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In this note, we first investigate the symmetry properties of the tensors ¥'C and
V2C, where V is the induced affine connection and Cis the cubic form of a nondegenerate
affine hypersurface M" in R"*!. In particular, we study hypersurfaces with parallel
cubic form, i.e. ¥C=0. In the case n=2, this condition is known to characterize a
Cayley surface (Nomizu and Pinkall [3]). We obtain a certain class of more general
affine surfaces and hypersurfaces.

On the other hand, for an affine hypersurface M", n>3, condition FR=0 (i.e.
parallel curvature tensor field) implies that M" is an improper affine hypersphere or a
quadric (Verheyen and Verstraelen [7]). We shall provide a generalization of this result
by proving that the condition ¥2R=0 implies ¥ R=0 for an affine hypersurface. Recall
that, for a Riemannian manifold, the condition ¥2R=0 (in fact, P*R=0 for some
integer k) implies ¥ R=0 but that such a result does not hold for an affine connection
in general.

Our study shows the common background for these results on the covariant
differentials of the cubic form and those of the curvature tensor field.

1. Preliminaries. Although we mostly follow the notation in [3] in this paper,
we consider exclusively the classical theory of nondegenerate affine hypersurfaces M"
in R"*! in the sense of Blaschke (see [1], [2], [5] and [6]).

The difference between the induced affine connection ¥ and the Levi-Civita connec-
tion ¥ for the affine metric 4 is denoted by K:

1 Ky=Vx— ﬁx

and we also write

) KyY=K,X=K(X, Y).
The so-called apolarity condition can be expressed by

3) trace Ky =0 for every X.
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The cubic form C is defined by

©) CX,Y,Z)=(Fxh(Y, Z),
which is symmetric in X, ¥, and Z. This is related to K by
) CX,Y,Z)=—-2hK,Y,Z),

which implies that the operator Ky is symmetric relative to A.
The Pick invariant J is defined by

6) J=hK,K),

where A is extended to an inner product in the tensor space. In terms of components
of the tensors involved we have

©) J=Y K#*K,, .
Apolarity can be also expressed by
() Y hiCyu=0  forall k.

We denote by S the shape operator. The curvature tensor R of ¥ can be expressed
by the Gauss equation

R(X, Y)Z =h(Y, Z)SX —h(X, Z)SY

in terms of S and A. We say that M" is an affine hypersphere if S=AI, where A is the
affine mean curvature (=trace S/n).
There are two known results which are closely related to our purpose.

THEOREM (Nomizu-Pinkall [4]). Let n=2. If VC=0 and C#O0, then M? is
equiaffinely congruent to a Cayley surface.

THeOREM (Verheyen and Verstraelen [7]). If n>3 and VR=0, then C=0 (that is,
M™" is a quadric) or S=0 (that is, M" is an improper affine sphere).

ReMARK. They first prove that in the case where n>3, R(X, Y)-R=0 for all X,
Yif and only if S= AL Of course, P2R=0 implies R(X, Y)-R=0 and hence S= Al

In Section 2 we study the symmetry conditions for ¥ C and F2C. In Section 3, we
shall derive properties of affine hypersurfaces satisfying ¥ C=0 and discuss a certain
class of affine hypersurfaces which may be considered as generalizations of Cayley
surfaces. In Section 4, we shall prove that the condition ¥ 2R =0 for an affine hypersurface
implies ¥ R=0.

2. Total symmetry of V'C and V2>C. The covariant differential ¥ C of the cubic
form C is denoted by

VO, V,w; X)=FxC)U, V, W),
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where V' x C is the covariant derivative of C defined by
VxONU, V, W)=X(CU, , W)-C(VxU, V, W)—C(U,V x V, W)= C(U, V,V x W),
U, V, W on the right-hand side being vector fields that extend vectors U, V, W, respectively.
In terms of components, we have
VC=(Cijk;t) >
where ¢ is an index corresponding to the vector X.
Similarly, the second covariant differential P2C is denoted by
V2C)U, V,W; X, Y)=Wy(FxONU, V, W)=V, xCXU, V, W),

where X on the right-hand side is a vector field extending the vector X, and V (V' xC)
is the covariant derivative relative to Y of the tensor field ¥, C. In terms of components,
we have

ViC= (Cijk;t;s) s

where ¢ and s are indices corresponding to X and Y, respectively.

This being said, we are now concerned with the symmetry properties of ¥'C and
v2c.

First, we say that V' C is totally symmetric if (V C)(U, V, W; X') is symmetric relative
to its four variables. (This is to say that C;j., are symmetric in all four indices.) Since
V' C is symmetric in U, V, W just like C, total symmetry follows if it is symmetric in X
and U.

