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Let (N, h) and (M, g) be connected compact orientable Riemannian mani-
folds of dimension # and m respectively, where n = m. Let g be a
differentiable mapping of rank m everywhere. There exists on M an
m-form ® naturally induced from the metric g. The pull back « of @
is a closed m-form on N and the integral

T =, 9av,

is a functional of the mapping x#. A critical point Z of J[y] is called in
the present paper a critical mapping. The purpose of the present paper
is to study some properties of such critical mappings.

Let (M, f), (M,g), and (M, h) be connected compact orientable
Riemannian manifolds where dim M, = dim M, < dim M,. If p,: M, — M,
and p,,: M, — M, are critical mappings, then p,, = g4, is a critical mapping
of M, onto M,. If a critical mapping ¢ is homeomorphic, its inverse p™ is
also a critical mapping. When a set of Riemannian manifolds {(J;, g,), N € 4}
of the same dimension is given where each manifold is connected, compact
and orientable, the set of homeomorphic critical mappings forms a group-
oid. Some examples of critical mappings are also given.

1. The functional J[¢] and its critical point. Let us consider con-
nected compact orientable Riemannian manifolds (M, g) and (N, h) of
dimension m and % respectively, such that # = m and admitting differ-
entiable mappings p: N— M of rank m everywhere. Local coordinates in
M are denoted by #* and those in N by y*. We use indices h, 1,7, «++ =
1, ..., m for M and indices &, \, ¢, +++ =1, «««, m for N. The metric
tensors of M and N are denoted by g;; and h,, respectively. When a
mapping ¢ is expressed locally by z* = a*(y', +--, y"), we get connecting
tensors

oxt
B =
K ayx
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of the mapping.
The m-form

Vdet (g;;)da « o «d

is a closed form on M and
Bipiv/det (g;)dy™ - -« dy'n

is its pull back with respect to the mapping . From this m-form let
us define a functional J[x¢] by

J[‘Lt] — S /[‘11 1/’:1,.3[1 m]hlllh oo himin det (g,—.;)d VN ’
N

dVy = VAt Tdy' -+ dy

Let us consider the space I = M(N, M) of all such mappings p.
Let ¢, be a point of I and let &: [0, 1] — I be a curve {u(t), 0 < ¢t < 1}
in M where (0) = p, and p(t) is expressed locally by differentiable func-
tions x*(y', -+, ¥"; t). For this curve & we define »* = Da* by

-
Dz _(3t)t=o

oo = ()

If y#, is such that for all such curves & J[y¢] vanishes, then p, is
a critical point ZZ of the functional J[y] defined by (1.1).

A critical point of J[y] is called a critical mapping with respect to
the integral J[¢]. Let us define a necessary and sufficient condition of
a critical mapping ¢ in tensor form.

For this purpose we use the connecting tensor H," defined as the
van der Waerden-Bortolotti derivative of B!, namely

(1.1)

and DJ[y] by

h K
(1.2) H,'=0,B + {g }B“ - {;AFBS

Z} and { #’v} are the Christoffels of g; and &,; respectively.

As we have

where {

DJly] = SN D[BY:m Biimpmie pemin det (g;:)]d Vi

and
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DB} = o7,
DB, = m(DBL,) B,
m(a[pﬁ[‘)szz--ﬁ?m] ’
Dg = g9"1*0,95
where g = det (g9;;), we get

DIl = | [2m(00, 1By B W« « Riming
+ Bl Bt « o heminggito,051d Vy

Since 0, B;;.T,,1 always vanish, we get from the above expression

DJy] = SN Fiv,

where
F = —2mn B, (0,,Blip) s o oo piming
— 2mV B (0 (R#% « o o Bimim))BL: g
— 2 By Blag (0,00 Bl - -« wing
— MYEBE™, (Duiha) B B RAA <o Bitming
+ B Biin et < o« Biminggita,g ;
On the other hand, we have
0,Bi:td = 0,Bil
= m(0,.Bf,)B5: 5,

K
= mH,,"B:5, + m{ }Bﬁifj;.".‘z]m]

¢y
i
—_ Bk' B[l m]
u kj
where we have used (1.2) and the identity
1) s J .
mi kj b‘B[[‘y]. ":n:,l] = kj B[[Al;:"-”;]m] .

