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Abstract. We prove a finiteness result on the torsion subgroup in the Chow group
of zero cycles on the elliptic modular surface of level four. The main ingredient is Shioda’s
interpretation of this surface as the Kummer surface associated to the self-product of
a certain elliptic curve. On the way we extend the main finiteness theorem on torsion
zero cycles on the self-product of a modular elliptic curve to the case where the elliptic
curve has complex multiplication and its conductor is a power of a prime.

Introduction. In this paper we will provide a new example for the finiteness of
torsion zero cycles on an algebraic surface defined over a number field. Let B’ be the
subvariety in P2 x (P! \ 2), £=(0, oo, +1, +i), defined by the equation

yi=x(x— I)<x—% <a+%>2)

where (x, y) and ¢ are the inhomogeneous coordinates of P? and of P!. Then B’ is a
smooth algebraic surface defined over Q. Let B be its minimal model. Then B is an
elliptic surface over P!. It is evident from the work of Shioda [Shi, Theorem 1] that
after base change to the field K= Q(i), B becomes isomorphic to the elliptic modular
surface C, which is defined as a suitable compactification of the universal elliptic curve
over the modular curve X(4) defined over K, i.e. we have B®q K= C. The main results
in the paper are the following:

For a variety X let CHy(X) be the Chow group of zero cycles modulo rational
equivalence and CHy(X){p} its p-primary torsion subgroup for a prime p.

THEOREM A. Let B be as above and p a prime such that p>3. Then CHy(B){p} is
a finite group.

For the elliptic modular surface C we have a weaker result which shows that we
have at least enough elements in the K-Theory of C to kill cycles in the closed fibers
at good reduction primes. Let € be a proper smooth model of C over Og[1/2] and
C,, the closed fiber of ¢ at the prime o, o {2. Let CH*%) be the Chow group of
codimension 2 of 4. Then we have:
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THEOREM B. The cokernel of the boundary map

a .
HI(C, #;) "+ @ Pic(C,)
042

is a finite group. Equivalently the kernel of the map
CH*%) — CH*(C)=CH,(C)
is a finite group.

Here H'(C, A>) denotes the Zariski cohomology of C and Pic(C,,) the Picard group
of the fiber C,,. The main ingredients in the proof of Theorems A and B are:

— Shioda’s interpretation of B (resp. C) as Kummer surfaces associated to a certain
abelian surface 4/Q (resp. E x x E, where E is an elliptic curve defined over Q with
complex multiplication by Z[i] (compare [Shi]).

— The finiteness of the p-primary Selmer group of the symmetric square of the elliptic
curve considered over Q. This follows from Wiles’ paper on Fermat’s last theorem
[W, Theorems (3.1), (3.3)].

In the course of the proofs we will also reprove—under some slightly different
assumptions—a result obtained in joint work with Raskind [L-R]. Our proof there
used the Iwasawa-Theory of elliptic curves with complex multiplication performed by
Rubin. Here we rely instead on Wiles’ result on Selmer groups associated to deformation
theories.

THEOREM C. Let E be an elliptic curve over Q with conductor N=gq* a power of a
prime q. Assume that E has complex multiplication by the ring of integers in an imaginary
quadratic field L. Then CH(E x o E){p} is finite for all primes p}6N.

In [L-S] we proved an analogous result for elliptic curves without complex
multiplication. The proof of Theorem C will be very similar to the methods used in the
non-CM-case.

The author would like to thank Klaus Kiinnemann, Shuji Saito and Andrew Wiles
for helpful comments.

1. Wefirst recall Shioda’s interpretation of the surfaces B and C as certain singular
K3-surfaces (with Néron-Severi-rank 20) ([Shi]). Let E, be the elliptic curve over Q
obtained as the normalization of the curve y2=x*—1. It has complex multiplication
by the ring of integers in Q(i), a WeierstraB-form given by y? = x3 +4x, and its conductor
is 212, Consider the translation 7, on E, defined by the point v=(—1, 0) of order 2
and let A be the quotient 4:=(E, x E,)/T,,, by the translation of order 2. Then 4 is
an abelian surface over Q. It follows from [Shi, Theorem 1] and its proof that B/Q is
isomorphic to Km(4), the Kummer surface associated to 4. (Let 1: 4 > A4, 1(u)=—u
be the inversion. Then A/1 has 16 singular points corresponding to the points of order
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2 on A. Km(4) is the blowing-up of A/: with respect to these 16 singular points.)
Furthermore we have:

Lemma 1.1 (Shioda). (a) A xgoK is isomorphic to Eyx EyxgK.
(b) C/K is isomorphic to Km(E, x ¢ Ey).

