T6hoku Math. Journ.
29 (1977), 157-163.

ON LINEAR TOPOLOGICAL PROPERTIES
OF SOME C*-ALGEBRAS

MASAMICHI HAMANA

(Received March 15, 1976)

The purpose of this note is to give Banach space-like characterizations
of the following special algebraic properties with respect to a C*-algebra
A and a von Neumann algebra M:

I. each irreducible representation of A is finite dimensional;

II(resp. I'). each irreducible representation of M (resp. 4) is finite
dimensional with bounded degree;

III(resp. III'). M (resp. A**) is a finite atomic von Neumann algebra,
where A**, the bidual of A, is identified with the enveloping von
Neumann algebra of A, i.e. the von Neumann algebra generated by the
image of the representation of A which is the direct sum of all cyeclic
representations induced by states of A.

We shall single out these properties by means of the (DP) property
and properties (x), (xx) defined below. For a Banach space E, let us
consider the following conditions:

(DP)) for any Banach space F, each weakly compact linear map of
E into F' transforms each weakly relatively compact subset of E to a
relatively compact subset of F;

(DP,) each o(E, E*)-convergent sequence in E is t(E**, E*)-con-
vergent; ‘

(DP;) each o(E*, E**)-convergent sequence in E* is t(E*, E)-con-
vergent;

(*) each o(E, E*)-convergent sequence in E is norm-convergent;
(xx) for any locally convex topological vector space F', each weakly
compact linear map of E into F' is compact.
The implications among these conditions are as follows:

(DP,) = (DP,) = (DP;) ([3] or [2; Chapter 9]), (x) or (++x)=(DP), and
(x*) = “(x) is satisfied with E replaced by E*.” (See Lemma 6 below.)
We say that a Banach space E has the (DP) (=Dunford-Pettis) property
[resp. property (x), (xx)] if E satisfies any one of the equivalent condi-
tions (DP,)-(DP;) [resp. (x), (*x*)]. The definition and three equivalent
forms of the (DP) property are due to A. Grothendieck [3].
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The (DP) property can be considered to afford a sort of axiomatiza-
tion of characteristics of weakly compact linear maps acting on C(K),
the Banach space of continuous functions on a compact Hausdorff space
K; in fact, a continuous linear map of C(K) into a Banach space F is
weakly compact if and only if it transforms each weakly relatively
compact subset of C(K) to a relatively compact subset of F([3] or [2;
Chapter 9]). This fact shows that the commutative C*-algebra C(K) has
the (DP) property. Another example with the (DP) property is the
predual L' of the commutative von Neumann algebra L=, and the
sequence space I' (resp.c,) is the typical example with property
(*)[resp. (x*)]. Therefore it will be meaningful to consider which C*-
algebras or preduals of von Neumann algebras have the (DP) property,
property (x) or (xx). But the example in S. Sakai [7] shows that
generally these Banach spaces do not have the (DP) property.

Throughout this note, topological isomorphisms between Banach
spaces always mean linear homeomorphisms between them, and for a
Banach space F, E, denotes the unit ball of E.

Our theorems are stated as follows:

THEOREM 1. For a C*-algebra A, the following are equivalent:
(1) A* has the (DP) property;

(2) [resp.(2)] A** is finite (resp. finite type I);

(8) each irreducible representation of A is finite dimensional.

THEOREM 2. For a won Neumann algebra M, the following are
equivalent:

(1) M 1is topologically isomorphic to a Cy(R), the Banach space of
continuous functions on a locally compact Hausdorff space 2;

(2) M* has the (DP) property;

(8) M satisfies the property II above, or equivalently M s of the
Sform >r,®Z. X B(H,), where the Z, are commutative von Neumann
algebras and the B(H,;) are full matrixz algebras on the i-dimensional
Hilbert spaces H;

(4) M, s topologically isomorphic to an L'

THEOREM 3. For a won Neumann algebra M, the following are
equivalent:

(1) M is finite atomic;

(2) M, has property (x);

(3) the strong and weak-operator topologies coincide on M,.

In Theorem 8, the implication (1)=(2) is due to K. Saito [6;
Theorems 1 and 2]. These results mean that properties I, I’ and III'
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are preserved by topological isomorphisms between C*-algebras and that
property II (resp. III) is preserved by a topological isomorphism
(resp. o-weakly bicontinuous linear isomorphism) between von Neumann
algebras.

Proofs of Theorems and their Corollaries. To prove Theorems 1 and
2, we prepare 5 Lemmata.

