Toéhoku Math. J.
50 (1998), 159-178

ON THE INTERIOR SPIKE LAYER SOLUTIONS TO A
SINGULARLY PERTURBED NEUMANN PROBLEM

JUNCHENG WEI

(Received June 3, 1996, revised September 2, 1997)

Abstract. In this paper, we construct interior spike layer solutions for a class of
semilinear elliptic Neumann problems which arise as stationary solutions of Keller-Segel
model in chemotaxis and also as limiting equations for the Gierer-Meinhardt system in
biological pattern formation. We also classify the locations of single interior peaks. We
show exactly how the geometry of the domain affects the spike solutions.

1. Introduction. Consider the problem

e?Au—u+u?=0 in Q,
(L1 u>0 in Q,
Ou/ov=0 on 0Q,

where Q<R £>0,1<p<(N+2)/(N—2) when N>3, and 1 <p< oo when N=1, 2 and
v is the outward normal vector to 09Q.

Equation (1.1) is known as the stationary equation of the Keller-Segel system in
chemotaxis. It can also be seen as the limiting stationary equation of the so-called
Gierer-Meinhardt system in biological pattern formation. (See [11] for more details.)

In the pioneering papers of [7], [9] and [10], Lin, Ni and Takagi established
the existence of least-energy solutions and showed that for ¢ sufficiently small the least-
energy solution has only one local maximum point P, and P,edQ. Moreover,
H(P,)) > maxp.,, H(P) as ¢ » 0, where H(P) is the mean curvature of Q at P. Ni and
Takagi [11] constructed boundary spike solutions for axially symmetric domains while
in [21], the author studied the general domain case. When p=(N +2)/(N —2), similar
results for the boundary spike layer solutions have been obtained by [1], [2], [3], [8],
[18], etc.

In all the above papers, only boundary spike layer solutions are obtained and
studied. It remains to see whether or not interior spike layer solutions exist for the
problem (1.1). In this paper, we shall study this question and give an affirmative answer.

To state our results, we need to introduce some notation.

By the results of [5] and [6], we know that the solution of the problem
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(1.2)

Aw—w+wP=0 in RV,
w>0, wz)—0 as|z|- o,

w(0)=max, g~y W(2)

is radial and unique. We denote this solution by w.
Let ue H(Q) and

e’ 2, 1 2 1 +1

(1.3) ILw=—| |Vul’+— | v"——— 1 u?"" .
2 Jo 2 Jo r+1 Jo

Put

(1.4) I(w)=~l—f (IVWIZJFWZ)_—l—j wPtl,
2 RN p+1 RN

We assume that Q is C3. Moreover for each PeQ, we assume that the set
Byp.20(P)n 0 has only finitely many connected components.
For each PeQ, we associate P with the set

there exists ¢, — 0 such that
(1.5) Ap=X dupe M(0Q) | Iz =Plaxg; ,
{ T TPl W) }
[0 dz
where M(0Q) is the set of bounded measures on 0€2.

For any dup(Q)e Ap, it is easy to see that supp(dup) =92 n Byp s0((P) when Pe Q.
When PedQ, we can see that dup=0p. When 9Qn Byp 0(P)={P,, ..., P;}, then
dup(z)=Y}_, ¢;0p,(z) with ¢;>0 and Y}_, ¢;=1. (See Appendix D and Appendix E in
[20] for more details on this set.)

Our first result is the following:

THEOREM 1.1. If u, is a solution of (1.1) and lim,_, &~ VI (u,)=I(w), then there are
two possibilities:

(i)  u, has only two local maximum points P! and P? satisfying P} € 0Q, P? € 0Q and
| P} —P2|/e > 0 as e —0.

(ii) u, has only one local maximum point P e Q and d(P,, 0Q)/¢ - o as ¢ =0, where
d(P, 0Q) denotes the distance from P to 0Q.

In the second case, if we assume that Q is convex, we have P, — P e Q and there exist
aeR" and dupe Ap such that

(1.6) f ez PO (z— P)dup(z) =0 .
oQ

Therefore the set Byp .0(P)N0SQ contains at least two points.
Our second result is a converse of Theorem 1.1.

THEOREM 1.2. Assume that Q is convex. Let Pe Q. Suppose there exist ac R" and
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dup(z)e Ap such that

(i) Jane® P~ Pdupl2) =0,

(i) the matrix ([,,e* P (z;— P;)\z;— P;)dup(2)) is nonsingular.
Then we can construct a family of solutions u, to (1.1) such that ¢~ VI (u)) — I(w) and (ii)
of Theorem 1.1 applies. Furthermore, P,— P as ¢ —0.