The proof follows from [Shi, Theorem 1].
Note that by definition we have an isogeny of abelian surfaces over Q of degree 2.
o:EgXxgEy—A.
PROPOSITION 1.2. Let % be a proper smooth model of B over Z[1/2] and B, its
closed fiber at p. Then the cokernel of the map

HI(B, ‘%/‘2) - (_B PIC(Bp)
L2

is a torsion group.
In the course of the proof of Proposition 1.2 we will also derive Theorem B.
Proor. Consider the Galois extension mz: B — By. Then we have a commutative
diagram

H'(B,#) % @ PidB,)

| "]
i nE

0
H'(Bg, #;) —— @ Pic(B,,)
§ eSpec Ok[1/2]
7TB.=NK/Q l lNK/Q
0 .
H'(B, o) —> @ Pic(By).
042

The composite mp nF is the multiplication by [K: @] =2. Therefore it suffices to show
that the map dg has finite cokernel. Since By is isomorphic to C this will also imply
Theorem B.

CLam. The map

0 .
H'(Byg, A3) — ®  Pic(By,)
9 €Spec Ok[1/2]

has finite cokernel.

Consider the following commutative diagram of surfaces over K= Qi):
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Eyx E, <—f— C

(1) l 1

Eyx Eqji «—— Km(Eyx Ej)=C.

Here E, is considered as an elliptic curve over K and C is the blowing-up of E, x E,
at the 16 points of order 2. m is outside the exceptional fibers a Galois covering of
degree 2. Now look at the following commutative diagram:

*
Tx

H'(Eox Eo, ;) —— HY(C, ;) —> H'C, X))
(*) l G la la

® P, xE,) L @ PicCy) " @ Pic(C,)

©42 P42 P42
7, is well-defined for K-cohomology, because 7 is proper; f* is well-defined because
K-theory is contravariant for arbitrary morphisms. The diagram commutes on the
right-hand side because the Brown-Gersten spectral sequence is covariant for proper
morphisms. To see the commutativity on the left-hand side we interpret f* on the level
of Brown-Gersten resolutions. An element z in H*(E, x E,, >) is given by a formal
sum Y, gy where Y is an irreducible curve on E, x E, and gy is a rational function on
Y, i.e. gyek(Y)*. By the moving lemma we may assume that the curves Y do not pass
through the points of order 2 on E,x E,. Then f~!(Y) is isomorphic to Y and we
define f*(z)= Z 9 which evidently defines an element in H Y(C, A,) (the moving
lemma is not really necessary here but it makes the argument easier). We also define a map

@ ZX - @ Zx

x codim 2 x codim 2
in Eo x Eg inC

as follows: If x is not of order 2, we take the identity map Z,=Z,-.,,. If x is of order
2, let x’ be the base point in f ~(x)=~P"* and take the identity map Z,=Z,.. Using the in-
clusion k(E, x E,) = k(C) of function fields we also get a map H5(k(E, x E,)) —» A»(k(C)).
These maps altogether define a map f* from the Gersten-Quillen resolution of
A,/Eq x Ey to the Gersten-Quillen resolution of #;/C. Compatibility with the tame
symbol maps and the divisor maps is clear. In particular the map f* constructed for
H'( , #;) as above coincides with the one defined by the contravariance property of
K-theory. Now a similar interpretation of the map f* on the level of the Picard groups
of the closed fibers yields—by looking at the Gersten-Quillen resolutions of £, for
E, x E, C and their models over Og[1/2], the resolutions of #; for E,, x E,, and C,, and
the explicit definition of the map @ by using these resolutions—the compatibility of f*
with 0. We do not work out the full details here because the large diagram one has in
mind is evident. Thus the diagram # is commutative as claimed.

Now ,, is surjective on the level of Pic’s as is easily seen. So it remains to show that
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0: HY(C, A3) — @ Pic(C,,)
0L2

has finite cokernel.

