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EXISTENCE OF ALMOST PERIODIC SOLUTIONS OF
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YosHrYUkl HINO*, SATORU MURAKAMI AND TARO YOSHIZAwA*

(Received April 15, 1996, revised August 6, 1996)

Abstract. For functional differential equations with infinite delay in a Banach
space, the existence of almost periodic solutions is studied under some stability
assumptions.

1. Introduction. In this paper we are concerned with a system of functional differ-
ential equations with infinite delay

(E) ﬂ = Au(t) + F(t, u,)
dt

on a phase space #=%((— o0, 0] ; X) which possesses a fading memory property, where
X is a Banach space and u, is an element belonging to %((— o, 0]; X) defined by
u,(s)=u(t+s) for se (— o0, 0]. For functional differential equations on a uniform fading
memory space 4 with X=R", Hino [5] obtained a result on the existence of almost
periodic solutions by assuming the existence of a bounded solution which is %-totally
stable or #-uniformly asymptotically stable. The #-stability means that the solution
remains small if the initial function is small with respect to the semi-norm | - |4. However,
as pointed out in [2], some integrodifferential equations can be set up as functional
differential equations on a fading memory space (not uniform) and BC-stability is more
practical, where BC-stability means that the solution remains small if the initial function
is small with respect to the BC-norm, that is, sup_, <g<o| #(6)|. For these reasons,
Murakami and Yoshizawa [10] have discussed the existence of an almost periodic
solution for functional differential equations on a fading memory space with X'=R" in
the context of BC-stability.

Recently, Hino and Murakami [7] have established a result on the existence of an
almost periodic solution when (E) is the nonhomogeneous linear system. The pur-
pose of this paper is to treat a nonlinear equation (E) on a fading memory space
B((— o0, 0]; X) with a general Banach space X and to establish a result on the existence
of almost periodic solutions by assuming the existence of a bounded solution which is
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BC-totally stable or BC-uniformly asymptotically stable. Hence our main results
(Theorems 1 and 2) of this paper would be considered as some extensions of Hino [5,
Theorem 4] and Murakami and Yoshizawa [10, Corollary 1] to the case where X is a
general Banach space, and of Hino and Murakami [7, Theorem 1] to a nonlinear
equation (E).

2. Fading memory spaces. Let X be a Banach space with norm | - |. For any
interval Je R:=(—o00, o), we denote by BC(J; X) the space of all bounded and
continuous functions mapping J into X. Clearly BC(J; X) is a Banach space with the
norm | * ¢, x) defined by | @ ey, xy=sup{l ¢(?) Ix: teJ}. If J=R™ :=(—00, 0], then
we simply write BC(J; X) and | * |g¢(, x) as BC and | * ¢, respectively. For any function
u:(—o0,a)— X and t<a, we define a function u,: R +— X by u,(s)=u(t+s) for se R™.
Let Z#=%(R™ ; X) be a real linear space of functions mapping R~ into X with a complete
seminorm | - | . The space # is assumed to have the following properties:

(A1) There exist a positive constant N and locally bounded functions K( +) and
M(-)on R* :=[0, oo) with the property that if u: (— 00, @) X is continuous on [0, a)
with u, e % for some o <a, then for all ¢€[a, a),

(i) wes,

(ii) u, is continuous in ¢ (W.r.t.| * |g),

(i)  Nu(®)|x<|u;|a<K(t—0)Sup, <5<, | U(s) |x + M(t—0)| U, |-

(A2) If {¢*} is a sequence in ZnBC converging to a function ¢ uniformly on
any compact interval in R~ and sup, | ¢*|c < o0, then ¢p € # and | p* — ¢ | ;—0 as k— co.

It is known (cf. [8, Proposition 7.1.1]) that the space # contains BC and that
there is a constant />0 such that

M |¢la<!l¢plsc, ¢€BC.
Set Bo={¢peRB: $(0)=0}, and define an operator Sy(1): B, B, by

d(t+s) if t+5<0,

[So(t)¢](s)={ 0 if t45>0

for each 1>0. By virtue of (Al), one can see that the family {S,(?)},», is a strongly
continuous semigroup of bounded linear operators on %,. The space 4 is called a fading
memory space, if it satisfies the property

(A3) ,lim |So(DPla=0, ¢,

in addition to (A1) and (A2). It is known (cf. [8, Proposition 7.1.5]) that the functions
K(-) and M(-) in (A1) can be chosen as K(r)=/ and M()=(1+(I/N))|ISo(1)ll; here
and hereafter, || - | denotes the operator norm of bounded linear operators. Note that
(A3) implies sup,.» o || So(?)|| < o by the Banach-Steinhaus theorem. Therefore, whenever
4 is a fading memory space, we may assume that the functions K(+) and M(-) in
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(A1) are constants K(-)=K and M(-)=M.

