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ON PLESSNER POINTS OF MEROMORPHIC FUNCTIONS

HIDENOBU YOSHIDA

(Received July 19, 1971; Revised July 31, 1972)

The notion of a set of porosity was first formulated by Dolzhenko
[4]. It was shown in [4], [5], [8] and [9] that this was useful for investi-
gation of cluster sets. In this paper, we make use of this notion and
sharpen some of Meier’s results in [2], [3].

1. Notations and definitions. The geometry of the following is
greatly simplified by considering meromorphic functions defined in the
upper half plane, instead of the unit disc. Therefore unless otherwise
stated, we denote the upper half z-plane {z; Im(z) > 0} by G and the real
axis by I”, and let the function w = f(2) be meromorphic in G and take
values in the w-sphere Q.

Let {eI’. We denote by o.(v) the chord of the upper half plane G
terminating at { and making an angle +, 0 <+ <7, with the positive
real axis, and by o.(v;9), 0 < 6 < -, the set of the points z = x + iy on
the chord p.(y), which satisfy the condition 0 < y < 4. We denote by
di(a, B), 0 < @ < B < m, the open angular domain (the Stolz angle with
the vertex {) bounded by two chords p.(@), 0.(8), and by 4.(a, B;9), 0 <
0 < o, the set of the points 2z = « + ¢y in the Stolz angle 4.(a, g8), which
satisfy the condition 0 < ¥ < 6. In the case when no confusion occurs,
we use the simple notation 4, without specifying «, 8 or a, B, d.

We denote by C,,cm( f) the cluster set of f(z) on a chord o.(y) and
by C,c(a,p)(f) the cluster set of f(z) on a Stolz angle 4.(a, B). We say a
point eI is a Plessner point of f(2), if C, [(f) = 2 for any Stolz angle 4..

Suppose a set T I" and a point {e€I" are given. For an ¢ > 0, we
denote a segment {(el;{—e< &<l +¢} by I'(,{). Let 7, e, T) be
the largest of lengths of arcs contained in I'(¢, {) and not intersecting
with T. The set T is said to be of porosity at (, if

Tm 2@, ¢, T) > 0.
-0 &

A set T is said to be of porosity if it is so at each {e€ 7. A set which
is a countable union of sets of porosity is said to be of g-porosity. A set
of o-porosity is of the first Baire category. It is easily seen that a set
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which is of porosity has no points of density with respect to outer measure.
Therefore every set of o-porosity is of outer measure 0. But there exists
a set, which is of measure 0 and not of o-porosity (see [7]).

2. Statement of results. In this section, we state two theorems
which are proved in this paper. Theorem 1 will be proved in the section
3 and Theorem 2 in the section 4.

THEOREM 1. Suppose that f(z) is meromorphic in the upper half
plane G. Then, except for a set of o-porosity, every Plessner point el
of f(z) has either of the following two properties A), B):

A) every value on 2, with at most two exceptions, is taken by f(z)
infinitely often im any Stolz angle 4, with the vertex L. Thus, for each
exceptional value a € 2, if any, there is a Stolz angle 4, with the wvertex
{ where f(2) takes a, a finite number of times,

B) every wvalue on 2 is either a cluster value of f(z) on all chords
0c:(4) terminating at £ in the upper half plane G, or it is taken by f(z)
infinitely often im any Stolz angle 4, with the vertex C.

REMARK 1. By Meier [3], it was shown that the above exceptional
set is a set of measure 0 and of the first Baire category.

THEOREM 2. Suppose that f(z) is meromorphic in the upper half plane
G. Then, except for a set of o-porosity, every Plessmer point (el of
f(2) has the following property B*):

B*) every value on Q is either a cluster value of f(z) on all chords
0c() terminating at C except only ome value of +, or it is taken by f(2)
infinitely often in any Stolz angle 4, with the vertex (.

REMARK 2. Meier proved in [2] and [3] that the above exceptional set
is a set of measure 0 and of the first Baire category. See Noshiro [6].

3. Proof of Theorem 1. In the sections 3 and 4, the following nota-
tions are used.

Let {c,};—; be a sequence consisting of all complex numbers whose
real and imaginary parts are both rational. Let {r},., be a sequence of
all rational numbers satisfying 0 < r, < . We denote by ab(=ba) the
Euclidean length of the interval (@, b) on the real axis I.