We suspect that the convexity condition on Q in Theorems 1.1 and 1.2 is not
needed (this is only needed to study a linear problem, see Lemma 2.1).

A special example is when Q is a ball centered at the origin. In this case, P=a=0,
dup(z)=cdz for some ¢ >0 and it is easy to see that |, e<* " (z,— P,)(z;— P;)dpp(z) = cd
hence Theorem 1.2 applies.

A point PeQ which satisfies the conditions (i) and (ii) of Theorem 1.2 is called a
nondegenerate peak point. A geometric characterization of nondegenerate peak points
is given in Section 5. In particular, P is a nondegenerate peak point if and only if

ij>

Peint(co(supp(dup)) ,

where int (co(supp(dup))) is the interior of the convex hull of the support of dup.
Furthermore for each nondegenerate peak point P there is a unique ae R" satisfying
the conditions (i) and (ii).

If Q is convex, we can say more. The following Corollary will be proved in Section 5.

CoroLLARY 1.3. (1) If Qis convex and P Q is a point satisfying condition (1.6),
then d(P, 0Q)=max,. o d(Q, 09).
(2) If Q is convex, then there is at most one nondegenerate peak point.

We note that there is a remarkable connection between the interior spike solutions
of (1.1) and the single-peaked solutions of the corresponding Dirichlet problem

(1.7)

u>0 in Q,

{ezAu-—u-H,:":O in Q,
u=0 on 09Q.

In [12], Ni and the author studied the problem (1.7) and showed that for ¢ sufficiently
small the problem (1.7) has a least-energy solution which possesses a single spike-layer
with its unique peak in the interior of Q. Moreover this unique peak must be located
near the “most centered” part of €, .i.e. where the distance function d(P, 0Q), PeQ
assumes its maximum. Later in [20], the author studied the single-peaked solutions of
(1.7) and showed that the limit of the maximum points of single-peaked solutions satisfy
the same condition (1.6).

We remark that other concentration phenomena are found in [12], [13], [14],
(157, [16], [171, [19], [21], [22], etc.

Our basic idea is similar to that of [20]. Namely, we decompose our solution into
two parts: one part carries the peak information, the other part is very small. The crucial
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observations are Lemmas 2.1 and 2.3. We shall frequently use the results of [20].

The organization of our paper is as follows. In Section 2, we introduce the projection
of win H'(®) and set up the technical framework. We then reduce the problem to a
finite dimensional problem and then solve it in Section 3. Section 4 is devoted to the
proofs of Theorems 1.1 and 1.2. We study some geometric meanings of the conditions
(1) and (ii) in Theorem 1.2 and give in Section 5 examples of convex domains for
which there exists a nondegenerate peak point. We also prove Corollary 1.3 in Section
5. In Appendix A, a decomposition lemma is proved. Appendix B is devoted to the
study of the linearization problem. We include all the estimates in Appendix C.

In this paper we denote various generic constants by C. The notation O(4), o(A4)
means that | O(4)|<C| 4], |o(4)]/| 4] =0 as | 4| — 0, respectively.

ACKkNOWLEDGEMENT. This research was supported by a Direct Grant of the
Chinese University of Hong Kong. The author would like to thank Professor E. N.
Dancer and E. Noussair for helpful discussions. He also thanks the referee for carefully
reading the manuscript and many insightful suggestions.

2. Preliminaries. In this section, we introduce the projection of w in H*(Q) and
show the connection between the problems (1.1) and (1.2). Finally, we set up a technical
framework for the problem (1.1).

Let PeQ. Let w be the unique solution of (1.2). For a domain U in RY, we set
PJw to be the unique solution of

_ P—Q ;i
@.1) {Au u+wP=0 in U,
ou/ov=0 on U.

Then by the maximum principle, PYw > 0.

Let Q, ,={y|ey+PeQ} and PJ_,w be the projection of w on &, p.

Let (pjf’P:w—P}}’e’Pw. To analyze P}wa, we need to introduce another notation.
If we change the boundary condition of (2.1) to the Dirichlet condition, then we get
Py wand ¢ p=w—Pg w (see [12] and [20] for details).