We provide a typical example of fading memory spaces. Let g: R™ +—[1, o) be any
continuous nonincreasing function such that g(0)=1 and g(s)— oo as s——oo. We set

C:=ClX)= {q&: R™ +— X is continuous with lim |¢(s)| X/g(s)=0} .
Then the space C; equipped with the norm

51, =sup | 2O
s<0  g(s)
is a separable Banach space and satisfies (A1)—(A3).
Let C(R* ; X) be the set of continuous functions defined on R* with values in X.
A subset # of C(R™ ; X) is said to be uniformly equicontinuous on R*, if sup {| x(z+ ) —
x(D)|x:teR*, xeF}—0as 6—0*. For any set # in C(R" ; X) and any set S in &, we
set

’ ¢6Cg0a

R(F)={x(D)|teR*, xe F}
W(S, F)={x(*): R—>X|x,€S, x|p. € F}
and
V(S, F)={x,|teR*, xe W(S, #)} .

LeMMA 1. Let & be a fading memory space. If S is a compact subset in B and if
F is a uniformly equicontinuous set in C(R*, X) such that the set R(F) is relatively
compact in X, then the set V(S, F) is relatively compact in 8.

PrOOF. We shall prove that any sequence {x}}, £,>0, xf e V(S, #), contains a
convergent subsequence. Taking a subsequence if necessary, we may assume that
ti—oto<oo and x§:=@*>¢ in S as k— oo, because S is compact. Let

xl’:( =yl’:¢ + SO(tk)lpk >

where
yk(s)={x’;(s), §>0
x*0), s<0,
Yk =xb—x*O)x
and

W@=1, 6<0.

Then y*—>y :=¢—¢(0)y in £ as k—>oo. Clearly £*: =y lies in BC, and the sequence
{&*} is equicontinuous on (— oo, 0]. Moreover, for each 6 <0 the set {E0): k=1,2,...}
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is relatively compact in X, because it is contained in the set R() which is relatively
compact in X. By applying the Ascoli-Arzéla theorem and (A2), we may assume that
{&¥} is a convergent sequence in 4. On the other hand, since sup,, q | So(?)ll < oo, we
have | So(t¥* —So(t ¥ |4 <sup, 50 [So@Il|Y* ¥ |g—0 as k—oo. If t5<oco, then
So(t W= So(to)¥ as k— oo, while if t,=o00, then Sy(z)Y—0 as k-0 by (A3). As a
result, {Sy(t)¥*} is a convergent sequence in %. Therefore, the sequence {x}} has the
desired property.

3. Asymptotically almost periodic functions and definitions of stabilities. Through-
out the remainder of the paper, we assume that 4 is a fading memory space which is
separable.

Now we shall consider the following functional differential equation

)] % =Au(t)+ F(t,u,),

where A is the infinitesimal generator of a compact semigroup {7(?)},», of bounded
linear operators on X and F(t, )€ C(Rx £ ; X), here and hereafter, we denote by
C(Rx % ; X) the set of continuous functions defined on R x # with values in X.

We always impose the following conditions on (2):

(H1) K, ¢) is almost periodic in ¢ uniformly for ¢ € #, where F(t, ¢) is said to
be almost periodic in ¢ uniformly for ¢ € 4, if for any ¢>0 and any compact set W in
4, there exists a positive number /(g, W) such that any interval of length /(e, W) contains
a 7 for which

IF(t+T’ d))—F(t: ¢)|ng

for all te R and all pe W,

(H2) For any H>0, there is an L(H) >0 such that | F(t, ¢) |y < L(H) for all te R*
and ¢ € such that |¢p|z<H;

(H3) Equation (2) has a (bounded) solution u(¢) defined on R such that u,e BC
and |y, |g<C, for all teR*.

By virtue of (H1) and (H2), it follows that for any (o, ¢)€ R x 8, there exists a
function ve C((— o0, ¢,); X) such that v,=¢ and the following relation holds:

t
v(t)=T(t—0)$(0) +J T(t—s)F(s, vy)ds , o<t<t,,
(cf. [3, Theorem 1]). The function v is called the (mild) solution of (2) defined on [0, ¢,)
through (o, ¢) and denoted by x( -, g, ¢, F). In the above, ¢; can be taken as ¢, = co if
SUp; <, [v(#) |x < oo (cf. [3, Corollary 2]).
For the solution u(¢) of (2) whose existence is assumed in (H3), we have the follow-
ing lemma.
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LeMMA 2. O, g+:={u(t)|0<t} is compact in X, u(t) is uniformly continuous on
R* and X, g+ :={u,|0<1t} is compact in A.