We denote by E the set of points of I", for which neither A) nor B)
are satisfied. Then, for each point { € E, there exist three values ai, a?,
at € 2, a chord oc(y) and three Stolz angles 4, 4, 4;, such that a} ¢ C,, ., (f)
and f(z) # a} for ze 4} (\ =1, 2, 3).

We denote by P the set of points of E, at which the above three
values ai, a}, a} are finite.



ON PLESSNER POINTS OF MEROMORPHIC FUNCTIONS 25

Now we have to prove that no point of the set P is a Plessner point
of f(z) except for a set of o-porosity. For the set E — P, we can see the
same conclusion without difficulty.

For positive integers m,, m,, ms, Ny, Ny, Ny, p satisfying inequalities

(1) 2 e <n-2 (=129,
D VY
Ic"‘i—c""’jl<_1—;);(l (7:7&_7.,’1:,_7.21,2,3),

we define P, ,mymyn,npnyr @S the set of points £ of P, at which the fol-
lowing conditions are satisfied:

10 .1
| f(2) — em | > —p— for zepc("#c’ p> ’

1

1 11
f(2) # a} for zedc(rnz—;,’r'm—l-;,;) n=123),
la'é—cm,z]<— (>“:1,2,

D

3) .

Then we have (see Meier [3])
P = U P

M1y MYyM3 N1y N NP ©
my, M2, M3, N1, N2, N3,P

We define Py ., mynpngner @S the set of points of P, ,m,mgnpngngs at Which
P, mymgnpngnge 1 N0t 0f porosity. Then at every point of the set
Pmumz’msv"v”zv"sﬂ’ - szmz’mav’ﬂv”z’"a’?‘ ’
the set P, ,mymgnpnpngp 18 Of porosity. Therefore the set
P

*
M1y Mys M35 M1sNgs Ngs P Pml,mz,ma.nlmz,nsm

is a set of porosity.
We will show that no point of the set Py .,msn.npm0 1S @ Plessner
point of f(2). In the following, we set

— * — *
Pml,mz,ma,nl,nz,na,p - P and Pml,mz,'rn3m1,n2,n3,p - P *

Let Ce P*. Since {€P, we can choose a positive number 6, which
satisfies

(2) sin (3;) < sin () - sin ( %) )

Now, we need the following lemma which will be verified at the end of
this proof of Theorem 1.

LEMMA 1. Let { e P* and z,€ 0(y:), 2, = { + Re*t. We denote by C?
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the disc {z; |2z — z,| < R-sin (6;)}. Then, if R is sufficiently small, there
exist (3(z)e P (M =1, 2, 3) such that

1 1
AC}(ZO)</"'IL1_};7 Tny + ';) DOCE.

From this Lemma 1, if R is sufficiently small, three different complex
numbers a;, ..., 0%,:y, Uyep € 2 are not taken by f(2) in Cf. The remaining
part of the proof proceeds entirely analogously to Meier’s [3, Satz 1], so
may be omitted.

Thus, we come to the conclusion that except for the set

*
(Pml,mzrm;;mpng,nyp Pmlymg,ms,nl,nz,n3m)
My, MY, M3, N1, N2,N3,P

of o-porosity, no point of the set P is a Plessner point of f(z).

Now, to complete the proof of the theorem, we need only prove Lemma
1. Here, we will only prove the existence of {,(z,) € P, since the existence
of £,(2,), Ci(z,) € P is proved by the analogous method.

Suppose that there exists a sequence {2} = { + R,e'¥<}, 20 —{ (n— o)
such that (£,(2p), &:(20)) N P = @, where we denote by &,(27) (or &,(27)) the
point on /" at which the chord, making the angle », — 1/p (or 7, + 1/p)
with the positive real axis and tangent to the disc Cf» from right (or
left), terminates. If we set

5,,, = max {51(%”)@ S2(z(§‘)C} H

&, =R, ——3,——+1
=@

from (1). Since &,(z2)&,(27) is larger than

2R,,(sin () - sin (%) — sin (6c)) :

we have

which is positive from (2), we have
¥, €, P) = 2R,,(sin (¥) - sin (l) — sin (ac)) )
D

Therefore, we have
1

En

Y&, €., P) > 0.