We set V¥o(»)= 0 (P +y)/oNp(P). Then 0< V¥(y) in Q, p and it satisfies

Au—u=0 in Q,p, u0)=1.
The following key result connects ¢2p and ¢L;.

LEMMA 2.1. Assume that Q is convex. Let ay>0. Then there exist vy, 5>0 such
that for ¢ <gy, d(P, 0Q)> a,, we have

(2.2) —(1+vee)plp< o< —(1—voe)p 2 .
PrOOF. Assume that Q is convex. We just need to show that

(2.3) (1=ve)pp< —0.p .
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The proof of the other inequality is the same.
To this end, we note that on 0Q, w'((x—P)/e)/w((x— P)/e)= —1+ O(e). Let
Y2u(x)= —elog @2p. By the results of [20, Section 3], we have that

{x—P,v)
|x—P|

p;] D
Pl — (14 0))
ov

Hence on 022, we have

5‘/’51,)? _ 1 51//:.)}’

—w
ov € ov
—P
= (14+0) L w XTPV
€ | x—P]|
N
> (14 vee) 22er
dv

since {x—P,v)/|x—P|>0 for xedQ (Q is convex). The proof of Lemma 2.1 is
completed. O

By Lemma 2.1, we have
@Xp(x)=(=1+0(e)e p(x) ,

so we can now use the results of [12] and [20] for the Dirichlet case to treat the
Neumann case.

Let a, >0 be a fixed positive number (to be determined later). As in [20], for each
a>0, we define

2.4) F, = {P,’;’E_Pw< x—F ) | d(P, 0Q)> ao} ,
&

2.5) V,={(@ P)eRx Q||a—1|<a, d(P, 3Q)>a,} .

For each u, ve H(Q), we define
{u, v>£‘9=s‘Nj‘ (e*Vu-Vo+uv) .
Q

We denote {u, u),, as |u]2o. Sometimes we omit the index &, € when there is no
confusion.

Set d(ua Fao)zinfveF.,onu_v”e,Q .

The following decomposition lemma will be proved in Appendix A.

LemMma 2.2. Ifue HY(Q) such that d(u, F,) is small enough and a is small, then the
problem
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minimize |lu—oPg wllZg
with respect to (a, P) has a unique solution in the open set V.

Next we state an important lemma about the location of the interior maximum
points of the solutions of (1.1).

LemMMA 2.3. Let u, be a solution of (1.1) such that lim,_ e VI (u)— I(w). Then
there is an ay such that if u, has only one local maximum point P,¢ 0Q then d(P,, 0Q)>a,.

PrROOF. Suppose that u, satisfies the conditions of Lemma 2.3. Then an argument
similar to that in the proof of Theorem 2.1 in [9] show that p,:=d(P,, 0Q)/e — c0.
Suppose now that d,:=d(P,, Q) —0 and so P, — P, 0Q.

Let >0 be a fixed small number. Set

2
(2.6) Ielzf <£2|Vuel2+u3—uf“>,
o0 p+1

0,Q=BP)ndQ, 0,Q=00\0,2.

Let K(r) be the Green function of —A+1 on R". Since @ is convex,
0K/ov((x— P,)/e)<0 on 0Q. Hence

x—P,

Q2.7 uszK< > on O\ By (P,)

€
if u,> CK{((x— P,)/¢) on 0By (P,) for a positive number R. Therefore
2.8) u,>Ce ? on 0,Q.

Next we shall obtain an upper bound for u, on 4,Q. To this end, fix a point P, e Q
so that | P, — P,|=0, where 8, =4/8. Let . p, be the unique solution of

2.9 eAv—|Vv|?*+1=0, v=|x—P,| on 0Q.

By the result of Section 3 in [20], % (x) —>inf, . s0(lz— Py |+ | z—x|) uniformly as ¢ >0
and 0y 2p /0v=—{(x—P,v)/|x— P |+ O(e) for x€0Q.

Let v,=exp(—(—28,+y2p )/e). Since Q is convex, {x—P;,v)/|x—P;|=c>0.
Hence

09, S@g
av v

on 0Q

if | P,— P, |<26,. Therefore by the comparison principle, we have
(2.10) — ol <, .
So

Py, nw<w+exp(— (%, —20,)/2) on Q.
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On the other hand, we note that v,(y)=u,(ey + P,) satisfies

Av,———1v,>0 in Q, Bz (0),
(1+51)2 ,P,;\ R( )

where R;>0 is a sufficiently large number depending on d,>0. Observe that
Py, o W(y/(1+6,)) satisfies

1

AP, w——— P, w<0 in Q,p .
Qc,p, (1 +51)2 Q¢,p, Pg
It is easy to see by comparison that u,(x) < CPS’E’PEW( y/(1+6,)) for e small. Hence we have
(2.11) u,<Ce 2 on Q\ ByP,).

