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1. Introduction. Let (M, J, g) be a Kahlerian manifold of complex
dimension n with the almost complex structure J and the Kahlerian
metric g.

S. Bochner [1] introduced so called Bochner curvature tensor B on
M as follows;

B(X, Y) = R{X, Y) -—[IPX A Y + X A RΎ + R'JX A JY
2n + 4

+ JX A R'JY - 2g(JX, RλY)J - 2g(JX, Y)RιoJ\

+ t™™R1

 O J I Λ Y + JXA JY- 2g(JX, Y)J]
(2n + 4)(2n + 2)

for any tangent vectors X and Y, where R and R1 are the Riemannian
curvature tensor of M and a field of symmetric endomorphism which cor-
responds to the Ricci tensor Rx of M, that is, g{RιX, Y) — Rι(X, Y),
respectively. XAY denotes the endomorphism which maps Z upon
g(Y, Z)X - g(X, Z)Y.

But we do not know what kind of transformations in M leave B
invariant [10].

The purpose of the present paper is to classify the restricted homo-
geneous holonomy group of M with vanishing B.

THEOREM. Let (M, J, g) be a connected Kahlerian manifold of com-
plex dimension n (n ^ 2) with vanishing Bochner curvature tensor. Then
its restricted homogeneous holonomy group HXQ at some point xoe M is in
general the unitary group U(n) [10]. // HXQ is not U(ri), then we can
classify into the following two cases:
(I) HXQ is identity and M is locally flat.
(II) HXQ is U(k) x U{n — k) and M is a locally product manifold of an
k-dimensional space of constant holomorphic sectional curvature K and
an (n — ̂ -dimensional space of constant holomorphic sectional curvature
-K {KΦG).
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The above theorem seems to be a Kahlerian analogue of Kurita's
theorem for the holonomy groups of conformally flat Riemannian mani-
folds [6].

2. Preliminaries. Let (M, J, g) be a Kahlerian manifold with
vanishing B. Then its curvature tensor R is written as follows;

(2.1) R(X, Y) = Γ+IΛ RΎ+ RιJX/\ JY
2n + 4

f JX Λ R'JY - 2g(JX, R1 Y)J - 2g(JX, Y)Rι « J]

- 2g(JX, Y)J] .17ΓΓ1T^T^[XΛ Y

(2n + 4)(2w + 2)

There are following relations among g, J and R1:

J 2 = -I,

g(JX, Y) + g(X, JY) = 0,

RΌJ= JoR1,
X, Y) = g(X, RΎ) .

Then, at a point xeM, we can take an orthonormal basis {eu " ,en,
Jeu " , Jen} of tangent space TX(M) such that J and R1 are represented
by the following 2n x 2n matrices with respect to the basis;

(2.2) J =

- 1

- 1

- 1

λ2

λ2

λ j

And we have

R(ei9 Jβi) = σ^ Λ Jβi

R(βi, Jβj) = Oijiβi Λ Jβ

where we have put

-RιoJ
n + 2

% Λ β/βy) ,

Jβi Λ eό) (i, i = 1, , n, i Φ j) ,
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(2.4)

2(n + l)(n + 2)

1

[(n + l)(λ, + λy) - A] ,

(n + l)(n + 2)
1

(n + l)(n + 2)

[2(w

μ - (n + l)λ{] ,

Considering i2(X, F) for X, Ye TX(M) as a linear endomorphism of
Γ^ilί), R(βi, es), R(e{, Jβj) and R(eit Jβi) are represented by the following
2n x 2w matrices with respect to the above basis:

(2.5)

where

(2.6)

where

B(et, e3) = σtiMtψ ,

M 'ίV =

i

0

1

i

0

1

3

1

0

•B(e4 >

3

- 1

0

0

- 1

Jed =-σt

«+<

0

1

1

0

sMS

*

3

n + i

n+j

n+j

1

0

i

3

n+i

n+j

n+i

(2.7) R(ei9 Je<) = 2 σin

-n

where 2(σiι + + σ^ + σ{ + σii+1 + + σin) = λt . Taking the bracket
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[R(ei9 eά), R(eif Jeό)] = R(ei9 es) ° R(ei9 Je ) - R(ei9 Jeά) o R(ei9 e3) ,

we get

(2.8)

where

[B(eif eό)9 B(ei9 Je,)] =

1

0

3

0

1

n+i

1

0

n+3

0

- 1

i

3

n+i

n+j

M7?> —
%3 —

The real representation of the Lie algebra u(k) of a unitary group
U(k) consists of real 2k x 2k matrices in the form

P Q)

,-Q P)

where P and Q are k x k matrices satisfying *P = —P and *Q = Q. The
element

P

-Q

Q

P

of u(k) is an element of the Lie algebra su(k) of a special unitary group
SU(k) if and only if trace Q = 0.