PrROOF. First we prove that the set O, g+ is compact in X. To do so, we consid-
er the sets O,={u(r)|t>n} and O,={u(r)|0<r<n} for each n>0. Then a(O, z-)=
max{a(0,), a(ﬁ,,)}, where o <) is Kuratowski’s measure of noncompactness of sets in
X. For the details of the properties of a( - ), see [9, Section 1.4]. Let 0<v<min{l, n}.
If t>n, then

t

u(t)=T(H)u(0) + f T(t—s)F(s, ug)ds
0

t— t

' T(t—v—s)F(s, us)ds] + J T(t—s)F(s, u)ds

t—v

= T(v)|: T(t—v)u(0) + J
0

=TWu(t—v)+ j T(t—s)F(s, ug)ds .
t—v

Note that sup,, o| F(t, 4,) |y =: L(C,) < co. Since the set T(v){u(t—v) l t>n} is relatively

compact in X because of the compactness of the semigroup {7(?)}, o, it follows that

#(0,) < C,L(C,)v,

where C,=sup, ..., [ T(7)|. Letting v—0 in the above, we get a(0,)=0 for all #>0.
Moreover, since the set O, is compact in X, we have «(0,) =0. Consequently, a(0, +)=0,
which shows that the set O, g+ is compact in X.

To establish the uniform continuity of u, let 0<s<t<s+1. Then

[ u(2) — u(s) |x <| T(2 — s)u(s) —u(s) Ix +

Jﬁ T(t—1)F(z, u)dr

s

X
<sup{| T(t—s)z—z|x:2€ O, g+ } + C,L(Cy)| t—s]| .

Since the set O, g+ is compact in X, T(t)z is uniformly continuous in 7€ [0, 1] uniformly
for ze O, g+. This leads to sup{|u(r)—u(s)|x: 0<s<t<s+1}-0 as |t—s|—>0, which
proves the uniform continuity of # on R*.

The compactness of X, p+ follows immediately from the above facts and Lemma 1.

A sequence {F*} in C(R x #; X) is said to converge to G Bohr-uniformly on R x #
if F* converges to G uniformly on R x W for any compact set W in & as k—o0. It is
known (cf., e.g. [13, Theorems 2.2 and 2.3]) that F(t, ¢) is almost periodic in ¢ uniformly
for ¢ € 4 if and only if for any sequence {#,} in R, the sequence {F(t+t, ¢)} contains
a Bohr-uniformly convergent subsequence.

We denote by H(F) the set of all functions G(¢, ¢) such that {F(¢+1,, ¢)} converges
to G(t, ¢) Bohr-uniformly for some sequence {¢,}. In particular, Q(F) is the subset of
H(F) for {t,} which tends to oo as k— 0. Clearly G(t, ¢) is almost periodic in ¢ uniformly
for ¢ € # if Ge H(F). We shall denote by Q(u, F) the set of all (v, g) € H(u, F) for which
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there exists a sequence {f,}, {,—00 as k—o0, such that F(t+1,, ¢)—>G(t, §)e H(F)
Bohr-uniformly and u(z+#,)—v(¢) uniformly on any compact set in R. From the
following lemma we see that Q(u, F) is nonempty and that v(¢) is a solution of

3) %—j— =Av(t)+G(t, v,) ,

whenever (v, G) € Q(u, F).

LEMMA 3. For any sequence {t,}, t,—o0 as n— o, there exists a subsequence {t,}
of {t,} and functions v(t) and G(t, ¢) such that

Fi+1, ¢) - G, 9)
Bohr-uniformly on Rx % as n— oo, and that
u(t+1t,) »v(r)

uniformly on any compact interval in R as n—oo. In this case, (v, G) is in Q(u, F) and
v(2) is a bounded solution of (3) defined on R.