Now Pic(C'p)=Z 1@ Pic(E,, x E,) by standard properties of the blowing-up, the
inclusion of Pic(E,, x E;) in Pic(@,) being given by f*. The image of Pic(C)® K* —
HY(C, A7) - D o *2Pic(5’&,) certainly covers all cycles arising from exceptional fibers.
On the other hand the map 0 on the level E, x E, has finite cokernel by a result of
Mildenhall [Mi, Theorem 0.1]. So the boundary map & considered over C also has
this property. This finishes the proof of the claim and implies Proposition 1.2 and
Theorem B.

REMARK. Another way of explaining the “surjectivity property of 0’ on the elliptic
modular surface Cis as follows: For p=3 (4), i.e. for primes where E, has supersingular
reduction the Néron-Severi rank of C, is 22 [Shi, Corollary 1]. Note that such primes
p remain prime in K and therefore the notation C, makes sense here. There are two
elements u;, u, in NS(C,) arising from sections of C, — X(4),, (X(4), denotes the reduction
of the modular curve at p) of infinite order, i.e. of K(X(4),)-rational points of infinite
order of the elliptic curve C, x K(X(4),) over the function field K(X(4),) of the modular
curve at p. Let y,, y,e H(Ey x g Eo, #>) be the elements Mildenhall constructed to
kill multiples of Fr, and (Fr,oCM,) where Fr, is the graph of the Frobenius on the
reduction E, and Fr,oCM, is the composition of the Frobenius with complex
multiplication on E,. The above functorial proof shows that . f*(y,) and m, f*(y,)
are the “non-trivial” elements in H'(C, #5) that we need: d,(r, f *(»,)) and 0,(n, f *(»))
kill multiples of u; and u,.

2. Let X denote either the selfproduct E x4 E for a CM-elliptic curve E satisfying
the assumptions of Theorem C or the Kummer-surface B=Km(4) as constructed in
§1. By Bloch [B] and Merkurjev-Suslin [M-S] we have the exact sequence

0— H'(X, #3) ®(Q,/Z,) — KyH*(X, (Q,/Z,)(2))
— ker(CH,(X){p} — CHy(X){p}) — 0
where
KyHA(X,(Q,/Z,)2): =ker(NH*(X, Q,/Z,(2)) — H*(X,(Q,/Z,)2)))
and
NH(X,(Q,/Z,)2):=ker(H*(X, Q,/Z,(2)) — H*Q(X), (Q,/Z,)2))
is the first step in the coniveau filtration on H3(X, (Q,/Z,)2)).
Lemma 2.1. H*Gal(Q/Q), H'(X, (Q,/Z,)2))=0.
By Jannsen’s cohomological Hasse principle [J] we have

H*Gal(Q/Q), H'(X, (2,/Z,)(2)= 619 H*(Gal(Q/Q), H'(X, (Q,/Z,)2))) -



296 A. LANGER

Since the elliptic curve E, (§1) has potentially good reduction everywhere, 4 and also
B (except possibly at /=2) have potentially good reduction everywhere. By local
Tate-duality we have
Hom(H*(Gal(@/Q)), H'(X, (2,/Z,)2)). (2,/Z,)))
= H%Gal(Q)/Q), H*(X, Z,(1))

and in both cases of X, ie. X=ExyE and all [ or X=B and [#2, H¥X, Z,(1)) is
torsion-free and its local Galois invariants are zero by Deligne’s proof of the Weil
Conjectures. In the case X=B and /=2 we argue as follows: Recall that C=Bxy K
and consider again the commutative diagram (1) in §1. Let U be the complement in C
of all exceptional fibers and U the complement in C of all exceptional fibers. Then
1: U- U is a Galois extension with Galois group isomorphic to Z/2 and we have
(for p#2) an isomorphism H(U, Z,(2))=H%Z/2, H¥(U, Z,(2))). By standard prop-
erties of the cohomology of blow-ups and the fact that H'(P', Z,)=0 for odd i we
have an injection: H*(B, Z,(2)) = H*(U, Z,(2)). On the other hand we have an iso-
morphism H3(T, Z,2)~H*E,x E,, Z,2)) and therefore a Galois equivariant injec-
tion H*B, Z,(2)) = H*E, x Eo, Z,(2)). Since E, x E, has potentially good reduction
at /=2, we finally have

H3(B, Z,(2))%@219) = H3(E, x E,, Z,(2))®*@:/22 =
by Deligne’s proof of the Weil Conjectures.
COROLLARY 2.2. There is an injection
KyH(X,(Q,/Z,)2)) = H'(Gal(Q/Q), H*(X, (Q,/Z,)2))) .