We denote by hx the Lie algebra of the restricted homogeneous holo-
nomy group Hx at x £ M. hx and Hx are a Lie algebra of linear endomor-
phisms and a group of linear transformations of TX(M)9 respectively.
When the elements of hx and Hx are represented by 2n x 2n matrices
with respect to the basis {el9 * 9en9Jel9 •••9Jen}9 they are considered as
a Lie subalgebra of u(n) and a closed connected Lie subgroup of U(n),
respectively [2]

We denote by U[il9 , ίk] and SU[il9 , ik] subgroups of U(n) which
are represented by 2n x 2n matrices

tw i a n a ism ]
In-k) { In-k)

with respect to the basis

{eil9 , eije9 Jeiχ9 , Je ί & , effc+1, , ein9 Jeije+l9 , e/eίn} ,

and, by u[il9 "-9ik] and su[iί9 , ik]9 we denote the Lie algebras of
U[iί9 '"9ίk] and SU[ίl9 • • • , ! * ] , respectively.
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3. Proof of theorem. In this section, the complex dimension n of
M is assumed to be greater than 2. The case n = 2 will be treated
in the next section.

LEMMA 3.1. At a point xe M, we take a basis {eu , en, Jeu , Jen}
of TX(M) satisfying (2.2). If σi$ defined in (2.4) is equal to zero for any
i9 j (i Φ j), then R = 0 at x.

PROOF. The assumption of the lemma is equivalent to

Λ — (n + l)(λi + Xj) = 0 for any i, j (i Φ j) .

This implies λx = λ2 = = Xn = 0 as n ^ 3, that is, Rι = 0. Then R = 0
by (2.1). q.e.d.

To prove the theorem, we first assume that M is not locally flat.
By lemma 3.1, there exists at least one point xoeM where σi5 does not
vanish for some i, j (i Φ j). Then, HXQ contains SU[i, j] by (2.5), (2.6), and
(2.8). Hence, there are following two cases:

(1) HXQ contains SU(n).
(2) HXQ does not contain SU(n).

Case (1): In this case, HXQ must be equal to U(n) or SU(ri) itself, because
SU(n) is the only closed connected subgroup of dimension n2 — 1 in U(ri);
in fact, let us assume that U(n) contains a closed connected subgroup
G of dimension n2 — 1 which does not coincide with SU(ri). Then, the
dimension of su(n) Π 8 is n2 — 2 where g is the Lie algebra of G. As
SU(n) is compact and simple, the Killing form ψ of su{n) is negative
definite. Thus, we can take an orthonormal (with respect to —φ) basis
{/i, •••,/»-!,/«} of su(n) such that {fl9 •• ,/m_J is a basis of su(n) Π g
where m = n2 — 1. Then we have

<P([fa,fm],fJ = ?>(/., [/.,/.]) - 0 (1 ^ α ^ m - 1)

which implies that [/β,/m] e ŝ 6(̂ ) Π 9 as φ is definite. Of course, [/β,/J e
su(n) Π g (1 ^ a, b ^ m — 1). This means that su(n) Π g is an ideal of
su(n) which contradicts the fact that su(n) is simple1^

On the other hand, HXQ = SU(ri) occurs if and only if the Ricci tensor
Rι vanishes identically by the following lemma.

LEMMA 3.2. [4] For a Kdhlerian manifold M of dimension n, the
restricted homogeneous holonomy group is contained in SU(n) if and only
if the Ricci tensor vanishes identically. But, by (2.1), this contradicts
the assumption that M is not locally flat. Therefore, the case (1) occurs
when and only when HXQ = U(n).

u This proof is due to T. Sakai. The authors wish to express their hearty thanks to
him.
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Case (2): In this case, there exist ft (2 ^ ft ^ n — 1) and il9 , ik such
that HXQ contains SU[il9 — ,ik] but does not contain SU[il9 •• ,iΛ;, j] for
any j . We change the indices suitably and assume that HXo contains
SI7[1, , k] but does not contain SU[1, , k,j] for any j , j > k.

LEMMA 3.3 If hXQ contains su[l, * ,ft] and su[i, j] for some i,j
satisfying 1 ^ i ^ k and k + 1 ^ j ^ n, then hXQ contains su[l, , k, j].