By elliptic regularity theory (to see this, we look at a tubular neighborhood of 9, and
then apply interior LP-estimates in that neighborhood), we have

(2.12) lu,|, |Vu,|<Ce ™ on 3,Q.

We can now finish the proof of our lemma as follows. Let v, be the outward unit
normal at P,. Hence |v,|=1. By the Pohozaev identity, we have for any ye R

(2.13) J (—L—E>uf“—u3
e\p+1 2

1 2
=_J. (x—y,v)<82|VuE|2+u£2——u€”+l>.
2 Joa p+l1

Therefore we have

Il
o

2
(2.14) J£=J v(82|Vu£|2+u3————uf“>
20 p+1
We write

2
Je=(v0)lel+j (v—v0)<82|Vu€|2+u£2———~u£"+1>
o0 p+1

= (VO)Iel + J

0

2
+J (vﬁv0)<82|Vu£|2+u§———— uf“)
0,0 p+1

=VOI£1+12+I3 s

2
(v—vo)<eleu£|2+u£2——uf“)
2 p+l

where I, and I, are defined by the last equality.
For I}, by (2.8) we have
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Il >ce™2F: .
For I, we have

|1,|<d1; .
For I, by (2.11) we have

| I3 ‘ < Ce™ 0 2ep)e _, () |
I,,.1 a
Thus
J /I =vo+ 0(6)+0(e)=0,
a contradiction. O

By Lemma 2.2, there exists a diffeomorphism between a neighborhood of the
possible single interior peak solutions of (1.1) we are interested in and the open set

(¢, P,v)eR, x Qx H(RQ), |a—1 |<n,}
d(P’ 6Q)>a0’ UEEE,P’ “U”e.9<n

n

M =:{m=(a, P,v)

with #>0 being a suitable constant and

E, p=: {UEHI(Q)

d
0, Py w). o=(v,—P§ w =0,i=1,...,N}.
P (o i)

Let us now define a functional
K.:M,»>R, m=(a,P,v)—e N (aP5 w+0).
From Lemma 2.2 we have:

PROPOSITION 2.4. m=(a, P,v)eM, is a critical point of K, if and only if u=
aP§, w+visacritical point of K., i.e. if and only if there exists (A, B)€ R x R" such that

oK,

(2.15) (En) =0,
oo
N 2pN
(2.16) (Ep) oK, _ Bj<_‘7_P£e_-£i, U> )
aP,‘ j=1 6P16PJ &0
0K N oPY w
2.17 E, ©=APY w+ Y B —Zer”
2.17) ) = APRwE LB

3. Reduction to a finite dimensional problem. In this section, we analyze the
equations (E,), (Ep) and (E,). We first analyze (E,) and solve v. Then we take care of
(E,). Finally we solve (Ep). Since it is very similar to Section 4 of [20], we omit most
of the details.
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We first deal with the v-part of u, in order to show that it is negligible with respect
to the concentration phenomenon.

PROPOSITION 3.1. There exist 1,>0, &,>0 such that for e<e,, n<n, there exists
a smooth map which to any (e, o, P) with (a, P, 0)e M, associates e E, p, |0, o<n such
that (E,) is satisfied for some (A, By, ..., By)e Rx RY. Such a v is unique, minimizes
K, (o, P, v) with respect to v in {veE, p|||vll,o<n} and we have the estimate

3.1 %:0 on 0Q, |b],.0< O(@Xa(P)1+?),

where o =min(p—1, 1).

For the proof, see Appendix B.
Once 7 is obtained, we can estimate 4 and B. Indeed, we have

0K N OPY w
<—i, Py Pw> =ALPY, W, Py, WD, o+ Y Bj<——ﬂ"—"—, P,’}’”,w> ,
ov A ' i=1 e

y 0 N oPY oP}
0K, OPa.,w > =A<P}}’ M — Pg, ,,w> + ) Bj< L >
£,02 - aP ' £,02 Jj £,

o’ 0P, ;

and

P, PR w3 j WP 0P,

RN

oP§ w
S
oPy w 0Py w 1 (p P12 )
e, P S &P = | — ! 5i'+0 EN P s
< T e (| 0 OlwP)

<——‘3K‘,P})v ,,w> LY
ov T e Oa

oK, 8P}§E'Pw> 1 0K,
o’ 0P, w0 o OP;

On the other hand, we have by Appendix C
o f WP (o—a?) + Olo (P,
oo RN

0K,
oP,

(3.2)

=% [O(e— Do) + 0o (P

Combining all these, by Appendix C we have
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A=0(a—1]+¢)p(P), B=eO(la—1]+¢ pP).

