. The Weierstrass kernel, defined by
(5.3) Wicos ) = 3, e-klktatsriig @p R o (cos ) (t>0)
k=0

is a positive kernel (see Bavinck [2], section 5.8). If we take a sequence
of numbers {¢,} with lim,..¢, = 0, then it is easy to show that the

sequence of convolution operators W, satisfies condition (a) of theorem 2.3.
In fact

lim 1 — g klktatptnit, — k(k+a+p+1) .
gm0t 1 — glatptlt, a+pB+2
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Hence by theorem 1.5 the sequence W, is saturated with order

1 — rterstit, oy g, (n — o)

and the saturation class in Lip(2, X).
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