Tim %7@, ¢, P) > Tm
e—0 n—oco

So the set P is of porosity at {, which contradicts the hypothesis { e P*.
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This completes the proof of Lemma 1 and hence of the theorem. g.e.d.

4. Proof of Theorem 2. We denote by E the set of points of I,
at which B*) is not satisfied. Then for every point { € E, there exist a
value a, €2, two chords p (), 0:(8:), @ < B, and a Stolz angle 4, such
that

a; ¢ {Cpcmc)(f) U Cpc(ﬂc)(f)} and f(z) #a, for zed,.

We denote by P the set of points of E, at which the above values
a.’s are finite.

Now we will prove that no point of the set P is a Plessner point
of f(2) except for a set of o-porosity. For the set £ — P, we can prove
the same conclusion without difficulty.

For positive integers r, s, t, we define P,,, as the set of points of P,
for which the following conditions are satisfied:

(1) re>2, r+lc<n,
s s
(2) f(®) # a; for zeA;(rt——l—,r,—i—L,—}—),
s s s
1 1

?<ac<ﬁc<ﬁ_?,
(3) mc—cA<e§mﬂ@——muz§-mrze{m(mn%)Up(edé)}.

Then we have (see Meier [2])
P = U P’r,a,t .
r,8,t

Next, for positive integers I, m,, m, satisfying the inequality

1 1 1 1 1 1
?<7'ml—-l—<’rml+—l—<”',n2——l—<"'mz+ T<7r_;’
we define T, ,. as the set of points (e P,,,, for which the following
conditions are satisfied:

4 Be— 2 T Be—a 1
(4) 4 >l 4 4 >l
(5) WNWM<%,erM<%,

(6) sin(c—%>-sin<%)>sin(—?-)
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for a positive number o, satisfying

(7) sin® (%) - min {sin (-é-‘—l—ﬂi), cos (——B—‘j}ﬂ + %)} > sin (9;) «

Then we have
Pr,s,t = U Tl,ml,mz .

l,my,mg

In fact, if (e P,,,, we choose a 0, satisfying (7) and an [ satisfying (4),
(6) and then we can choose 7, , 7., satisfying (5). Thus we have { € T}, ,m,

We define T%, ., as the set of points {€ Ti,m,m» at which T, ., is
not of porosity. Then at every point of the set Ti.,m, — Ti'n,n, the set
Tim.m, is of porosity. Therefore the set Tim,m — Ti'm,m, iS a set of
porosity.

We will show that no point of the set T%, ., is a Plessner point of
Sf(z). In the following, we set Ty nm,m = T and Tt ., = T*. We put

1

1 1 1
"p‘lZTml —T;“lfz:lrml_f—_l,"lfs:/rmz—_ ’9!/‘4:Tm2+7'

l,

Then we have
(8) %<“ﬁ‘1<ac<"lf‘z<"/f‘a<3c<"ﬂ4<n_—i‘°

Now, we need the following lemma whose proof will be given later.

LEMMA 2. Let{eT* and z, ={ + Re e d.(y* — 1/, * + 1/1), v* =
(v + 3)/2. We denote by CF the disc {z; |2z — z,| < R-sin (0, — 1/)}. We
denote by &,(2)) the point on I' at which the chord, passing through z, and
making the angle «, with the positive real axis, terminates (. =1, 2, 3, 4).
We denote by &3(z) (M=1,2,8,4) the point on I' at which the chord,
making the angle 4, (W=1,3) or -, (A = 2,4) with the positive real
axis and tangent to the disc CF from left (n =1, 8) or right (A = 2, 4).

Then, for every z,€ d.(y* — 1/l, v* + 1/l) with sufficiently small R,
there exist (i (z)e T (M =1, 2, 8, 4) such that

§iz) <Gz) < &) (W=1,3)
or

&1(z0) < Li(z0)j< E5(o) N=24.
From this Lemma 2 and (8), if R is sufficiently small, the chords
Oz (Xe,(20) s Otyte)@tyizg)s Oyieg (Bryey)  aNA 0¢, 000 (Beyiap)
intersect the disc C¥, and the quadrilateral /I bounded by these four
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chords is contained in a quadrilateral /I’ bounded by four chords

Oe; 20 (V2), Oesz0 (V1) Peg(zo)(“lﬁ) and Pe;(zo)("lfs) .