Proor. This follows from Lemma 2.1 using the Hochschild-Serre spectral se-
quence.

PROPOSITION 2.3. Let p be a prime such that
p>3 if X=B
p{6N if X=EXE.
Then we have
HY (X, #5) ®(Q,/Z,)= KyH (X, (Q,/ Z,)()as
where for an abelian group M, M, denotes its maximal divisible subgroup.

Proposition (2.3) implies Theorems A and C. Indeed, let Z be a smooth proper
model of X over
Z[1/2p], if X=B
Z[1/6Np], if X=ExuoF.
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The kernel of the map
CH,(Z) — CHy(X)
is a torsion group by Proposition 1.2, if X=B and by [Mi], if X=E x, E. Therefore

we have a surjection

CH(Z){p} — CHo(X){p}

on the p-primary torsion subgroups. But CH(%){p} is a subquotient of H3(Z', (Q,/Z,)(2))
and therefore co-finitely generated as a Z,-module. So CHy(X){p} is cofinitely
generated. Proposition 2.3 implies that ker(CHy(X){p} - CHy(X){p}) is finite. But
(CH(X){p})®*@'® is known to be finite, too. Hence CHo(X){p} is finite in both cases
for primes p satisfying the assumption in Proposition 2.3. This finishes the proof of
Theorems A and C and it remains to show Proposition 2.3.

Let M=H?*(X,(Q,/Z,)2)) and consider the composite maps

¥ H\(X, #5) ®(Q,/Z,) — KyH (X, (Q,/Z,)(2)) 2, @ HYQ, M)/H}(Q), M)

alll

where o' is the restriction (using Corollary 2.2) of the map

a: H'(Gal(Q/Q), M) — @ H'(Q, M)/H{Q), M)

alll

the kernel of which defines the Selmer group.

PrROPOSITION 2.4. Under the above assumptions we have

Imy = @ HYQ, M)aw/Hy(Qis M)® Hy(Q), M)/H{(Q), M)

l#p
and this image coincides with the image of
KyH*(X,(Q,/Z,)(2))aiv
under the restriction map o'.

Lemma 2.5.  Let o, be the p-component of o'. Then
Imo,c Hy(Q,, M).
Proor. By [L-S, Lemma 5.4] we have
KyH (X, (Q,/Z,)2) = H¥Z, T ., R} (Q,/Z,)(2))

where 2 is a smooth proper model of 2" over Z,. Therefore it remains to show that
HXZ, 1. ,Rj,0,(2))is contained in H;(Q,, V) where V'=H?*(X, Q,(2)). This follows from
the proof of Theorems 0.1 in [L]. Note that Z/Z, is smooth and therefore in particular
semistable, because the conditions on the singularities in the closed fiber is trivial (the
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log-structure on % is j, 0% n Og, where j: Xo — 2 is the canonical inclusion).

In the rest of this paragraph we restrict ourselves to the case where X=E x4 E is
the selfproduct of a CM-elliptic curve E with conductor N=g°.

The main finiteness result on Selmer groups associated to deformation theories by
Wiles [W, Theorem (3.1)] implies the following:

THEOREM 2.6. Let E be as above, p a prime, p} 6q. Then Ker « is finite, i.e. the
p-primary Selmer group associated to the symmetric square of E over Q is finite.

Indeed, consider the Galois representation on the p-torsion points of E
0, Gal(Q/@) — GL,(E,(@)=GLy(F,).

Since complex multiplication is not defined over the field Q ((J(—1)?~'"?p) the

restriction of g, to Gal(Q/Q(,/(— 1)~ V/?p)) is absolutely irreducible and we may apply
Theorem (3.1) in [W] to the minimal deformation theory associated to @, in order to

get Theorem 2.6. Consider now the commutative diagram (for p{6N)
8, )
Hl(Xs %)@Qp—’ Plc(Xp)® Qp
0— HoWZ, Q)2) — H3(Z,1,Rj,,0,(2) — Hy(Q,, V)/H{Q,, V)
(compare [L-S, Lemma 4.5 and its proof]). The surjectivity of 0, implies the surjectivity of
¥, H'(X, H3) ®(Q,/Z,) — Hy(Q,, M)/H{Q,, M).