PrOOF. By virtue of (H1) and (H2), it follows that there exists a subsequence {z,}
of {#;} and a continuous function G(t, §) such that F(t+1¢,, ¢)—>G(t, ¢) as n—o,
uniformly on R x S for any compact set Sc 4. Set u"({)=u(t+1,) for te R. Applying
the Ascoli-Arzéla theorem and the diagonalization procedure one can choose a sub-
sequence of {u#"(¢)} which is uniformly convergent on any compact interval in R, by
Lemma 2. Without loss of generality, we may assume that «"(f)—v(¢) uniformly on any
compact set in R as n— o0, for some function v: R+ X, This completes the proof of
the former part of the lemma.
By using (A2), we can see that u,,, —v, in £ uniformly on any compact set in R
as n—>oo. Hence F(t+1,, u,,,)—G(t, v,) uniformly on any compact set in R as n—o0.
Letting n— oo in the relation
t
u(t+1,)=T()u(t,)+ J T(t—8)F(s+t,, Ug4,,)ds , t+1,>0,
0
we have

o(t) = T()(0) + J ' T(t—s)G(s,v)ds, teR,

0

which shows that v(¢) is a solution of (3) defined on R.

Let g: [a, o0)— X be a continuous function. g(7) is said to be asymptotically almost
periodic if it is a sum of a continuous almost periodic function p(f) and a continuous
function ¢(¢) defined on a<t< oo which tends to 0 as t— o0, that is,

g(@)=p®)+4q(?) .



FUNCTIONAL DIFFERENTIAL EQUATIONS WITH INFINITE DELAY 139

It is known (cf., e.g. [13, pp. 20-30]) that when X =R", ¢(¢) is asymptotically almost
periodic if and only if it satisfies the following property:

(L) for any sequence {#,} such that #,— oo as n— o there exists a subsequence {z,}
of {¢,} for which g(z+1t,) converges uniformly on a<t< 0.

Indeed, using Bochner’s criterion (cf., e.g. [1, Section 1.2]) for almost periodic
functions, we can see that the argument employed in [13, pp. 20-30] works even when
X is any separable Banach space, under the additional assumption that the set {g(?) : 1> a}
is relatively compact in X. It is easy to see that the additional assumption is satisfied
whenever g(?) is asymptotically almost periodic or it satisfies Property (L). Therefore,
the above equivalence holds true when X is a general separable Banach space, too.

PROPOSITION 1. If u(t) is an asymptotically almost periodic solution, then (2) has
an almost periodic solution.

PrOOF. Let u(f) =p(f) + g(¢) be a decomposition, where p(t) is almost periodic and
q(t)—0 as t—oo. There exists a sequence {t,}, 7,— 00 as n—oo, such that F(t+t,, @)
converges to F(t, ¢) Bohr-uniformly on R x # as n— oo and that u(¢+ t,)— p(¢) uniformly
on R* and uniformly on any compact set in R as n—o00. By Lemma 3, p(¢) is a solution
of (2). Hence p(¢) is an almost periodic solution of (2).

Now we shall give some definitions of stabilities.

DerINITION 1. The bounded solution u(f) of (2) is said to be BC-totally stable
(BC-TYS) if for any ¢ >0 there exists a d(¢) >0 with the property that ce R*, ¢ e BC with
| uy— ¢ lgc<d(e) and he BC([a, 0); X) with sup, (s o)l A(2) |y <6(e) imply | u(f) —x(t, o,
¢, F+h)|x<e for t >0, where x( -, g, ¢, F+h) denotes the solution of

%: Av(f) + F(t, v)+ h(?) , t>o,
t

through (o, ¢).

DEerFINITION 2. The bounded solution u(z) of (2) is said to be BC-uniformly
asymptotically stable (BC-UAS) if for any ¢>0 there exists a d(¢)>0 such that e R*
and ¢ e BC with |u,— ¢ |gc<d(e) imply | u(f)—x(t, o, ¢, F)|x<e for t>o0; in addition,
there exists a ,>0 with the property that for any ¢>0 there exists a #y(¢) >0 such that
geR" and ¢ e BC with |u,— @ |gc <0 imply |u(t) — x(t, o, ¢, F) |x<e for >0+ t(c).

In the above, we can define %-total stability (#-TS) if we replace “¢p e BC with
|u,— @ lgc<I(e)” by “¢ € B with |u,— ¢ |4 <(e)”. Moreover, we can define B-uniform
asymptotic stability (#-UAS) in a similar way. From the relation (1) it follows that
BC-TS and BC-UAS respectively follow from #-TS and #-UAS.

4. Almost periodic solutions. In this section, we shall discuss the existence of an
almost periodic solution of an almost periodic system (2).
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THEOREM 1. If the solution u(t) of (2) is BC-TS, then it is asymptotically almost
periodic in t. Consequently, (2) has an almost periodic solution.

Proor. For any sequence {7;} such that t,— o0 as k— oo, there is a subsequence
{t;} of {r;} and a (v, G) € Q(u, F) such that u(z+17,) converges to v(f) uniformly on any
compact interval in R and F(t+71,, ¢) converges to G(t, ¢) Bohr-uniformly on Rx &.
We shall show that u(z+1,) is convergent uniformly on R*.