PROOF. We can take as bases of su[l, •••, k] and su[i, j] the sets of

matrices

{M$, Ml¥, M$\ , Miΐ 1 ^ α < b ̂  k)

and

w}\ Mir, Mir),
respectively. On the other hand, we have the following equalities:

[M£, Miΐ] = -M™ (l^p<q<r^n),

M™ + M™ = M™ ( 1 < p < q ^ n) ,

This means that if hXQ contains su[l, * ,fc] and su[i, j], then it contains

{Λf tf, M Φ , M i 2 Λ M c

( f , Λ f t " , -*-,MiV,Mir\ l^a<b^k,l^c^ k)

which is a basis of su[l, •••,&, j]. q.e.d.

By Lemma 3.3, HXQ can not contain iSί/[α, u] (a=l, , k, u =
k+1, *m,n) and we get

(3.1) σau = 0 (α = 1, , ft, % = k + 1, , n) .

Then, by (2.4), we have

(3.2) χ1= ... = Xk( = X), Xk+1 = ... = Xn(=μ)

and

(3.3) (n + 1 - ft)λ + (ft + l)μ = 0 ,

from which we have X Φ μ. Hence, we have

° [(2* + 2
2) [ ( 2 * + 2

λ + (n + 2g«. o , , ^ , , o , [ f e2(n + ϊ)(n + 2)

which cannot vanish by (3.3). Hence, HH contains U[l, •••, A;] x
+ 1, ••-,%] by (2.5), (2.6), (2.7) and (2.8).

Next, we take a point x in the neighborhood of xa and choose a



ON THE HOLONOMY GROUPS OF KAHLERIAN MANIFOLDS 191

basis {eu , en, Jel9 Jen} of TJJM) satisfying (2.2) and hence (2.3). By
the continuity of characteristic roots of R1, when x is sufficiently near
x0, we may conclude that

(3.4)

as they are so at x0. Hence, Hx contains Sί7[l, , ft] and SU[k + l, , n]
by (2.5), (2.6) and (2.8). If Hx contains none of SU[1, « ,ft,i], (3.1)
holds good. In the case ft = n — 1, Hx contains SU[1, •••, n — 1] but
does not contain SU[ί, , n] as Hx is isomorphic to HXQ by the connec-
tivity of M. Therefore, we consider the case k < n — 1.

We change the indices of ek+1, , en, Jek+1, * ,Jen, in such a way
that Hx contains SU[1, , ft, ft + 1, , ft + r] (k + r S n — 1) and non
of SU[ί, •• ,k,k + l, , ft + r, k + r + s], because Hx is isomorphic to
HXQ. Then we get by the repetition of the above process

σuv = 0 (w = k + 1, , k + r: v = ft + r + 1, , n) .

This contradicts (3.4). Thus we can take bases at each point of a neigh-
borhood V of x0 in such a way that (3.1) and (3.4) hold good with same
ft.

Let W be the set of the point x e M such that for a suitable basis
of TX(M) satisfying (2.2), σiά does not vanish for some i, j (iφj), which
is an open set. Let Wo be the connected component of x0 in W. Then
it follows that ft (in the above argument) is constant on Wo and that
X(x) and μ(x) are differentiate functions on Wo by (3.3) and the fact that
ftλ + (n — k)μ = (1/2) trace R1 or trace (R1 o R1) is a differentiable function
on Wo. It should be remarked that X(x) Φ μ(x) at each point x e Wo. We
define two distributions on Wo as follows:

T,{x) = {XeTx(M): R'X = X(x)X} ,

T2{x) = {Xe TX(M): RXX = μ{x)X) ,

which are mutually orthogonal and J-invariant.
Let X,YeT, and X\ Γ 'e Γ2, Then we have

/i2(X, Y) = K[X AY+JXAJY- 2g(JX, Y)J,\ ,

(3.5) R(X', Y') = -K[X' A Y' + JX* A JY' - 2g(JX', YV2] ,

i?(X, Γ') = 0 ,

by (2.1), (2.3), (3.1), (3.2) and (3.3), where we have put
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which does not vanish by (3.3). Jt and J2 are defined by JJt = JX, JγX' =
0 and J2X = 0, J2X' = JX', respectively.

LEMMA 3.4. 7\ and T2 are parallel and K is constant.

PROOF. For any x e Wo, we may choose a differentiate field of ortho-
normal basis {Xl9 , Xn, JXl9 , JXn} near x in Wo in such a way that
{Xx, •••, Xk, JXi, •••, JX*} and {Xk+1, •••, X%, JX,+1, ••-, J X } are bases
near x in TΓ0 for TΊ and T2, respectively. This choice is possible by virtue
of the property JoR1 = Rιo J.

Now, in general, for a differentiate field of orthonormal basis
{Fi, •••, Yn} in a Riemannian manifold (M, g), we may put

(3.6) V F, - Vy.Yj = Σ ^ Γ * ,
k=i

where V< = VFί denotes the covariant differentiation for the Riemannian
connection, and Aijk = — A^y.