For all /#¢q, [#p, we have by [L-S, Lemma 4.5] an isomorphism 7: Pic(X})® Q,=
H'(Q,, V)/H{Q,, V) fitting into a commutative diagram

H'(X, )00, >  PiX)®0,

N v
HY(Qy, V)/H{Q,, V).
We have the surjectivity of the map (Mildenhall)

H'(X, #)®0, > ®PicX,)® 0,
LN

1#p
which implies by [L-S, Lemma 4.5] the surjectivity of
Q7 HYX, ) ®(Q,/Z,) — l@ HY(Qy, M),/ Hj(Q1, M) ® Hy(Q,, M)/ H{Q,, M).

#q
l#p

Now consider /=g (recall that the conductor of E is a power of the prime ¢ by
our assumption). There is a totally ramified extension of local fields N,/Q, such that E
has good reduction over N,. Since q is ramified in the CM-field L we may assume that
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N, contains L. Take an algebraic number field N containing L such that its completion
at q is N, (note that N from now on denotes this number field and not the conductor
of E). Since the residue field of N, is F, we have rank NS (E, x E;)=4. On the other
hand we know that Pic(Xy) also has Néron-Severi rank 4. Therefore the composite map

Pic(Xy) ® N* — H'(Xy, ;) — Pic(X,)

has finite cokernel, which implies the surjectivity of
0 .
H'(Xy, #3)® @, —— Pic(X)® Q, .

By [L-S, Lemma 4.5] the map
Vo: H' (Xy, #3) ®(Q,/Z,) — H'(Nq, M)gi,/H}(No, M)
is surjective. Now we have a commutative diagram
H'(Xy, 4)®Q, V% H'(N, VYH}(N,, V)

J Nyjo cor’
Y

H'X, #)®0, — HY(Q, V)/H{(Q, V).
Here V=H?*(X, 0,(2)). To get the map cor’ on the right-hand side we start with the
corestriction map

H'(Ng, V) — H'(Qq, V).

This induces a commutative diagram

H\(N,, V) -2 H'(Iy, V)

cor l l cor

H\Q, V) 225 H'I,, V).

Here Iy, I, are the inertia groups and note that Iy =1y n Gal(N,/N,). Since H}(N,, V)
(resp. H}(Qq, V)) is ker puy, (resp. ker py }—note that g#p. We obviously get the map
cor’ by taking quotients. Since cor is surjective, cor’ is also surjective. Therefore the map

28 H'(X, #5)® Q,— H'(Q,, V)/H}(Q,, V)

is surjective. Now the restriction of the map y,oNy, to the image of
(Pic(Xy) ® (¢%))®Q, in H'(Xy, #5)® Q, is still surjective, whereas its image in
D a2 H'(Qs, V)/HYHQ), V) under the map @ ;;,,, W1 Nyjq is zero. This fact together
with (2.7), (2.8) and Lemma 2.5 imply all the statements of Proposition 2.4 in the case
X=F x E. Finally Proposition 2.4 and Theorem 2.6 imply Proposition 2.3 in the case
X=E xyE for a CM-elliptic curve E. This finishes the proof of Theorem C.
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3. In this paragraph we will finish the proof of our main Theorem A; i.e. we
prove Proposition 2.3 in case X=B8. Recall B is isomorphic to the Kummer surface
Kim(4), where A4 is an abelian surface with an isogeny E, x E, —> A of degree 2 and
E, is the elliptic curve explicitly constructed in §1. E, has complex multiplication by
Z[i], and conductor 2'2. We will of course use the tools in the proof of Theorem C
to derive Theorem A.

PROPOSITION 3.1. There is for all primes [ J( 2p an isomorphism
Pic(B)® Q,=H'(Q,, V)/H}Q), V)

fitting into a commutative diagram
19
H'\B, ;) —> Pic(B))® Q,
N |-
HYQ, MHNQ, V).