We also have
myt B, ", Bl
= 1'Bti; " Biy — Zv‘BEE;"‘;:;.Z’”Bm
= N*BLm .
Substituting these identities into the expression of F' we get
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F = _2777/277[13[2;,'2'.'.'”.]#7”1{”1][11[13;2,;::ﬁ}n]hmh oo ppming

K
— 9mnlL B ™l frz. m! h"lll ooo htmim
p [#g Fm{#ll[xl} k|20 g
J

+ 27*Bi] Blimpmi e os pmim
(1.3) 7] Hysellm k- At A g
_ 2m277[1B[2#2 (am]hﬂlll)hllzzz oo hpm? 7".3[1 ;m]g

B JB i) SRR himimgTn*(0,95:)9

[0}
- 2m77“B[2,;'2'.'.'”.],,m{ } Bliplhth oo piming
wlo

Since we have

= { M }B{f.‘.‘:}ﬁk“‘l‘“’h"z”z' oo Rfimlim
= }B[[x‘l'-'-'.’ﬁ‘}n]h[wlhﬂzlzzl oo Rpftmlim
and 0,h** = —{j&}h‘“ — { >V}h’“’ we get

K
—zmzana;.zn.Lm{ } R R e
] n
2. 2 2 2
—2m 77“3[2;:2-’-"-11,"(5/:1]}““[ 1)h!.uzl 2 00 piml m]B[[leng]m]

— 2. cen 2 ]
= —2m 77[1B[2p2.7-'€];zm{ ] }B[il m]m]h#lah/!z 2 eoe pl'm’m
H

+ 2m277“35;2-1n_1,,m{ i }hahk% v Wmin B
e
A
+ 2m277[1B[2£z-2~.7.n.]#m{#1]1a}k!ﬂah!‘zxz R R mB Zm]
— 2m277“B[2;;2',’,",],,m{ lila}hazlhﬂzzz A mB[1 lm]

= 2m77[lB[2,,2’"],,m]{w }h“hh/‘zlg cee h,”mx'm.B“1

- 2m Z p[lB[#z---pl---pm]{;l }hallh/"ZAZ e hl"ml'm,B[l

t

] .
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But the second term in the last member vanishes because of { ‘uﬂ &} = { s }
i
and we get

()
2m77[1B[2#2m]#m }hl‘lh . h#mlmB[l lm]g

{m]w

as the sum of the second and the fourth terms in the expression of F
in (1.3). This cancels the last term. Moreover, it is easy to see that the
third term cancels the fifth term.
Hence we have
F = —2m*" B ™, H, U BEIn b o oo Reiming
A critical mapping is characterized by the vanishing of F for all %%
Thus g is a critical mapping if and only if
(1.4) 0% Bl H,
is satisfied by every vector field »* of M.
Let us define H?*, H*, 'h’* and 'h; by
Hjih — BZ;'H,UHL — Biith#hylﬂyzh , Hh — H‘ulhh,ul — meh ,
"Wt = Biih**, "h; R = 6% .

111[’5131”5;:::52]}11[#1[11 ooo hpmliml — ()

As we have
mﬂ[hBizz‘.'_'.J;‘n;jHylll[ﬁB;zz:_‘.‘;z]h[#i[h PR h#m]zm] — v[hBi[‘;"{Jz}H 111[‘13"2 "'m]
m
X (hmhh#zlz oo pfmim 2 httthtels o oo hrtd oo h#m1m> ,
t=2

we can write (1.4) in the form
77[7'1H[i1'h1'2i2 eoo "pimliml
m
— Zn[jlﬂ'[itjtil’hjziz oo PRIttt Rttt oo Thimlinl = Q)
i=2

hence
Uiy [ U pizie o o o 'fimlim]
(1.5) g e o
+ (m — L H U st oo S pinlind = Q|

Since 1, +++, 1%, and j, ++-,J, run only the range {1,.--,m}, an
equality of the form

AUiilinigia! hisis o oo 'himlimd = ()
is equivalent to
’ ’ —
A“n“ﬂz( hjlzl Joia T th’q halig) - 0 .
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Hence we get from (1.5)
iji;hji + 77_7'(Hkli _ Hilk)lkjk;hﬁ =0,

and we can conclude that g is a critical mapping if and only if g
satisfies
(1.6) Hi — iji'hkj + Hikf’hkj =0.

Thus we have obtained the following theorem.

THEOREM 1.1. Let (M, g) and(N, h) be connected compact orientable
Riemannian manifolds of dimension m and n respectively, where n = m,

and p: N— M be a differentiable mapping of rank m everywhere. Then
a mecessary and sufficient condition for p to be a critical mapping is

that p satisfies the equations
1.7 H,*h** — H,*h**h**Bii'h;; + H,, h**h"*Bih; = 0 .

2. Some special cases. Let us consider the case where dim M =
dim N = m. Then we can define B by B'Bf = ¢* and get

"hi: = Bithua Bii' ki = Ry«
Hence we have in this special case
H,*h**h*Bii'h;; = H,*"h"* .

This proves the following theorem.

