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The purpose of this paper is to give some addenda to the paper [2],
in which we showed the boundedness as well as a consequence of the
K-energy map under the assumption of the existence of Einstein Kahler
metrics. We here show how these results can be refined. The author
would like to thank Professor H. Urakawa for valuable suggestions.

Let us first fix our notation. Throughout this paper X is an n-
dimensional compact complex manifold with positive first Chern class
¢(X)>0. Let K be the set of all Kahler forms on X representing
2rc,(X). To each we K we associate its Ricei curvature form 7v,, scalar
curvature ¢,, Laplacian A, acting on the space of real-valued C~-functions
C=(X), and f, € C*(X) such that v, — @ = V' —10df,, which is determined
up to a suitably chosen constant.

DEFINITION. For w, , €K, we choose a smooth path w,=
®, + V' =100u, € K connecting w, and ®,, where u,€ C=(X) and ¢<[0, 1].
Hereafter when we encounter notation like 7., 0., A., fu, V., wWe
simplify their subscripts in the form v,, o, A, f; V.. Using this con-
vention, define three functions I, J, M on Kx K as follows:

Iw, ) = L u(ws — o))/ V,

J(@o @) = §:dt Sx%@f(ws — o)V,

My )= | dt| Lo, —moyV,

where V = S o: For w, in K, we define the corresponding K-energy
X
map ¢ = g, from K to R by (w) = M(w, w) for o€ K. Set

Kt ={weK|v,>0, i.e. 7, is positive definite on X} .
I, J, M are all well-defined and have nice properties (see [1], [7]).
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The boundedness theorem proved in [2] is:

THEOREM A. If X admits an Einstein Kdhler metric, then the re-
striction of the K-emergy map to K* attains its minimum exactly on
the set of Einstein Kdahler metrics. In particular, the K-energy map is
bounded from below on K.

Our refined version of the above theorem is as follows:

THEOREM 1. If X admits an Einstein Kdahler metric, then K-energy
map on K attains its minimum exactly on the set of Einstein Kdhler
metrics, and is in particular bounded below on K.

This is a consequence of the following:
THEOREM 2. For we K*, we have
MYw0) =0,
and the equality holds if and only if ¥, = o.

ProoF. Regarding w, = 7,€ K as a Kahler metric, we consider the
following equation in w, € K solved by Yau:

w? = exp(tf, + c)wy,  te[l, 0],
where ¢,:=logV — log<S exp(tfo)wz.‘). Express o, as @, + V' —160u,, with
X

a smooth path {u,; 0 <t <1). Differentiating the above equation with
respect to t, we have

du
A ——%t = f, + const .
“dt =

Also we easily see that f, can be taken as (1 — t)f, — .. Thus,

4 Mo, 0)= =] L foyV = ~a - f (AL Yoyv

+S du tutw?/ V< < ——(I J)((I)oy wt)
x dt

Since w, = w, we conclude that
M(’Yan (l)) = —(I - J)(7m’ (0) = 0.
q.e.d.
PRrROOF OF THEOREM 1. For any w € K there exists @ € K* such that
vz = w by Yau’s result. Then we have
Hw) — (@) = —M(7;, @)= 0.
q.e.d.
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Next, fixing w, in K, we consider the following theorem proved in [2].

THEOREM B. Suppose that the K-energy map is bounded below. Then
we can solve Aubin’s equation on [0, 1). In particular, for arbitarary
e>0, we get Kdahler metric weK such that v,> (1 —¢)w, hence
g, — N > —Mne.

Here by Aubin’s equation we mean
Yo, = t@, + 1 — o , telo, 1],

with given w in K, where for each t, the solution w, is required to sit
in K and is written in the form ® + 1V"—169u,, with a smooth path
fu,;; 0 <t <1} in C~(X). Our theorem is:

THEOREM 3. For the Kdhler metrics w, 0=t <1, obtained just
above, we moreover have

Oscf,:=Maxf,— Minf, < ¢,
for t sufficiently near 1.