And also this quadrilateral /7’ is contained in a disc Df = {z; [z — 2| < 0¢},
where

o, = R-sin (55 - %) - max {sec (i‘;—%), cosec (W—;"‘l’i)} .

Here, we use the following lemma whose proof will also be given later.

LEMMA 3. Let (e T* and 2z, = + Re' € 4. (v* — 1/l, * + 1/1), v* =

(2 + 9)/2. Then, for every z,€ d.(y* — 1/I, v* + 1/I) with sufficiently
small R, there exists an 7(z,) € T such that

D?CAv(zo)(’rt - ‘l’ (a l’) .
s s
From this Lemma 3, the above quadrilateral /7 is contained in the

Stolz angle 4,,(r, — 1/s,r, + 1/s), 7(z)) € T. Therefore we obtain

|lf(&) —e¢,| = % on every side of the quadrilateral I7

from (3) and

f(2) # ay,y in the quadrilateral I7
from (2).
The remaining part of the proof proceeds quite similarly to Meier’s
[2], so may be omitted.
Thus, we come to the conclusion that except for the set

P;,s;t = U (Tl,mp'rng - Tl)ljmpmz)

)My, M2

of o-porosity, no point of the set P,,, is a Plessner point of f(z), hence,

except for the set U.,..P/.: of o-porosity, no point of the set P is a
Plessner point of f(2).

Now, to complete the proof of the theorem, we need only prove Lemma
2 and Lemma 3.

Proor or LEMMA 2. Here, we will only prove the existence of

Ci(z) € T, since the existence of (,(2)), (s(2), {u(z) € T is proved by the
analogous method.

Suppose that there exists a sequence

@ = 0+ Ry e dy = 1 g% + 1), e —Lln— )
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such that
E@), E=NNT=0.
If we set
&, = max {£,(2}), £1(z3)C} »
we have
tan <;>

from (8). Since &[(27)¢,(z2) is larger than

(o= $an(L) - an(3)
sin () - sin ()

which is positive from (6), we have

sin (o — 3)-sin (L) - sin(2) .

sin ("/’1) - sin (’51’2)

R,

’

7€ e T) 2 Ry

Therefore, we have

m%v(c, e, T) =Tm Ly, e, T) > 0.

-0 n—e £
So the set T is of porosity at {, which contradicts the hypothesis { e T*.
This completes the proof of Lemma 2. q.e.d.

PrROOF OF LEMMA 3. We denote by ¢,(z,) (or #,(z,)) the point on I" at
which the chord, making the angle », — 1/s (or », + 1/s) with the positive
real axis and tangent to the disc D} from right (or left), terminates.

Suppose that there exists a sequence

{20 = C + Roeia)o, 2t € Ac<'1//‘* — % v* + %—) 2 —C (m— o)

such that (¢,(z7), 6.) N T = @. If we set

&, = max {¢.(23)C, #2(25)C} ,

3
enan<1 + Sin@))

S

we have
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from (1). Since

cos (Mé—iz—) > cos <%— 4 Be— A Z a‘)

from (4),
in (Vs — Ve in(Be—a
sm(-—z—)>sm< 1 ‘>
from (4) and sin (1/s) < sin (y,) from (8), ¢,(27)¢.(2;) is larger than
sinz(%>- min {sin <—§‘Z—a‘—>, cos(% + ﬁ—%)} — sin (6,)

min {sin (—'B—C—%), cos(—ic- + &%ﬁ)} ’

2R,

which is positive from (7). Clearly
¢, &y T)
sin2<%—>- min {sin (ﬁc_z&) cos(% + %)} — sin (9;)
=2F min {sin (—@Z—a‘), cos(% + %)}

.

Therefore we have

Tm %7(@ e, T)>Tm siv(é:, &0 T)> 0.

So the set T is of porosity at {, which contradicts the hypothesis { e T*.
This completes the proof of Lemma 3. q.e.d.
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