LEMMA 1. The predual M, of a finite type I von Neumann algebra
M has the (DP) property.

PrRoOF. We first note that, for any von Neumann algebra N, N, has
the (DP) property if and only if, for each sequence (x,) in N, z,—0
o(N, N*) implies z¥x, — 0 o(N, N,). To see this, take N, as E in the
condition (DP;) and remark that z, — 0 o(N, N*) implies uniform bound-
edness of (x,) and that z,—0 7(N, N,) <= z}z,, z,2f—0 (N, N,) [1;
Theorem II. 7].

By hypothesis, M is of the form >, ®Z,® B(H;), where the Z, are
commutative von Neumann algebras and the B(H;) are the 7 x ¢ full
matrix algebras on the i-dimensional Hilbert spaces H,. Let z; be the
central projection in M such that Mz; = 37_,®Z,® B(H;). Then z;{1
strongly and the predual (Mz;), of Mz; has the (DP) property since it
is topologically isomorphic to the Banach space of type L!

(Z): D12 D --- & (Z):]1 D -+ DI(Z):« D 2 (Z;)«] (U-sum) .

22

]2
Therefore, by the first paragraph, for a sequence (z,) in M,
x,—0 o(M, M*) = z,2;,— 0 o(Mz;, (Mz;)*)
= 232,2; — 0 o(Mz;, (Mz;)s)
for all j.

Given ¢ > 0 and a positive @ in M,, there exists a j, with (1 — z;) =
¢/sup, ||z, ||*; hence

lim p(z}x,) < lim p(z}z,2;) + € =¢.
Thus we have z}x,— 0 o(M, M,) as desired. q.e.d.

REMARK. As shown in the proof above, the (Mz;), are topologically
isomorphic to L', but so is not M, (see Theorem 2).

The following Lemmata 2 and 3 are a modification of the argument
in [7] and an immediate consequence of the proof of Lemma 1, respec-
tively.
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LEmMMA 2. If C(H), the algebra of compact operators in a Hilbert
space H, has the (DP) property, then H 1is finite dimensional.

LEMMA 3. Let M be a von Neumann algebra and N a o-weakly
closed *-subalgebra of M. Then if M, has the (DP) property, so does N,
too.

LEMMA 4. If the predual M, of a von Neumann algebra M has the
(DP) property, then M is finite.

Proor. If M is not finite, there exists a o-weakly closed *-subalgebra
N of M which is *-isomorphic to B(H) for some infinite dimensional
Hilbert space H. By Lemma 8, T(H) = N, has the (DP) property. Then
it is readily verified from the definition of the (DP) property and the
fact that C(H)* = T(H) that C(H) has the (DP) property, contradictory
to Lemma 2. q.e.d.

LeEMMA 5. Let A be a C*-algebra and A** the enveloping von Neu-
mann algebra of A. Then the following are equivalent:

(i) [resp.()] A** is finite (resp. finite type I);

(ii) each irreducible representation of A is finite dimensional.

ProOF. (i) = (ii) and (i’) = (i) are obvious. (ii)= (i’): Let z be the
central projection in A** corresponding to the finite type I part of A**.
Assuming z = 1(1, the unit of A**), we deduce a contradiction. Let
I=AzNA. Then I is a proper closed two-sided ideal in A and A/I is
a nonzero C*-algebra whose irreducible representations are all finite
dimensional. Hence by [4; Theorem 6.1] there exists a closed two-sided
ideal J in A such that J = I and J/I satisfies a polynomial identity (or
equivalently all irreducible representations of J/I are finite dimensional
with bounded degree). There exist central projections p, ¢ in A** with
Irv = A**p, J* = A**q and p=q. We have p=<z since I'™* =
(Az N A)°"*c A**2. On the other hand, since J/I satisfies a polynomial
identity, so does (J/I)** = A**(q — p). Hence ¢q— p=2. Thus
g=pV@—p)=<2 J=AgnAcAznNA=1 a -contradiction. This

completes the proof. q.e.d.
ProOF OF THEOREM 1. (1)=(2) by Lemma 4, (2)=(2')=(3) by
Lemma 5, and (2') = (1) by Lemma 1. q.e.d.

PrOOF OF THEOREM 2. (1)= (2): If M is topologically isomorphic to
a Cy(92), so is M* to Cy(2)* = M (L2) (the Banach space of bounded Radon
measures on 2). Since IM'(2) is a Banach space of type L!, M* has the
(DP) property [3].
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(2) = (3): By Theorem 1, (2) implies that each irreducible representa-
tion is finite dimensional, so that M is a CCR algebra. Thus we obtain
(3) [4; Theorem 9.1].