We can now estimate the equation (Ep).

0K N o2pPY
(3.3) t _ Bj<_9ﬂ, v>
aP,' ji=1 aPlan £,Q
N 0°PY w
< YIBl| =22 vl
j=1 0P 0P; |.0

N % O((@p(P) T2 (|a— 11+ @[ p(P)) -

We have by the same arguments as in [20, Lemma 4.2].

LemMa 3.2. Supposed d(P, 0Q)>ay,>0. Let v=0 and (A4, By, ..., By) be defined
in Proposition 3.1 for ¢<g,. Then the N equations of (Ep) are equivalent to

(34) PJ wp-lw/l_yi_l VEIYP(}’)'*'V&(S, o, P)=O>
2.p y

where Vp, is a smooth function such that

3.5) Vp,=O0(la—1|pN:(P)+(pNp(P)' 7).

4. Proofs of Theorems 1.1 and 1.2. We can now prove Theorems 1.1 and 1.2.

Let u, be a solution of (1.1) such that lim,,,& NI(,)=1(w). Combining the
arguments of Section 3 in [9] and Section 3 in [12], we see that u, can have at most
two local maximum points and there are two possibilities:

(i) either u, has two local maximum points P! and P2, then | P! — P?|/e— oo and
P}, P?c0Q by the results of Section 3 in [9],

(ii) or u, has only one local maximum points P, and d(P,, 0€2)/e — co by the result
of Section 3 in [12].

Suppose (ii) occurs. Then by Lemma 2.3, d(P,, 02)>a,. It is easy to see that
||ue—P}§E‘P£w||E_Q——>O as ¢~ 0. Hence d(u,, F,))—»0 as ¢ —0. By Lemma 2.2,

(4.1) u =Py w4+

and by Proposition 2.3, («,, P,, v) is a critical point of K, i.e. satisfies (E,), (Ep) and (E,).
So v=1ile, a,, P,).
By the equation (E,), we have

(4.2) o0, =1+0(¢.p,(Py) -

Substituting this into the equation (Ep), by the same argument as in [20, Lemma
5.17, we have:

LemMma 4.1. Suppose that P,— P,. Then we have



INTERIOR SPIKE LAYER SOLUTIONS 169

4.3) Pod0Q; | P,— Py |<C, .
Suppose now that (P,— P,)/e = by,e R"N. Then we have
—P
4.4) ]Z—P£|=|Z—P0|+8<<b0,—Z—L>+0(l)>.
|z—Py|

Letting a=b,/d(P,, 0R), using Lemma 3.2 and by the calculations of Appendix A in
[20], we conclude the proof of Theorem 1.1.

Next we prove Theorem 1.2.

Let Py e Q satisfy (i) [,e* "% (z;— Py ;)dpp,(z2)=0, i=1, ..., N and (ii) the matrix
(Joe =~ Po®(z;— Py Nz;— Py ;)dup,(2)) is nonsingular. We set

4.5) a=1+8,
(4.6) P=Py+¢&é—ad(Py, 09),

where fe R, £€ R" are to be determined. With these changes of variables, the system
(E) turns out to be equivalent to (with v=1i(e, a, P)):

4.7) B=Vye B, <),
(48) Li(8,€)=VPi(8, ﬁa é)a i=1a'-'aN5
where for i=1,..., N,

_ PfghP wP” 1W'(J’i/|y |)V£]P(y)

(4.9) Lie, £)

@e.po(Po)
and Vj, V; are smooth functions satisfying
(4.10) Vi=0(¢.p,(Po)) »
(4.11) Ve, = O B+ (9.l (Po))") -

Then we have:
LEMMA 4.2. L; can be written as
(4.12) L=A4t+L,

where A, is a matrix such that A,— A=y([, e FoV2z,— Py )z;— Py, )dpip,(2)) as e >0
for some positive constant y>0 and L is a smooth function satisfying