Suppose that u(z+1,) is not convergent uniformly on R*. Then, for some ¢>0
there exist sequences {;}, {k;} and {m;} such that

kj— o, m;— o as j—o oo,
@) | Uty + 1)~ Ut +1;) [y =t
and
(5) | u(ti, + ) —u(t,, + ) |x<e on [0,¢).

Put v/(r) = u(ty,+ 1) and w'(¢) = u(z,,, + 1). Since the sequences {v/(¢)} and {w’(1)} converge
to v(?) uniformly on any compact interval in R, we may assume that

R o .
(6) pw§, w§):=), 2 llvé—w(’)lz/{l+|v<’>—W6|z}<7, j=12,...,
1=1

where |v{—w{ |, =sup_,.o.0|v/(0)—wI(0)|y. For each je N and reR*, we define a
function v/": R— X by

vj"(t)={ Vo), ot

vi(=r)+wi)—wi(=r), t<-r,

where N denotes the set of all positive integers.
First, we shall show that

@) sup{|v{"—v{|g: jeN} >0 as r—-oo.

If this is not the case, then there exist an ¢,>0 and sequences {j,} =N and {r},
r,— o0 as k— oo, such that | v —vf<|z>¢, for k=1, 2, .... Put y*=vf"™ —v§. Clearly,
{y/*} is a sequence in BC which converges to the zero function uniformly on any compact
set in R~ and sup,|y¥*|gc<oco. Then Axiom (A2) yields that |*|z—0 as k—o0, a
contradiction.

Observe that v/"(f)>v(f) as j— oo, uniformly for (¢,r)eJx R* for any compact
interval J in R. Hence the set {v{, v{": je N, re R*} is relatively compact in %, because
the set X, g+ is compact in # by Lemma 2 and vjeX, g+. Moreover, the set
{vi(2), v""(¢): je N, re R, te R*} is contained in the compact set O, g+. From these
observations and Lemma 1 it follows that the set W:={v/, v/": je N,re R*,te R*} is
relatively compact in . Consequently,
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®8) sup{|F(t+1,, §)—G(t, ) |x t€ER, pe W} >0 as k- oo.
Define a continuous function ¢’ on R* by
()= { F(t+tkj, v))—Ft+1,,©"™")), 0<t<t
g7 (1)), t<t.
Since
| ") ~vlla<M|v}"—vilq  (teR”, jeN)
by Axiom (Al), it follows from (7) that
9) sup{| G(t, v})— G(t, (v'"),) |x: teR*,jeN} -0 as r— .
Hence, by (8) and (9) we can choose j,=jy(¢)e N and r=r(¢)e N in such a way that
sup{l ¢"(?) Ix: j=Jjo, te R} <4(¢/2)/2,

where 6( +) is the one for BC-TS of the solution u(f) of (2). Moreover, for this r, select
an integer j>j, such that j>2"(1+6(¢/2))/6(¢/2). Then 27" w§—v§|,/[1+|wi—0v§],]1<
p(w, v§)<27"8(¢/2)/[ 1+ 6(¢/2)] by (6), which implies that

|wh—0§|,<(e/2) or |vd"—wlnc<3(e/2) .

Since the function v/ is a solution of
% =Ax()+ F(t+1,,, x)+ ¢ (?)
for 1e[0, ¢;], and since wi(z) is a BC-TS solution of
%): =Ax(0) + F(t+1,,, X,)

with the same &( - ) as the one for u(7), from the fact that sup, ., o ¢*"(£) | < 8(¢/2) it follows
that | (v/")(f)—wi(1) |x <&/2 on [0, ¢;]. In particular, we have |(v"")(t;)—wi(t;) |y <¢ or
[vi(2;)—wi(t;) |x <&, which contradicts (4).

The existence of an almost periodic solution follows immediately from Proposi-
tion 1.

We say that the solution u(¢) is unique for the initial value problem if u, = ¢ implies
u(t)=x(t, o, ¢, F). Furthermore, we say that (2) is regular if for any GeQ(F), each
solution of (3) is unique for the initial value problem.

THEOREM 2. Assume that system (2) is regular. If the solution u(t) is BC-UAS,
then it is asymptotically almost periodic in t. Consequently, (2) has an almost periodic
solution.
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Proor. We shall show that u(f) is BC-TS. Then the conclusion follows immediately
from Theorem 1.