PROOF. As we showed in [2], Oscu, can be estimated by (I — J)(u,),
and we can take f, as —(1—t)u,, it suffices to show that j=Q1—t)I—J)(u,)
tends to zero as t — 0. This is easily seen by

d . 1 d
2 1—t)Yy=—-—2pu.
dta+( )7g i

q.e.d.

Furthermore under the same assumption we can prove the existence
of an almost Einstein Kahler metric in the following sense:

THEOREM 4. If the K-energy map is bounded below, then for arbitrary
e >0, X admits a Kahler metric w € K such that |6, — n| < e.

PrROOF. The strategy for the proof is as follows. First we use
Aubin’s equation to make |f,|c0x as small as possible. Then using
Hamilton’s equation, we regularlize f, to get an estimate on o, — n =
A,f.. For simplicity, we denote w, f;, A, V. by w, f, A, V below, if
there is no fear of confusion.

First we note that Hamilton’s equation

d
—w=—(Y,— ®
7 ( )
always has a unique solution w = w, in K for 0 <t < + (see, for in-

stance, [4]). In terms of f the equation can be written as
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d
L r=A .
(a) 7 f f+f
We then have the following equalities:

(b) E'it-fz = At — 2|Vf] + 257,
@ d;‘i|Vflz=A|Vflz—|v<7‘f12—|vw|2+IVflz,

«d) -gt-Af — AAS + AS + |[VVfE.

Let 0 <e< 1. We devide the proof into the four steps.
(1) If the initial f, satisfies |f,| < ¢, then |f| < e% for t€[0, 2].
(2) For te[l, 2], we have |Vf[* < e*s* by combining (1) with (cf.
(b), (e))

-gt—m +EIVFR) S AP + tIVFR) + 27 + V),

for 0t 2.

(8) If the initial f, satisfies A,f, = —¢, then Af = —e% holds for
te[0, 2] by (d).

(4) We now show that A,f, < 2ne’s. Let t:=t—1, and a:=n""
Then for 0 <7 <1, we have

%(lvf  + eafAf) < A(VFP + cafAS)
+ (VF] + eafAf) + eadAf — (1 — eal) | VVF2.

Therefore, by the Cauchy-Schwarz inequality n|VV.S[* = (Af):, we get
@) d_"ie-?qv FI + eafAf) < AcH(VFT + cafAf)
+ e Af{ea — n7Y(1 — ea)A S} .
We claim that e (|Vf[* + ealAf) < 2¢'¢%, for T €[0,1]. Otherwise at the
point of [0, 1]x X where it fails to hold for the first time % >0, we
have e *eafAf = e¢'¢’, which implies Af = ¢'c. But we derive from (e)
that n7(1 — ea)Af < ea at the point. Thus, (1 — ea)e* <1, which is a
contradiction. Therefore we obtain the desired estimate:
Af < 2née, for T=1.
q.e.d.

REMARK. The smoothing theorem in [3] can also be derived in a
similar manner without using difficult analysis.
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THEOREM 5. If the K-emergy map is bounded below, them we have

an inequality of the Miyaoka-Yau type:

2(n + L)e(X)e(X)" [ X] 2 ne(X)[X] .

PrOOF. For we K, we define a tensor T which measures the deviation

of (X, w) from being of constant holomorphic sectional curvature by

Ti3a = Rga —o/n(n +1) (9596 + 9a9:3) »

where R and g are the curvature tensor and the metric tensor, respec-
tively. A caleulation shows that

[1]

[2]

[31]
[4]
(5]
[6]
[7]
(8]
[91]

n(n — 1)E2r)"2(n + 1)ey(X)e(X)"™* — ne (X)) X]
={ (o +DITF = (0 + 1= 2/m)0 — o .

then apply Theorem 4, and get the desired result. q.e.d.
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