(4.13) L=0(I¢1P+|BI+(@py(Po))) .
Thus the system (4.7) and (4.8) may also be written as
4.14) {B=V(8,ﬁ,é),
Aef= W(Ev ﬂ’ é) P

where V, W are smooth functions satisfying



170 J. WEI

(4.15) V(e, B, &)= 0(0.p(Po)) ,
(4.16) Wie, B, £)=0(e+[ 17 +1 Bl +(07p,(Po))) -

Since the matrix A is invertible, we choose (—r, r) x B,(0) where r is so small that
(V, A7 'W) is a continuous map from (—r, r) x B,(0) to itself. By Brouwer’s fixed point
theorem, there exists (B,, &,) such that B,=O0(ps (Po)), &, = O(e), that is (E) is satisfied.
Therefore we have a critical point ue=aeP}§E’P€w+ (e, a, P,) of I,.

By construction, the corresponding u, € H'(£2) is a critical point of J,, i.e. u, satisfies

Ou, =0 on 0Q.

4.17 e2Au,—u,+|u, [P 'u,=0 in Q,
v

Multiplying this equation with #, =max(0, —u,) and integrating the result over Q, we get

(4.18) f | Vu, |2+(“§)2=J‘ lu, (P71
Q¢ p

Qe,P

By Sobolev’s imbedding theorem, we have

2/(pt1)
(4.19) (J lu; |P“> scj lu |P*L
Ql:,P QI:,P

(4.19) implies that either u; =0 or [, |u; [P*'>C>0. Since by construction
fa,.lu P*1 =0, we have u, =0 for & sufficiently small. By the maximum principle,
u£$0. Moreover since I,(u,)/e™ — I(w), we know that u, is a single-peaked solution. By
the results of [12], u, has a unique local maximum (hence global) point P,. It is not

difficult to see that P,— P,=0(1). Hence P,— P,.

5. Analysis of the Conditions (i) and (ii) in Theorem 1.2 and proof of Corollary
1.3. Inthis section, we discuss the geometric meanings of the condition (1.6) in Theorem
1.1 and the conditions (i) and (ii) in Theorem 1.2. We first prove the following:

THEOREM 5.1. P is a nondegenerate peak point if and only if

P eint(co(supp(dpp)))

where int(co(supp(dup))) is the interior of the convex hull of the support of dup. Furthermore
for each nondegenerate peak point P there is a unique ae R” satisfying the conditions (i)
and (ii).

Proor. The following proof is essentially due to an observation of Dancer and
Noussair [4].

Let PeQ be fixed. Without loss of generality we may assume that P=0. We shall
write du, as du and K =supp(du). Notice that du is a positive measure with compact
support.

We note that the function
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F(a)= f e*du(x)  for aeRN
K
is real analytic and for all a in RY,

VF(a)= f e xdu(x)
K
and

HF(a)ij=f e*x, x ;du(x) .
K
Then 0 is a nondegenerate peak point means that VF(a) =0 and that HF(a) is nonsingular

for some ae R".
If aeRY and be SV !, then

(HF(a)b,b) = J e (b,x>*du(x)=>0
K

and the equality holds if and only if
Kc{xeR":{b,x)=0}=:b".

We also notice that if K<b* for some be SV !, then F(a)=F(a+tb) for all ae RY and
teR and HF is singular for all ae RY. Conversely if there is no be S¥ ! for which
Kcb?, then

(HF(a)b, b>>0

for all be S¥~! and hence HF(a) is nonsingular. It is easy to see that the following
statements are equivalent:

(i) Kcb* for some be SV 1;

(ii) co(K)cb* for some be SN 1;

(iii) co(K) has trivial interior.

Henceforth, we assume that co(K) has nontrivial interior. We show next that the
conditions:

(a) F attains its minimum at some ae R";

(b) K&{xeR" {(x,by>0} for all be S¥;

(c) Oeint(co(K))
are equivalent.

Suppose (b) does not hold. Then there is a be S¥ ! such that {x, b)>0 for all
xeK. Then for any ae RV,

—gt— Fla+tb)|,=o= j e (x, bydu(x)>0,
K
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since we have excluded the possibility that K< b*. Therefore VF(a)#0 for all ae R".
Conversely suppose (b) holds. Then by a simple compactness argument we can show
that for some 6 and nin R*, u ({xeK: {x,b)>5})>n for all be S¥ . It then follows
that

F(tb)> j e dpu(x) = ne'
{xeK;{x,b) >0}
for all te R* and be SV L. It follows that F has an attained minimum in R", i.e., there
exists a such that VF(a)=0. The equivalence of (b) and (c) is obvious.
Finally, we notice that F is a convex function which implies the uniqueness of a.
This completes the proof of Theorem 5.1. O

The following Corollary follows easily from Theorem 5.1.

