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AND AN INEQUALITY OF THE MIYAOKA-YAU TYPE
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The purpose of this paper is to give some addenda to the paper [2],
in which we showed the boundedness as well as a consequence of the
K-energy map under the assumption of the existence of Einstein Kahler
metrics. We here show how these results can be refined. The author
would like to thank Professor H. Urakawa for valuable suggestions.

Let us first fix our notation. Throughout this paper X is an n-
dimensional compact complex manifold with positive first Chern class
cλ(X) > 0. Let K be the set of all Kahler forms on X representing
2πc1(X). To each ω e K we associate its Ricci curvature form 7ω, scalar
curvature σω, Laplacian Δω acting on the space of real-valued C°°-functions
C°°(X), and fw e C°°(X) such that Ύω - ω = V^ΛSbf^ which is determined
up to a suitably chosen constant.

DEFINITION. For ω0, ωλ e K, we choose a smooth path ωt =
coo + V^ΛddUt e K connecting ω0 and ω19 where ut e C°°(X) and t e [0, 1].
Hereafter when we encounter notation like 7ωί, σωt, Δωί, fωt, Vωf, we
simplify their subscripts in the form yif σt, Δf9 ft, Vt. Using this con-
vention, define three functions /, /, M on KxK as follows:

I(α>o, <*>i) = \ Mi(β>o - ωΐ)IV ,
JX

J(ω0, α)χ) = [ dt \ -^{ωl - ωί)l V,
Jo JX at

M(ω0, ωd = - [dt \ ^{σt - n)ω?/ V,
Jo Jx dt

where V = \ α>J. For ωQ in K, we define the corresponding K-energy
JX

map μ = μωo from K to R by μ{ώ) = AΓ(α>0, ω) for ω e iΓ. Set

If- = {ft>eίL|7ω > 0, i.e. Ύω is positive definite on X) .

I, J, M are all well-defined and have nice properties (see [1], [7]).
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The boundedness theorem proved in [2] is:

THEOREM A. If X admits an Einstein Kahler metric, then the re-
striction of the K-energy map to K+ attains its minimum exactly on
the set of Einstein Kahler metrics. In particular, the K-energy map is
bounded from below on K+.

Our refined version of the above theorem is as follows:

THEOREM 1. If X admits an Einstein Kahler metric, then K-energy
map on K attains its minimum exactly on the set of Einstein Kahler
metrics, and is in particular bounded below on K.

This is a consequence of the following:

THEOREM 2. For ωeK+, we have

M(Ύω, ω)^0,

and the equality holds if and only if 7ω = ω.

PROOF. Regarding ω0 = 7ω e K as a Kahler metric, we consider the
following equation in ωteK solved by Yau:

ωn

t = exp(£/o + ct)ωn

Q , t e [1, 0] ,

where ct: = log V - logQ exp(ί/0)α>?\ Express ωt as ωQ + V^ΐddUt, with

a smooth path {ut; 0 ^ t ^ 1}. Differentiating the above equation with

respect to t, we have

ΔΓ^Γ*- =fo + c o n s t

at

Also we easily see that ft can be taken as (1 — t)f0 — ut. Thus,

M(ωo,ωt) \ £
dt I* dt

^AtutωV V <Z - 4r
x dt dt

Since ωx = a), we conclude that

M(Ύω, ω) ^ - ( / -
q.e.d.

PROOF OF THEOREM 1. For any ωeK there exists ωeK+ such that
7- = a) by Yau's result. Then we have

μ(ω) - μ(ώ) = —M(Ύz, ώ) ^ 0 .
q.e.d.
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Next, fixing ω0 in K, we consider the following theorem proved in [2].

THEOREM B. Suppose that the K-energy map is bounded below. Then
we can solve Aubin's equation on [0, 1). In particular, for arbitarary
ε > 0, we get Kdhler metric ωeK such that Ύω > (1 — ε)ω, hence
σω — n > —nε.