Let (6(+), dq, to( +)) be the triple for BC-UAS of u(f), where we may assume
do<6(1). We first establish that

0ER”, (»G)eQW,F) and [¢—v,lpc<d(n/2)

10
(10) imply | x(t, g, ¢, G)—v(f)|y<n for t>0.

Select a sequence {z,} with 7,00 as n—oo such that u(z+t,)—v(f) uniformly on any
compact set in R and F(t+1,, $)—>G(t, ¢) Bohr-uniformly on R x 4, and consider any
solution x(*,06+1,, ¢ —v,+u,.,, F). For any neN, set x"()=x(t+1,, 0 +t,, ¢—v,+
Uy4:, F), teR. Since the solution u(f) of (2) is BC-UAS, from the fact that |x;—
Ugte, IBc=| P —1,|gc <(n/2) it follows that

(11 | x™()—u(t+1t,) |x<n/2 forall t>¢ and neN.

Observe that the set {x"(c): ne N} is relatively compact in X. By virtue of this fact and
(11), repeating almost the same argument as in the proof of Lemma 2 we can see that
the set {x"(f): >0, ne N} is relatively compact in X and that the sequence {x"} is
uniformly equicontinuous on [o, c0). Thus we may assume that x"(¢)—-y(¢) as n— o,
uniformly on any compact set in [0, o) for some function y(¢): [0, 0)— X. Since
x"(6)=¢(0)—v(0) + u(o +1,), we obtain y(a)=¢(0). Hence, if we extend the function y
by setting y,=¢, then ye C(R, X) and | x]'—y,|5—0 uniformly on any compact set in
[o, ) as n—o0. Letting n— oo in the relation
t

x"(O)=T(—o){d(0)—v(o)+u(c+1,)} + J T(t—s)F(s+1t,, xds , t>0,

(4

we obtain

t

y@O=T(—0)p(0)+ I T(t—5)G(s, ys)ds , t>o,
which means that y(¢f)=x(t, g, ¢, G) for t>0 by the regularity assumption. Then (10)
follows from (11) by letting n—oo.

Repeating the same argument as in the proof of (11), we see that sup{| x"(¢)—
u(t+1t,)|x:t>0,ne N} <1 and sup{| x"(t) —u(t+1,) |x: t=0+14(¢/2), ne N} <¢/2 when-
ever 6eR*, (v, G)e Qu, F) and | ¢ —v, |gc <, (<&(1)). Therefore, by the same reason
as that for (10), we obtain that

(12) GER+ ) (v’ G)EQ(M,F) and l¢—va|BC<6O
imply |x(t, 0, p, G)—v(f) |y <e for t>a+1y(¢/2).

Now, we suppose that the solution u(#) is not BC-TS. Then there exist an ¢, 0<&<J,,
sequences {1,}<R*, {r,}, r,>0, {¢,} =BC, {h,}, h,e BC([1,, 0); X), and solutions
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{x(-, Ty ¢, F+h,)} such that, for all neN,

1 1
(13) | b=ty lpe<—- and sup|h,(1)|x<—

t>1t, n
and
(14)  |z"(z,+r)—u(t,+r)x=¢ and |z"()—u(t)|x<e for te(—o0,1,+r1,),

where z"(¢):=x(t, t,, ¢, F+h,). We first consider the case where {r,} is unbounded.
Without loss of generality, we may assume that w(z+ 7, + r,—ty) > v(¢) uniformly on any
compact set in R and F(¢t+1t,+r,—1to, ¢)—>G(t, ¢) Bohr-uniformly on R x # for some
(v, G)eQ(u, F) and that z"(¢+71,+r,—t9)—2z(¢) uniformly on any compact set in
(— 00, ty] for some function z, where ¢, =1,(¢/2). Repeating almost the same argument
as in the proof of the claim (10), we see by (13) that z satisfies (3) on [0, ¢,]. Let n—> o0
in (14) to obtain |z(¢f)—v(?)|x<e on (—oo,t,] and |z(f;)—v(ty)|x=¢. This is a
contradiction, because |z, — g [gc < &<, implies | z(t,) —v(t,) |x <& by (12). Therefore
the sequence {r,} must be bounded. Thus we may assume that {r,} converges to some
r, 0<r<oo. Moreover, we may assume that {z"(t,+1)} converges to a function &
uniformly on any compact set in (— oo, r] as n— co. Consider the case where the sequence
{z,} is unbounded; hence we may assume that {u(z+7,)} converges to a function w
uniformly on any compact set in R, and F(t+,, ¢)— H(t, ¢) Bohr-uniformly on R x #
for some (w, H)e Q(u, F). Then &(¢) satisfies