Similarly, we may consider the covariant differential ¥ C relative to the Levi-Civita
connection ¥ for the affine metric and consider its symmetry properties. In fact, we prove:

LeMMA 1. VC is totally symmetric if and only if V C is totally symmetric.
Proor. Using (1) we get
(VxCXU, V, W)=(F xC)XU, V, W)+ (K5 C)U, V, W)
=y CXU, V, W)y—C(KxU, V, W)—C(U, Ky V, W)—C(U, V, Ky W)
=Wy C)U, V, W)—C(K(X, U), V, W)+ 2h(K(X, V), K(U, W)+ 2h(K(X, W), K(U, V))

by using symmetry of C and (5). The term C(K(X, U), BV, W) is symmetric in X and
U. The sum 2h(K(X, V), K(U, W)+ 2h(K(X, W), K(U, V)) is symmetric in X and U as
well. Thus

7 xCO)U, V, W)= xC)U, V, W)=y CXX, V, WP , CXX, V, W),
that is,
VxCO)U, V, W)—(F yCXX, V, W)=(F xCXU, V, W)—(V , C)(X, V, W),

proving our assertion. O



104 N. BOKAN, K. NOMIZU AND U. SIMON

We note that
@) P xCXU, V, W)= —2h((V xK XU, V), W)

as follows from (5).
On the other hand, the following formula is found in the proof of Proposition 5.4
of [2].
®) 207 xKNY, Z)—2(F yK)X, Z)=h(Y, Z)SX —h(X, Z)SY—[K(SY, Z)X —h(SX, Z)Y] .
REMARK. The right-hand side is nothing but R(X, Y)Z —R*(X, Y)Z, where R is

the curvature tensor of ¥ and R* is the curvature tensor for the induced connection of
the dual affine hypersurface.

We now prove:
Lemma 2. V' C is totally symmetric if and only if M" is an affine hypersphere.

Proor. By Lemma 1 and formulas (7), (8) we see that V' C is totally symmetric if
and only if
) WY, Z)SX—hX,Z)SY—-[hSY,Z)X —hSX,Z)Y]=0.
The trace of the linear mapping taking X to the left-hand side of (9) is
WY, Z)trS—h(SY, Z)—nh(SY, Z)+hSY, Z)=0
and hence
- SY=1Y for every Y, where A=trS/n.

Conversely, if S=A11, we have (9) and so total symmetry of F'C. O

REMARK. We may also say that M™" is an affine hypersphere if and only if R= R*.
This condition is also equivalent to R(X, Y)-h=0.

Now assume that V' C is totally symmetric and consider F2C. From its definition
we have

©  POU, VW X;Y)-(P2CXU, V, W; Y; X)= —(R(X, Y)-CXU, V, W),

where R(X, Y) acts on C as a derivation.

It follows that (F2C)U, V, W; X; Y) is symmetric in X and Y if and only if
R(X, Y)-C=0. This is the case, in particular, if R=0 (which is known to be equivalent
to $=0).

As we assume that V'C is totally symmetric, (V2C)U, V, W; X; Y) is symmetric in
U, V, W, X. Combined with symmetry in X and Y, we have total symmetry of V2C.
Thus we get:

LEMMA 3. Assume V C is totally symmetric. Then V2C is totally symmetric if and
only if R(X, Y)-C=0.
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We now prove:
THEOREM 1. Both VC and V2C are totally symmetric if and only if C=0 (M" is a
quadric) or S=0 (M™ is an improper affine hypersphere).

Proor. If C=0, obviously, ¥C=0 and F2C=0. If S=0, we already know that
VC is totally symmetric (Lemma 2). Moreover, S=0 implies R=0 and hence V*C is

totally symmetric.
Assume that both V' C and F2C are totally symmetric. Lemma 2 implies that S= 11,
with A=tr S/n. The Gauss equation says

R(X,Y)Z=A[NY,Z) X —-hX,Z)Y].
We use this expression and evaluate (R(X, Y)- C)YU, V, W)=0 (which holds by Lemma
3). If 1#0, then we get
h(Y, U)C(X, V, W)—h(X, U)C(Y, V, W)+ h(Y, V)C(U, X, W)—h(X, V)C(U, Y, W)
+h(Y, W)C(U, V, X)—h(X, W)C(U, V, Y)=0.
Using (5) we may write this in the following form
(10) —2n(Y, U)K(X, V)+2h(X, U)K(Y, V)—h(Y,V)K(U, X )+2h(X, V)K(U, Y)
+CU,V, X)Y-C(U, V,Y)X=0.
Taking the trace of the linear mapping which takes X to the left-hand side of (10) we
obtain by using apolarity
WK(Y, V), U)—KWK(U, Y), V)+CU,V,Y)—nC(U, V, Y)=0,
namely,

(n+1)C(U, ¥, Y)=0, thatis, C=0. O

3. Affine hypersurfaces with parallel cubic forms. We now prove:

THEOREM 2. If VC=0 for an affine hypersurface M", n>2, then C=0 or S=0 and
we have the following consequences:

1) (VyK)x=2KyKy for all X, Y,

2) tr{Y->WVyK)xZ}=0 for all X, Z;

3) tr{Y-(FyK)xZ}=0 for all X, Z,

4) tr(KxK;)=0 for all X, Z; thus h is an Einstein metric.

S) The Pick invariant J=0.

Proor. The first assertion follows from Theorem 1. To prove 1), we have by (5)

h(K(X, U),Z)=-%C(X, UuZz).