Here by Aubin's equation we mean

Ίωt = tωt + (1 - t)ω , te [0, 1] ,

with given ω in K, where for each t, the solution ωt is required to sit
in K and is written in the form ω + V~^Λddut, with a smooth path
{ut; 0 ^ t ^ 1} in C°°(X). Our theorem is:

THEOREM 3. For the Kdhler metrics ωt, 0 ^ t < 1, obtained just
above, we moreover have

Osc/t := Max/t — Min/t <̂  ε ,

for t sufficiently near 1.

PROOF. AS we showed in [2], OSCM* can be estimated by (I—J)(ut),
and we can take/ t as — (1 — t)uu it suffices to show that j = (l — t)(I—J)(ut)
tends to zero as t—>0. This is easily seen by

q.e.d.

Furthermore under the same assumption we can prove the existence
of an almost Einstein Kahler metric in the following sense:

THEOREM 4. If the K-energy map is bounded below, then for arbitrary
ε > 0, X admits a Kdhler metric ωeK such that \σω — n| ^ ε.

PROOF. The strategy for the proof is as follows. First we use
Aubin's equation to make |/Jco(Z) as small as possible. Then using
Hamilton's equation, we regularlize fω to get an estimate on σω — n =
Δω/ω. For simplicity, we denote ωt, ft, At, Vt by ω, f, Δ, V below, if
there is no fear of confusion.

First we note that Hamilton's equation

jLω= - ( 7 β - α > )
at

always has a unique solution ω = ωt in K for 0 ^ t < +°° (see, for in-
stance, [4]). In terms of / the equation can be written as
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(a) A/ = Δ / + /.
at

We then have the following equalities:

(b) J-/2 =
t

(c) -|-|V/|2 = Δ|V/|2 -
at

(d) A
at

Let 0 < ε < 1. We devide the proof into the four steps.
(1) If the initial f0 satisfies |/0 | < ε, then | / | < e2ε for t e [0, 2].
(2) For t e [ l , 2], we have |V/| 2<e 4ε 2 by combining (1) with (cf.

(b), (c))

j(f + t\Vf\η <ς Δ(/2 + ί|V/|2) + 2(/2 +
at

for 0 ̂  t ^ 2.
(3) If the initial fQ satisfies Δo/O ̂  -ε , then Δ/ ^ -e2ε holds for

te[0,2] by (d).
(4) We now show that Δ2/2 < 2we5ε. Let t : = t — 1, and α : = wr1.

Then for 0 ^ ί ^ 1, we have

£(|V/| + εatAf) ^ Δ(|V/|2 + εα?Δ/)
at

+ εα?Δ/) + eaAf - (1 - εαt)|VV/|2 .

Therefore, by the Cauchy-Schwarz inequality n \ VV/12 ^ (Δ/)2, we get

(e) J*-e-?(|V/|2 + εatAf) ^ Ae~\\Vf\> + εα?Δ/)
at

- n~\l - εα)Δ/} .

We claim that e"Γ(|V/|2 + εα?Δ/) < 2e4ε2, for t e[0, 1]. Otherwise at the
point of [0, l]xX where it fails to hold for the first time t > 0, we
have e~'εα?Δ/ ^ β4ε2, which implies Δ/ ^ e4ε. But we derive from (e)
that n~\l — εα)Δ/ <̂  εα at the point. Thus, (1 — εα)e4 ^ 1, which is a
contradiction. Therefore we obtain the desired estimate:

Δ/ < 2ne*ε , f or t = 1 .
q.e.d.

REMARK. The smoothing theorem in [3] can also be derived in a
similar manner without using difficult analysis.
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THEOREM 5. If the K-energy map is bounded below, then we have
an inequality of the MiyaokaΎau type:

2(n + DcάXMXnX] ^ nc^XΠX] .

PROOF. For ω e K, we define a tensor T which measures the deviation
of {X, ω) from being of constant holomorphic sectional curvature by

TφΊ = Riiΰ - σ/n(n + 1) (&#« + gagki) ,

where R and g are the curvature tensor and the metric tensor, respec-
tively. A calculation shows that

n{n - l)(2π)n{2(n + Dc^X^X)*'1 - nc^Xf^X]

= \ {(n + 1) I 7T - (n + 1 - 2/n)(σ - nf}ωn .

We then apply Theorem 4, and get the desired result. q.e.d.
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