This is proven in the same way as [L-S, Lemma 4.5]. One needs the Tate conjecture
for the closed fiber B, of B which is known (compare [Shi]). Similarly the crystalline
Tate conjecture (which is easily derived for B, since it is known for 4,) yields—by the
same methods as in the proof of [L-S, Lemma 4.5] an isomorphism

Pic(B,)® Q,= H,(Q,, V)/H}Q,, V)
fitting into a commutative diagram
H'(B,A) —  Pic(B)®Q,
(3.2 ¥y =
HY(Q,. VIH}Q,, V).
Now consider the case /=2. To show the surjectivity of the map

H'(B, #3) ®(Q,/Z,) —> H'(Qs, M)ais/ H(Q,, M)

it suffices to show—by a norm argument—the surjectivity of this map when working
over the field K. Again we use the fact that B®,K is isomorphic to C. Let q=(1+1i)
be the unique prime of Z[i] lying above 2. Usint the commutative diagram f and
standard cohomological arguments of blow-ups that are similar to the ones applied in
the proof of Lemma 2.1 we have an isomorphism of Gal(Q/K)-modules

M=H(C, Q,/Z,2) = HXE,x Eo, Q,/Z,(2)) ®(Q,/Z,(1))'°

where the right summand on the right-hand side corresponds to the exceptional fibers
in the blown-up points. Let Z be the subgroup of Pic(C) generated by the 16 exceptional
fibers. It is then easy to see that the image of the map
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(Z®KY® Q,/Z,— H'(C, #2)® Q)/Z, —> H'(Ky, M)ai,/ H{(K,, M)

is H'(Ky,(Q,/Z(1)"°)/H{(Kq, (Q,/Z,(1)'°) (use the above decomposition of M and

compare the proof of [L-S, Lemma 4.1]). Now the crucial commutative diagram ()

in §1 implies that the image of H'(E, x E,, #5)® Q,/Z, under the map yqom, o f* is
H'(Ky, H(Eo x Eo, Q) Z,(2))ai/ H{(Kqy HXEo % Eo, @,/ Z,(2)))

in view of the Gal(Q/K)-equivariant splitting of M and the surjectivity of the map ¥,

in the case X=E, x E, that was shown in §2. This shows the surjectivity of i, (X=C)

and therefore also of ¥, (X=B). By applying an argument that is almost identical to

the one used at the end of §2 we see that Proposition 1.2, Proposition 3.1, Lemma 2.5,
3.2 and the surjectivity of y, imply Proposition 2.4 in the case X=B. Now we show:

THEOREM 3.3. In the notation M=H?*B, Q,/Z,2)), the kernel of the map

a: H(Gal(Q/Q),M @H‘ (Q), M)/H(Q,, M)

is finite, i.e. the p-primary Selmer group S,-(Q, H*(B)(2)) is finite.

End of the proof of Theorem A: Theorem 3.3 and Proposition 2.4 (case X = B) finish
the proof of Proposition 2.3 that implies Theorem A.

ProoF oF THEOREM 3.3. Consider the commutative diagram
A «— 4
A/t «—— B=~Km(4),

where A is the blow-up of the abelian surface 4 at all 16 points of order 2. From the
Hochschild-Serre spectral sequence it is easy to see that

(3.4) HX(A4,(Q,/Z,)2)=HB, (Q,/Z,)2)

as Gal(Q/Q)-modules (note that the inversion 1 acts trivially on H Z(Z, 0,/Z,2)).
Furthermore we have a direct sum decomposition of Gal(Q/Q)-modules

3.5) HX(A,(Q,/Z,)2)=HX(A, (Q,/Z,)(2) ®(Q,/Z,)1)'*

Itis well-known that the Selmer group of (Q,/Z,)(1) vanishes. The isogeny 6 : E, x E;— A
of degree 2 implies an isomorphism (multiplication by dego =2, note that p{2) of the
composite map

HY(A,(Q,/Z,)2)) > HYEqy x Ey, Q,/Z,(2) -**> H¥(, (Q,/Z,)2) .
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Hence we get a surjection of Selmer groups
Spe( @, HYE x Eg)(2) = Sy @, HH(A)2)) -

By Wiles’ theorem 2.6, that we may apply to E,, S,-(Q, H*(E,x E)(2)) is finite.
Using (3.4) and (3.5) we see that S,.(Q, H*(B)(2))is also finite and Theorem 3.3 holds.
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