(8) = (4): Immediate from the proof of Lemma 1.

(4) = (1): Suppose (4). Then M is topologically isomorphie to (L')* =
L” = C(K), where K is the spectrum of the commutative C*-algebra L=,

q.e.d.

COROLLARY TO THEOREM 2. For a C*-algebra A, the following are
equivalent:

(1) each irreducible representation of A is finite dimensional with
bounded degree;

(2) A*** has the (DP) property;

(8) A* is topologically isomorphic to an L'

Theorem 3 will be proved after the statement of some easy Lemmata.

LEMMA 6. Let E be a Banach space. Then:
(i) The following are equivalent:

(il) E has property (x);

(i2) the topologies T(E*, E) and o(E*, E) coincide on E¥F.
(ii) The following are equivalent:

(iil) E has property (xx);

(ii2) E}* is t(E**, E*)-compact;

(ii3) E* has property (*).

ProOOF. (i) is readily proved, so we omit the proof. (iil) = (ii2):
The canonical injection j: (E, norm) — (E**, 7(E**, E*)) is weakly compact
because (E**, 7(E**, E*))*=E* and j(&) "*™"F) = E¥* is o(E**, E*)-compact.
Hence j is compact, i.e. Ef* is 7(E**, E*)-compact. (ii2) = (iil): Let
T: E — F be any weakly compact linear map of E into a locally convex
space F. Then “T: E** — “T(E**)C F is t(E**, E*)-t(F, F*)-continuous.
Hence if E}* is t(E**, E*)-compact, T(E) C *T(E}*) is relatively compact
in F, i.e. T is compact. (ii2) < (ii3) follows from (i). g.e.d.

LEMMA 7. Let N be a von Neumann algebra which is mot atomic.
Then:

(i) There exists a weakly relatively compact subset in N which is
not relatively compact.

(ii) There exist a sequence (u,) of self-adjoint unitary operators
wn N and a projection p in N with p #+ 1 such that u, — p (N, N,).

ProoF. (i) We may assume that N is non-atomic and there exists
a faithful normal state ¢ on N. Then there exist orthogonal families
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{00, 2.}, {Dooy Doy Droy Pu}y -+ ete. of projections in N such that

pt+tom=1, 9@ =¢o[)=1/2;

Do + Dor = Doy Dy + Du= Dy,

Q’(poo) = SD(pox) = ?(pw) = @(py) = 1/4, - - - ete.
Put a, =0 — P, ;= Doy — Do + Do — Py, + -+ €te. and @, = @(a,:) € N,.
Then go(a,,a,,,,) = amm HanH =1 (/n': m = 17 2’ "') and

[|Ps — Pull Z |Pa(@n) — Pul(@n)| = |P(@atn) — @(ar)| = 1

for n # m, so K = {p,} C N, is not relatively compact. But K is weakly
relatively compact because, for each z in N,

P(@ — 3 2u@e)* (@ — 31 2u@)a) = 9(@*0) — 3@ @ for all m
=>§_‘{ 1P (@)} < 0 = p,(&) =0 as n— co.

(ii) follows from the above construction of the a,. q.e.d.

PROOF OF THEOREM 3. As stated before, (1) = (2) follows from [6;
Theorems 1 and 2]. We have (2) = (3) by Lemma 6 and [1; Theorem II.
7]. (2)=(1): Suppose (2). Since property (*) implies the (DP) property,
M, has the (DP) property, so that M is finite (Lemma 4). Lemma 7(i),
combined with Lemma 6(i), shows that M is atomic. q.e.d.

COROLLARY TO THEOREM 3. Let A be a C*-algebra. Then A** is
finite atomic if and only if A has property (xx).

PrROOF. Immediate from Theorem 3 and Lemma 6(ii). q.e.d.

REMARKS. It follows from Theorem 3 and Lemma 7(ii) that for a
von Neumann algebra M, the property III above is also equivalent to
compactness in the weak-operator topology of M, (resp. M,, ext (IM,)),
where M,(resp. M,, ext (M,)) denotes the unitary group of M(resp. the
set of projections in M, the set of extreme points of M,). The
equivalence of the property III and compactness in the weak-operator
topology of M, is known in [5; Corollary to Proposition 5].

In Lemma 6, (ii8) = (iil) is already obtained in [8; Lemma 9].

Finally the author wishes to express his hearty thanks to Prof. M.
Fukamiya and Dr. K. Saito for their valuable suggestions and encourage-
ment in the presentation of this note.
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