t
&)= TWHO) + f T(t—9)H(s, &)ds
0
on [0, r], and moreover we have | £, —wq |gc=0 and | &(r) —w(r) |y =¢ by letting n— 00
in (13) and (14). This is a contradiction, because we must have £=w on [0, r] by the
regularity assumption. Thus the sequence {7,} must be bounded, too. Hence we may
assume that lim,_, , 7,=1 for some 7<oo. Then £(z—1) satisfies (2) on [1, t+r], and
moreover we have | £y —u, |gc=0 and | &(r)—u(t+7r) |x=¢ by (13) and (14). This again
contradicts the fact that the solution u(¢) of (1) is BC-UAS.

The #-stability implies the BC-stability. Therefore, the following results are direct
consequences of Theorems 1 and 2.

COROLLARY 1. If the solution u(t) of (2) is #B-TS, then it is asymptotically almost
periodic in t. Consequently, (2) has an almost periodic solution.

COROLLARY 2. Assume that system (2) is regular. If the solution u(t) of (2) is
B-UAS, then it is asymptotically almost periodic in t. Consequently, (2) has an almost
periodic solution.

As an example, we consider the following integrodifferential equation with diffusion
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2

(15) % (t,x)= M (t, x)—u3(t, x)+ Jt k(t, s, x)u(s, x)ds + h(t, x) ,
ot ox? o

t>0, O<x<m.

In [4, p. 85], the equation (15) with k=0 and A=0 was treated under the Dirichlet
boundary condition, and the uniform asymptotic stability of the zero solution was
derived. In what follows, we shall treat the equation (15) under the Neumann boundary
condition

(16) M 0= m=0, >0,
ox ox

and give a sufficient condition under which (15) possesses a bounded solution which is
BC-TS.

We assume that the functions A(t, x) and k(, s, x) are continuous functions satisfy-
ing 2<h(t,x)<7 and 0<k(t, s, x) < K(t—s) for some continuous function K(t) with
|o K(r)dr<1/4. Note that one can choose a continuous nonincreasing function
g: R™+—[1, ) so that g(0)=1, lim,,_, g(s)=00 and [ K(t)g(—t)dr<oo (cf. [2]).
We now consider the Banach space X=C([0, =] ; R), and define a linear operator 4 in
X by

d*&
AHx)=—(x), O<x<m,
dx?

for
EeD(A):={¢eC?[0, n]: &'(0)=¢'(n)=0} .

Then the operator 4 generates a compact semigroup 7(f) on X, and (15)(16) is
represented as the functional differential equation (2) on X with

F(t’ ¢)(x) = h(t’ X) - ¢ 3(0’ X) + ‘[O k(t’ L+ S, X)¢(S, X)dS

for ¢ € C)(X). We refer to a (mild) solution of (2) as a (mild) solution of (15)—(16).

LemMMa 4. Let ¢(0, x)=3/2 for all (6, x)e R~ x [0, n]. Then the solution u(t, x) of
(15)~(16) through (0, ¢) satisfies the inequality

1<u(t,x)<2 on [0, 0)x[0,7].

PrOOF. It is clear that there exists a (unique) local solution u(t, x) € C([0, a) x
[0, 7]) of (15)—(16) through (0, ¢) for some a>0. We shall prove that
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a7 1<u(t,x)<2 on [0,a)x[0,n].

Then a= oo and the conclusion of the lemma must hold. We will prove (17) by con-
tradiction. Assume that (17) is false. Then there exists a ¢, €(0, a) such that 1 <u(t, x) <2
on [0,¢,]x[0,n] and u(t,, x;)=2 or u(t,, x;)=1 for some x; €[0, n]. Consider a
function p(t, x) € C([0, t,] x [0, n]) defined by p(t, x) = j"_ » k(t, s, x)u(s, x)ds + h(t, x), and
choose a sequence {p,(t,x)}eC*([0,,]x[0,n]) such that 2<p,(t x)<7.5 on
[0, ;] x [0, =] and that p,(t, x)—p(t, x) uniformly on [0, #,] % [0, 7] as n—oco. There
exists a (classical) solution v,(t, x) of the initial-boundary value problem

ov 0% s
—(t, x)=—=(t, x)—0v°(t, x)+p.(t, x), O0<t<t, O<x<m,
ot 0x?

@(t,0)=93)—(t,7r)=0, O<t<ty,
ox 0x

v(0, x)=3/2, O<x<m.

Clearly, v,(t, x) = u(t, x) uniformly on [0, ¢,] x [0, 7]. We now assert that

(18) 3/19<u,(t,x)<3/76  on [0,1,]x[0,7].