THEOREM 2.1. Let (M, g) and (N, h) be connected compact orientable
Riemannian manifolds of the same dimension m and p:N— M be a

differentiable mapping of rank m everywhere. Then a mecessary and
suffictent condition for i to be a critical mapping is that [t satisfies the

equations
2.1) H,*'Bi =0.
Let us assume that there exists the inverse p™': M — N of p¢. Then
< plays the same role in g™ as B* does in ¢ and the connecting tensor
w-me o=
satisfies
hH = —Hut .
This proves that H;*B} vanishes if and only if H,;*B; vanishes. Thus
we have the
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COROLLARY 2.2. If a differentiable mapping p: N— M admits the
inverse mapping s M— N, one is a critical mapping if and only if
the other is a critical mapping.

Let us consider connected compact orientable Riemannian manifolds
(M, ), (M, g), (M, h) of the same dimension m and assume that there
exist critical mappings f,: M, — M, and 2 M;— M,. Let us use u%, z*
and y* for the local coordinates in M,, M,, and M, respectively. For the
mapping ,, we have

ou* a h
& = — &= 0.B% \B18 — [
By F H;~ = 0;Bf + {7,8 B! {ﬁ}Bh )
and for the mapping f,; we have
ox* h)_ . K
B=3, me-oms | e | e,

where {V(XB}’ { ;’,’i}, and { ;fx} are the Christoffels derived from f,, g;, and
h,, respectively. If we define B} and B; by

B;B; =05, BiB;=2dj,
we have

2.2) H,;*Bi=0, H,)Bi=0.

Let us consider the mapping ft,; = t,tt,s of M; onto M,. The con-
necting tensor of this mapping is

B: = 2 — BB

oy*
and we get
a K ) pa
H,& = 3,B; + {76}3,5*; - {M}Bx
= (Bjd;B;)B; + B;d,.B}
a K
MR
B IOy
hence

(2.3) H,® = H;"Bj + H,"B; .
Then we immediately obtain
H,B} = H;* ﬁBli * + H,,"B:B;Bk
= BjH;"Bi + H,;'B;
=0
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by virtue of (2.2). This proves that, if y, and &, are critical mappings,
then p,p,; is also a critical mapping.

Now let us consider a set of Riemannian manifolds {(}, g,), A € 4} of
the same dimension where each manifold is connected, compact and orient-
able. For any £, A € 4 we denote the set of homeomorphic critical mappings
M,— M, by G,.. G,; contains the identity mapping e;: M, — M;, but e,
and e; are distinguished if £ # A. Then from the above results we see
that the union of G,, for all £, x € 4 forms a groupoid.

Thus we obtain the following theorem.

THEOREM 2.3. When a set of Riemannian manifolds {(M,, g,), » € 4}
of the same dimension ts given where each manifold is connected, compact
and orientable, the set of homeomorphic critical mappings forms a
groupoid.

In this theorem we have assumed that all Riemannian manifolds are
of the same dimension. This assumption is essential. We consider now
a case where p,,: M, — M, and t4;: M;— M, are critical mappings and m, =
dim M,, m, =dim M,, m,= dim M, satisfy m, = m, < m;. Then we have (1.7)
and H,*B. = 0. If we consider the mapping f, = t,t%; we get (2.3) for
this mapping too. Then we can prove that f, is also a critical mapping.

For this purpose we define "#’# and "h,; by

"h'® = BIfh*, "h,d'h = 6F .
Then we get
H,*h* = H;*Biih** + H,,"h"*B}
== Hjia’hﬁ + .H‘,dhh#ZB;: ’
—H,,*h**h**B{" h,,
= —(HBih*I** + H,Bih**h) B By s
= — H;*hh*h,, — H,*h**h**B}%'h,, Bf
= —H;*hW' — H,*"h**h**Bii'h; B ,
H, ke h B by
= H,/BYh**h**B}iBy"h., + H,/Bih**h**B}f B h.,
= H,"W"h*B;"h.B; + H, h**h"*B}h,;By
= H,’BFh*Bf + H, h**h**B!*h, ;B .
As the first term in the last member vanishes, we get
H vt — Ho,*h*h** Bl hyp + Ho kB h, = 0
by virtue of (1.7).
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Thus we have the following theorem.

THEOREM 2.4. Let there be three connected compact orientable Rieman-
nian manifolds (M, f), (M, 9), and (M, h) admitting critical mappings
Ut M, — M, and t: M;— M,. If dim M, = dim M, and dim M, < dim M,,
the mapping ft; = Mty 18 @ critical mapping.

If we want to prove only the Theorem 2.3, we can use the following
property of a critical mapping.

If dim N = dim M = m, the connecting tensor B} of a critical mapping
Y (N, h) — (M, g) satisfies

(2.4) Bihmy Z = const .

Conversely, if (2.4) is satisfied, ¢ is a critical mapping.
(2.4) is proved by taking the partial derivatives and using (2.1).