106 N. BOKAN, K. NOMIZU AND U. SIMON

Taking Vy of both sides and using ¥ C=0, we obtain
Vyh)K(X,U), Z)+h(VyK)X,U),Z)=0.
Again using (5) we have
—2WK(K(X,U), Y),Z)+h(VyK)X,U),Z)=0
and hence
2K(K(X,U), Y)=(FK)X, U).

Writing the left-hand side as 2K, K, U, we obtain (FyK)y=2KKy.
2) Using 1) we write

(VyK)XZ=2KyKXz= 2KKxZY .

Since trace Kg,,=0 by apolarity, we get the assertion.
3) From Proposition 5.4, [2], we get

tr{ Y= yK)xZ} =(n/2){h(X, Z)tr S/n—h(SX, Z)} ,

which is 0 since S=A11.
4) Using (1) we get

(VyK)xZ=(yK)xZ+(Ky K)xZ,
where
(Ky' K)xZ=Ky(KxZ)—Kg,xZ — Ky(KyZ)=Kg, ;Y —K;KyY—KxK;Y.
Thus by apolarity and trace(K,Ky)=trace(KyK;) we get
trace{ Y—>(Ky* K)xZ } = —2trace KyK; .
Now using 2) and 3) we see traceKyK,=0.

From the formula for the Ricci tensor Kic for # (Proposition 5.2, [2]):
‘ 1
Ric(Y, Z)= (Y. Z)trace S+ (n— (S, Z)] + trace(K yKy)

we see that 4 is an Einstein metric.

5) From 4) we have h(Ky, K;)=0, where h extends the affine metric to the tensor
space. If {X,, -, X,} is an orthonormal basis with A(X;, X;))=g&= 11, we get
J=hK,K)=Y eh(Ky, Ky)=0. O

ReEMARK. The proof for 4) establishes the general formula
1 L(X,Z)=L(X, Z)—2trace(KxK}) ,

where
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(12) L(X, Z)=trace{ Y>(VyK)xZ}
and
(13) L(X, Z)=trace{Y—(PyK)xZ} .

CoRrROLLARY. If VC=0 and C+#0, then S=0, V is flat (R=0), J=0, and h is a
hyperbolic metric with zero Ricci tensor.

ReEMARK 1.  Even for n=2, there are many nondegenerate affine surfaces such that
S=0, J=0, C#0 (thus 4 is hyperbolic). In fact, such surfaces are essentially the same
as ruled surfaces which are improper affine spheres and can locally be represented as
the graph of z=xy+ ¢(y), where ¢ is an arbitrary differentiable function of one variable
(see [1, p. 221)).

We may consider this class of surfaces as generalized Cayley surfaces (for which
©(y)=y%. A simple computation shows that for the affine metric 4 we have (writing

x*, x2 for x, y)
hi1=0, hi=1, hy=0¢"() .

The affine normal ¢ is given by (0, 0, 1). The cubic form C has all components 0 except
possibly C,,,, and similarly for VC,V2C, - - -.

If we take @(y)=y*, then the surface satisfies ¥2C =0 but ¥ C#0. Obviously, when
@ is a polynomial of degree d, the surface has the property that V¢~2C=0.

ReMARK 2. These surfaces have been rediscovered by M. Magid and P. Ryan as
part of affine surfaces whose affine metrics are flat.

EXAMPLE FOR n>3. We consider the graph M" of
1 .
X"t =xlx"4 ?Z(x')2 +o(x"),

where the summation )_ extends for 2<i<n— 1. This hypersurface M" has the following
properties: it is an improper affine sphere (S=0 and thus R=0), the Pick invariant

Jis 0,V C,V2C, - - - are all totally symmetric, the affine metric 4 is Lorentzian and flat
(so R=0). These assertions follow from the information below:
hij=0 CXCCpt h1n=hnl =h22= e =hn—1n—l =1 ’ hnn=¢"(xn) >

Cijx=0 except possibly C,,,= o

Cij;m=0 except possibly C,,,.,=¢®; andsoon.

4. Affine hypersurfaces with V2R=0. The following is our new result which extends
the theorem of Verheyen and Verstraelen.
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THEOREM 3. If M", n>3, is a nondegenerate hypersurface such that V>*R=0, then
C=0or S=0.

Proor. The assumption implies R(X, Y)-R=0 and so S=AI by a result of
Verheyen and Verstraelen. Thus

R(U, VYW= AWV, W)U —hU, W)V] and

Wy RYU, VYW=A[(V yh)V, W)U —(V y h U, W)V]1=A[C(Y, V, W)U — C(Y, U, W)V] .
Consequently, we get
(14) (V*R)(U, V; Y; X)W=ALV xCXY, V, W)U —(V xy CXY, U, W)V ]

where X, Y, U, V, W may be tangent vectors at a point.
If A#£0, then by (14) we obtain

FxCXY, V, W)U—-(FxCYY, U, W)V=0 and therefore VC=0.

We have thus shown that S=0 or ¥ C=0. By Theorem 1, we see that S=0 or C=0.
O
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