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VALUES OF p-ADIC L-FUNCTIONS AT POSITIVE INTEGERS
AND p-ADIC LOG MULTIPLE GAMMA FUNCTIONS
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Abstract. We consider p-adic analogues of multiple gamma functions, and express
values of p-adic L-functions at positive integers in terms of these p-adic multiple gamma
functions.

Introduction. For a prime number p and for a Dirichlet character defined modulo
some integer, the p-adic L-function was constructed by interpolating the values of the
complex analytic L-function at non-positive integers. Diamond [6] obtained formulas
which express the values of p-adic L-function at positive integers in terms of the p-adic
log gamma function. In this paper, we generalize his results to the case of the p-adic
L-functions constructed by the author in [9], and obtain formulas which express their
values at positive integers in terms of the p-adic log multiple gamma functions. Since
the p-adic L-functions of a totally real algebraic number field can be expressed in terms
of the p-adic L-functions we are considering, their values at positive integers can also
be expressed in terms of the p-adic log multiple gamma functions.

1. Some p-adic integrals. Let p be a prime number. Let Z, Z,, Q,, Q,, O, and
m be the ring of rational integers, the ring of p-adic rational integers, the p-adic number
field, the completion of an algebraic closure of Q,, the integer ring of 2, and the maximal
ideal of @, respectively.

We first define some twists of the Bernoulli numbers. Let ¢ be a positive integer
prime to p, and {€Q, a c-th root of 1 different from 1. We define numbers B, . and
polynomials B, (x) for k=0 by the following formulas:

(Cexp()—1)7! =k20 By 1[k!
exp(xt)(exp(t)—1) 7' = Y By (0)r/k!.
k20

Then, by using the method which was used in [10, pp. 7-15], we can prove the following
lemma.
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LEmMma 1.

1 .
llm _l_ émmk+l X
+1 Noow CpN 0<m<cpVN

B, .=

For any {eQ, which satisfies the above condition for some ceN, (¢, p)=1, we
denote by p, the p-adic measure on Z), constructed in Koblitz [11, Proposition 2]:

pela+pNZ)=¢1(1—¢™ for 0<a<ph.

In what follows, we fix a positive integer r. For each 1<j<r, let c; be a positive
integer prime to p, and let £; be a nontrivial ¢;-th root of 1. Let u,, be Koblitz’ p-adic
measure on Z,, and let u, =[],  ; ., ¢, be the product measure on the product space Z,.
Let y=(y,,...,,) be a variable on Z7,

Lemma 2. For any by,...,b,e€Z, by,...,b,20, [;ryit- - yrdudy) is the co-
efficient of 13- - -tkr/(by!- - -b,!) in the Laurent expansion of the function [], ;. (1—
'fjexP(tj))_l-

Proor. Lett,,..., 1t be p-adic variables with sufficiently small absolute values so

that exp(y, ¢, + - - - + y,1,) converges for any (y,, ..., y,) € Z},. It is known that Koblitz’
measure y,, satisfies

f exp(y;tpdps, () =(1 —fjeXP(tj))—l .
Z,

Since p, is the product measure, we obtain

J exp(yiti+ -+ y,t)dp(y)= n ( _éjexp(tj))_l .
z"

<j<
5 1=sjsr

Taking the coefficient of £5*- - -2 /(b,!- - - b,!) in the above formula, we obtain the lemma.

Let n be a positive integer. Let D, =Q}, D,cQ), be balls in respective spaces
such that 0, = D,. Let f(x,y)=f(Xy, ..., X Y15 - - -, ,) b€ @ holomorphic function on
D, x D,. f(x,y) is given by a convergent power series in x; —ay, ..., X,—dp, V15 -+ -, Vs
for some ay, ..., a,, which we write as f(x, y)=),, (x—a)'y’, where a;;=a;,...; j,..; €
Q,, (x—a)' =(x;—ay)" - (x,—a,)", y'=yi - yk; for xeD,, y € D,, convergence of
f(x, y) implies

lag(x—a)'y’|,»0  for |I|+|J|=ij+  +ip+ji+ - +j, > 0.

Let g(x, y) be the power series of the form ) b,,(x—a)'y’ (b;,€8,, b;;=0 if some
component of J is zero) such that
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0 0
L g )= f (6 ).
0y, 0y,
Hence
i . y{,+1 y£r+1
X, = ail"'in""'r X1—ag)t- e Xpn—a, "4?—__... . 4
g(x,y) Z jrir (1= 1) ( ) Ji+1 Jo41
if

f(x, )’)'—'Zai,---i,.jlmj,(xl —a,) (X, —a) iyl
We assume that this power series g(x, y) converges on D, x O},

THEOREM 1. Under the above assumptions,

N
N-ow C;°° 'C,.Pr 1<jsSr 0Smj<cjp¥N

. 1
jf(x,y)d#¢(y)=(—1)'hm— Y &gl m),
z;

where m=(m,, ..., m,).