3. Infinitesimal transformations of a Riemannian manifold. Let us
take a one-parameter group of transformations g(t) of a connected compact
orientable Riemannian manifold (M, g). Then we have a case of N = MM,
h =g. If p(t) takes a point P into Q = #(t)P and the local coordinates
of P and Q are respectively denoted by 2*(P) and 2*(Q), 0x"(Q)/ox'(P)
plays the role of B! and

M@ k| 024(Q) 92*(Q)
0x'(P)ox'(P) lk) o 02%(P) 0x(P)

k} (%)
ji) » 0%*(P)

plays the role of H,;*. Hence the transformations p(t) are critical map-
pings of (M, g) onto (M, g) if and only if

6y PO @ {h 621(Q) Q) {k 0@ _
" aaM(Q) 0wi(P)oai(P) T (U] 0w (P) 90 (P) ~ |ji],0wM(P) |

is satisfied.
Let v* be a vector field on M generating the group f(t). Then we

get
: ack h k h k h k k R —
Sh[ Dxiox + ak{ji}v + {ki}aﬂ) + igk}aﬂ) - i v =0

from (3.1). But this is equivalent to
Frai=0,

hence /v = C. On the other hand, we have always
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S V,ﬂ)'d VM - 0 .
M
Hence we get
V,-vi = 0 .
Thus we obtain the following theorem.

THEOREM 3.1. A one-parameter group of transformations of a con-
nected compact orientable Riemannian manifold (M, g) generated by a
vector field v* is a group of critical mappings if and only if v* satisfies
V= 0. The set of all such vector fields forms a Lie algebra.

4. Examples.
1°. Coclosed mappings. Let p: (N, k) — (M, g) be a coclosed mapping
[1]. Then
(4.1) —H,*h**B} + H,/ h**B} = BtP,* H,*h** = — P,**
are compatible. From (4.1) we obtain
—H,"h**h**Bii'h;; + H,,'h**h**Bi'h;; = P,*BYh*"'h;; = P** = — H,;*h**,
which proves that g is then a critical mapping.

A geodesic mapping is a mapping where H,,* vanishes. Hence this
is a coclosed mapping [1] and also a critical mapping.

2°, A critical mapping t: (N, h) — (M, g) where dim N — dim M = 1.

In this case a vector field & of (N, k) is determined by

B =1, N
Let &; be defined by &, = h;.&° and let (Bf, &%) be the inverse matrix of
(B}, &), namely such that

B, =0, B:B! = o} .
Then we have

'hii = Bjihu BB; = o5 — &%&;.
The condition that g is a critical mapping is written in the form
H,*h#* — H, *h**h"*BiiBih,, + H,/ h**h*BriB{ih,, = 0 .
As we have
H,,"h** 404 — §,£°)(03 — &:&°)hpe = H, ) *h** — H,, 68
and
H, h**h*B;Bj(8; — £:£°)hs, = H,’h**B}B; ,



CRITICAL MAPPINGS 497
we get
(4.2) H,é"& + H,/h**B!B} =

as a necessary and sufficient condition of a critical mapping.

3°. Projection of a fibred Riemannian manifold /7 with an invariant
Riemannian metric » onto the base manifold (M*, g). Let M be a fibred
Riemannian manifold with S' as the type fibre and with an invariant
Riemannian metric # [2]. The base manifold (M*, g) is assumed to be a

compact orientable Riemannian manifold. We denote the projection by .
For this mapping the vector field & determined by

B:’:EK = ’ h#lg‘uél =1

is a Killing vector field of . If 7 denotes the covariant differentiation
with respect to the metric 7, we get 77#61 + V£, =0 and &7, = 0.
As h,; is an invariant metric, we have

(4.3) Biint = git,
We have also

H, 8 =0
by virtue of B"&* = 0 and (5“17,‘51)3’{ = 0.

On the other hand, applying van der Waerden-Bortolotti differentiation
to (4.3) we get

H,/ /Bih** + H,}Bih** =V, g7 = 0
and consequently
0 = H,Bjh**B;Bh,, = H,, h**Bih,o(d; — £:¢°) = H,,/Bj .
Hence 7 satisfies (4.2) and is a critical mapping among all mappings

s M — M*.

4°, A critical mapping #: (N, k) — (M, g) where dim N = dim M. Let
the local coordinates of N and M be chosen such that the point P of N
and the point y#P of M have the same coordinates x*. Then we have

B =, H,-,-h={f‘} —{h}
./]7:0 j/l:h

where { 3};} and {J};} are the Christoffels derived respectively from g
g k
and . From (2.1) we get
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ih, = i
jig jih

as a necessary and sufficient condition for a critical mapping. This result
also proves Theorem 2.3.
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