Hereafter, the indices run as follows:

α, 6, c, = 1, , k, u, v, w, = k + 1, , n .

Put Xi* = JXi for any i, then Aijk = Aiά*k*, Aijk* = —Aiό*k and etc. by the
property VJ = 0 for the Kahlerian manifold M. First, we shall prove
the case 2 ^ k ^ n - 2. Taking account of (3.5), (3.6), we have (3.7):

hvaR)(Xb, Xu) = 2Aabu,J
K.

Σ

- Σ μ.,((
c = l

u , Xa) = -2Abau.J

Σ

- Σ

(X.ί:)(X. Λ X, + Xα. Λ

Σ [A...(X,A
= k + l

Auiv(Xa Λ l , + Xo.Λ X,.) + AubAX«ΛXv. - XO.ΛX.)]
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where

J = - Σ X, Λ Xc* - Σ X* Λ X.* .

By the second Bianchi identity, we have
A —Λ __o

and hence

If we replace u by u* in (3.7), we have

Au+Va — Λ.u*va* = -Aϋ+v+α — -AM*v*a* = U

If we replace (u, α, b) by (α, ^, v) or (α*, t6, v) in (3.7), we have

•̂αftM — Aabu* = Aab*u = Aα5* t t* = 0

and

Then we have XUK - 0 by (3.7). Similary XaK = 0. These facts show
that the lemma is valid for 2 ^ k ^ n — 2.

Next, we prove the case 2 ^ k = n — 1. The proof is accomplished,
applying the second Bianchi identity to the following equalities:

^(VaR)(Xb, Xn) = 2Aabn*Xn* AXn + 2Aabn*J

%[Aanc(XbAXC + X,.Λ X..) + Aanc.{X>Λ X.. - X6.Λ X.)] ,
l

i(VtΛ)(X., X.) = 2Λ..-X. Λ X.. - 2ΛαTC.J

- Σ [Λ..(X. Λ I . + Xβ. Λ Xβ.)
c = l

+ ΛB..(Xβ. Λ Xa - Xc Λ Xβ.)l ,

, Xt) = λ(XnK)(X. AXb + Xa* A X,.)

+ [Aπαπ(Xπ Λl» + X.. Λ X».) + ̂ . , . ( I . . Λ i ; - X.ΛX,.)

+ Ant.(X. Λ Xn + X. Λ X..) + A,,..(X. Λ X,. - Xβ. Λ X,)] ,

(Voβ)(Zm, X,.) = -±(X. ίΓ)X. Λ X..
il A

- 4 Σ [A*neXc A X.. + A.,..X.. Λ X,.
c = l

+ Aan,cXn AXC + AancXn A X..] ,
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±(VnR)(Xn,, X.) = 2Anan(Xn* ΛXn + J)
K

- Σ [A....(Xβ Λ X, + X.. Λ X..)
c = l

+ An*nc*(Xa A Xc* - Xα* Λ Xo)] ,

where

J = -Xn A Xn* - Σ Xc Λ Xc* . q.e.d.
c = l

Thus, Wo is a locally product manifold of a Λ-dimensional space of
constant holomorphic sectional curvature AK and an (n — &)-dimensional
space of constant holomorphic sectional curvature — 4tK [3]. Therefore,
by the connectivity of M and the continuity argument for the character-
istic roots of J?1, it follows that Wo = M. In particular, M is locally
symmetric. On the other hand, it is easily seen that the restricted homo-
geneous holonomy group of an m-dimensional space of non-zero constant
holomorphic sectional curvature is U(m). Then, HXQ = U(k) x U(n — k)
[7], [5; vol. 1, p. 263].

4. Case n = 2. To prove the theorem for n — 2, we assume that
M is not locally flat and that Hx at x e M does not coincide with U{2).
Then, Hx can not contain SZ7(2) by the same argument as in the last
section. Then, we have σ12 = (1/12)(λx + λ2) = 0 at any point of M. And
there exists at least one point x0 such that λiλ2 < 0. Let Wo be the con-
nected component containing x0 of W={xe M; λiλ2<0 at x). λx (= — λ2^0)
is a diίferentiable function on Wo. We have following two distributions
on Wo:

T,{x) = {XG Tm(M) R'X = X.X}

T2(x) = {X' G TX(M) RιX' = λ2X'}

which are J-invariant. Let X, Ye T1 and X', Y' e T2. Then we have

(R(X, Y)=AXιXA Y,

\R(X>, FO = -4^X'A Y' ,

U(X, X') = 0 .

From the last equations, we can easily see that Tί and T2 are parallel
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and \ is constant. Hence, WQ = M and HXQ = Ϊ7(l) x Z7(l).
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