If this assertion holds true, letting n—oo in (18) we obtain 2/T9 <u(t, x) si/ﬁ on
[0, t,] x [0, =], which contradicts u(z,, x;)=1 or u(t,, x,)=2. Consider the case where
(18) does not hold true. Then there exists a (z,, x,) € [0, ¢;] x [0, #] such that v,(z,, x,)=
3/7.6 (or v,(t,, x,)=3/1.9) and that 3/1.9 <v,(t, x) <3/7.6 on [0, 1,) x [0, n]. If x, € (0, 7),
then 92%v,/0x% <0 and dv,/dt >0 (or 8%v,/0x2>0 and dv,/0t <0) at (t,, x,); consequently
7.52p,= —02v,/0x%+0v,/0t+v2>v2=7.6 (or 2<p,= —0%v,/0x*+v,/0t+v3<v3=
1.9) at (f,, x,), a contradiction. Thus we must get 3/1.9<v,(t, x)<3/7.6 for all
(t, x)e[0, t,] x (0, 7) and x,=0 or x,=m; say x,=n. Hence, by the strong maximum
principle (cf., e.g. [12, Theorem 3.7]) we get (dv,/0x)(t,, ) >0 (or (dv,/0x)(t,, ) <0),
a contradiction, because of (dv,/0x)(t,, 1)=0. Therefore, we must have the assertion

(18).

PROPOSITION 2. Let u(t, x) be the solution of (15)—(16) ensured in Lemma 4. Then
u(t, x) is BC-totally stable. Hence, if h(t, x) and k(t,t+s, x) are almost periodic in t
uniformly for (s,x)e R~ x [0, n], then u(t,x) is asymptotically almost periodic in t
uniformly for x€[0, n].

PrOOF. In order to show that u(t, x) is BC-TS, it is sufficient to show that
(19) |u(t, x)—ov(t, x)|<e, t>o, xe€[0,n],

whenever v(t, x) is a solution of
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v 0% 5 !
2 t,x)= F) (t, x)—v>(t, x)+ k(t, s, x)v(s, x)ds + h(t, x) +r(t, x) ,
X

— o0

t>0, O<x<m,
0 0
2 0=2(@m=0, >0,
0x Ox

where r(t, x)€ C([g, ) x [0, 7]) With SUP, 5,0.<.<4l r(t, %) | <&/2 and supy, 0 <x<sl U6,
x)—v(0, x)| <e. Set w(t, x)=u(t, x)—v(t, x). Then w(t, x) is a (mild) solution of
' 0w

P (8, x) —w(u?(t, x) +u(t, x)v(t, x) +v2(t, x))
x

ow
—(t, x)=
61( )
t
+J k(t, s, x)w(s, x)ds—r(t, x) , t>0, O<x<m,

ow ow
—(@,0)=—(t,m)=0, t>0.
P (t,0) P (t, ) c

Assume that (19) is not true. Then there exists a (¢5, x3)€(o, c0) x [0, =] such that
|w(t, x)|<e on [0, t3) X [0, #] and | w(ts, x3) | =¢, say w(Z3, x3)=¢. Consider a function
V(t, x) defined by V(t, x) =w(t, x) —¢ for (t, x) € [0, t3] x [0, n]. Clearly, V(t, x) is a (mild)
solution of

i @t x)= ?Z (t, x)—(V +e)u3(t, x)+ u(t, x)v(t, x) +v2(t, X))
ot ox?

t
+j k(t, s, x)w(s, x)ds—r(t, x) , o<t<ty;, O<x<m,
= o0

a—V(t,0)=ﬂ(t,7t)=0, o<t<ty.
ox ox

If V(t, x) is smooth, then
oV

—(t, x)— ﬂ (t, x)— (u(t, x)+ u(t, x)o(t, x)+ 02, x)V(t, x)
0x? ot

=e(u(t, x)+u(t, x)v(t, x) + v(t, x))— f t k(t, s, x)w(s, x)ds + r(t, x)

>e{(v(t, x)+ (1/2)u(t, x))*> + (3/4)u(t, x)} —¢ J' k(t, s, x)ds—e/2
>3¢/d—¢g/d—¢e[2=0

on (o, t3] x [0, ©]. Then, repeating the same argument as in the proof of Lemma 4, we
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get a contradiction by applying the strong maximum principle. When V(t, x) is not
smooth, we get a contradiction again by approximating V(t, x) by some smooth functions
as in the proof of Lemma 4. Thus we must have (19).
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