Proor. It suffices to prove this formula for each fixed x=x,e D,. Then

d d d a
E‘ : 'a‘y'g(xo, }’)=[a—yl—' : 'EQ(X, }’):L:xo:[f(x, y)]x=xo=f(x03 y) .

r

Hence g(x,, y) is the power series of y which is obtained from f(x,, y) by integration.
Thus the theorem for a holomorphic function f(x,y) in x, y follows from that for the
restricted holomorphic functions f(x,, ¥) (xo€D,) in y. Since f(x,, y) depends only
on y, it suffices to consider the case where f(x, y)= f(y)=).a,y’ is a power series
convergent on D,. Since O}, = D,, we have |a,;|,—0 when | J|— co. Substituting this
power series expression in the left hand side of the equation and using the above estimate
for the coefficients, we see it suffices to consider the coefficient of y§!- - - yb-. By Lemmas
1 and 2, we have

. 1 é"“m"‘“ ém,.mb,+l
bi...ybrg =(-1D)lim 1 1 L e Ty
J‘z;yl Yr ﬂ{(y) (=1 Novaw 1" .c'prN 1£7<r 0smj<c;pN b, +1 b,+1

This proves the theorem. ]

2. p-adic log multiple gamma functions. For positive integers r and n, let
L(y)=L(y,, ...,y,)=zlsj5ra,-jyj (1<i<n) be linear forms in r variables with all
coefficients g;;em. Let x; (i <i <n) be elements of Q, such that x;=1 (mod m). In [9],
the p-adic L-function (in n variables) was constructed as the integral

Z)($S)=Zp(51 -5 80)= [T Gt Ly)™dug(y).

zp1<isn
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(In this construction of Z(s), the elements x; are fixed parameters; later we regard x;
as variables.)

Letlogx=Y 5 ;(—1)*~ ! (x— 1)*/k be the p-adiclog function. This sum is convergent
for |x—1]|,<1 (cf, e.g., Iwasawa [10]). Let A(L,x,y)=A(Ly,..., Ly Xy, ..., %y
Y1, - -+, ¥,) be the power series which we obtain by formally integrating

[T togxi+Li(y)= [1 (ogx;+log(1+Ly(y)/x))

1<isn 1<i<n

with respect to y4, ..., y,. We denote this symbolically as follows:

yr y1
ML, x,y) =j dy, - H log(x; + Li(y))dy; .
0 0 1<izn
After we express 1og(l1+Li(y)/x) =5 (— D (Li(y)x; )*/k as a power series in
V1s - Yy it is €asy to see that A(L, x, y) is holomorphic on (1+m)" x 07,
Now we define a function G,(L, x) generalizing the p-adic log gamma function of
Diamond [5], and call it the p-adic log multiple gamma function.

DEFINITION.

G:(L, x)=G, ey Lys ooy Ly X4, 000, X,)

. 1
=(=1)ylim ——— % Y Eme.Em AL, x,m),

Now €17 ¢ p™ 175 0=mj<c;jpN
where m=(m,, ..., m,).

By [5, Theorem 2], G,(L, x) is a holomorphic function defined for xe(1+m)".
By Theorem 1, we have:

ProprosITION 1.

Ge(L, x)= [T loglxi+Li(y))du(») .
Z,15isn
By the definition of Z(s) and by Proposition 1, we obtain the following theorem,
which is the main result of this paper:

THEOREM 2. Let Z,(sy, ..., s,) be the p-adic L-function in n variables constructed
in [9], and G«L, x) the p-adic log multiple gamma function constructed above. Then
we have

0 0
———Z(0,...,0)=(=1)"Gs(L, x),
6s1 aSn p( ) ( ) {( X)

_ 1 a;—1 aal aa,.
Zyay )= [1 ST T Gy

1sisn (@—1D! oxg .ax
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for any positive integers ay, ..., a,.

REMARK. As explained in the introduction, the p-adic L-functions of a totally
real algebraic number field can be expressed in terms of the p-adic L-functions of our
type, in fact in terms of Z,(s, ..., s), cf. [2, Théorémes 22 and 26]. In particular their
values at positive integers can also be expressed in terms of the p-adic log multiple
gamma functions. To write down these values explicitly, it suffices to quote a formula
in the proof of [2, Théoréme 26]. Also note that the derivative at 0 of the
Kubota-Leopoldt p-adic L-function was expressed in terms of the p-adic log gamma
function (cf. [6, Theorem 8]), but the derivative at 0 of the p-adic L-function of a totally
real algebraic number field is related to dZ,(s, ..., s)/ds so it cannot be expressed in
terms of the p-adic log multiple gamma functions.

Next we prove some propérties of the p-adic log multiple gamma functions. Let
L(y)=Y1<j<ra;y; be as before. We fix a suffix j, and put 6,=(a,}, ..., a,). For any
r-dimensional vector y=(yy,...,»,), let y¥P=(y;,...,9;...,») be the (r—1)-
dimensional vector in which the component y; is omitted. Let LY () =3, . ;au v
(1<i<n) be linear forms in y. In the above construction of G,(L, x), we replace r
by r—1,&=(¢y, ..., &) by ED=(&y, ..., &) ..., &), Ly by LY, and write the resulting
function as Ge,) (LY, x). Note that G;,(LY, x) is defined only for r=2. We omit the
suffix j if r=1. Then after some calculations, we obtain the following proposition (cf.
[11, Proposition 4]).

PROPOSITION 2.

@ §iGe(L, x+0) —Ge(L, x)= — Ge (LY, x), if rz2,

EGy(L, x+08)—GL, x)=— [] logx;, if r=1.

1=isn

(i)  GdL,x)= pi o ¢l &G (L, (x+ L(a)/p)
where £P=(E3, ..., &F) and (x+ L(a))/p=((x,+L1(@)/p; - .., (x,+ Ly(@)/p) with a=
(a,...,a,).

In some cases, logarithms of complex analytic multiple gamma functions are
constructed and they are related to some special value of complex analytic L-functions
(cf. [16], Theorem 1).
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