COROLLARY 5.2. Let P be a nondegenerate peak point. Then supp(dup) contains
at least three points.

We are now ready to prove Corollary 1.3 in Section 1.

PrROOF OF COROLLARY 1.3. We always assume that Q is convex. Hence for any
two points Q,€Q, 0, e Q we have tQ, +(1—1)0,eQ for 0<t<1.

(1) Let PeQ be a point satisfying condition (1.6). Then By a0,(P)n 3R contains
at least two points Q,, Q,. We claim that d(P, 0Q)=max, od(Q, 02). Suppose not. Let
P’ be a point attaining the maximum of the distance function. Consider the convex
hull of Byp s0(P)UByp s0(P’). Let L be the hyperplane passing through P and
perpendicular to the line PP’. Since d(P,0Q)#d(P’, 09), the set Byp ;0(P)ndQ must
lie strictly on one side of L, which is impossible by condition (1.6).

(2) Let PeQ be an nondegenerate peak point. Then supp(dup) <= Byp a0, N 02
contains at least three points Q;, Q,, Q3. By (1), d(P, 0Q)=max, od(Q, 09). Let P'# P
be another nondegenerate peak point. Then d(P, 0Q2)=d(P’, 0Q2). Consider again the
convex hull of Byp ;0)(P)UByp s0(P’). Let L be the hyperplane passing through P and
perpendicular to the line PP’. Since Q is convex, the set Byp.o0(P)n 02 must lie on one
side of L (including L). Condition (1.6) implies that Byp ,0(P)n02<L and hence
the interior of the convex hull of du, is empty since L is a submanifold, a contradic-
tion. O

Finally we construct a convex domain Q and a point P,eQ which satisfies the
conditions in Theorem 1.2.

Indeed, we may assume that N=2. In Figure 1, B,p, a0(Po)N0Q={P;, P,, P,}.
Hence dup,=c,0p, + 50, + ¢303. Since N=2, the three vectors P,— P, Po—P,, Po— P,
are linearly dependent. Therefore int(co(supp(dup,))# . By Theorem 5.1, P, is a
nondegenerate peak point.
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FIGURE. A convex domain.

6. Appendix A. Decomposition lemma. In this appendix, we shall prove the
decomposition lemma (Lemma 2.2) in Section 3. We start with a lemma.

LEMMA 6.1. Let (g) be a sequence with ¢,>0, lim,_, , &=0. Let P,, eran, s
&, €(1/2, 2) be such that

(6.1) ,}LH; lowPg, o w—0Pg, 5wl 0=0.

Then we have

(6.2) lim | o, —&,|=0,
k— o0

(6.3) tim | Te= x| .
k— o0 &y

ProorF. We have

N s pN
||°‘kP9€k'pkW_°‘kP9 k‘,‘a‘kW"ek.Q:

€

P.—P
N ~ DN . k k
ockPQEk‘Pkw — ockPQ% 5kw< -

P—P
(ock—o?k)chk’Pkw+o~zk<P,’§Ek,Pkw—P}}’ek, 5kw<- — Tk Tk ))

N ~
>| ak”PQ,_k,pkw“ek,Q_ak”PQEk‘pkwnak.Q| .

£,

Since both Py, P,eQ,, we have lngEk,Pkwllek,Qa [wll g1 g~y and ||P,’;’¢k’5kw||£k.9—+
[ Wl g1 v~y Hence | oy —& |=o(1).

On the other hand, suppose (6.3) is not satisfied, we have that by passing to a
subsequense, | P,— P, |/, —»a with 0<a < oo.
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If 0<a<oo, then |P§ . w—P§ w(- t(ﬁ,‘—Pk)/g,c)nw = |lw—w(* —a)|| g1rrm #0.
If a= o0, then lngek,Pkw - Pgtkﬁkw(- —(P—PY/e)lle.0 = 2wl g1y #0. In any case,
we reach a contradiction to (6.1). O

We now prove Lemma 2.2. We will follow closely Appendix B of [20]. We argue
by contradiction. Suppose, there exist g, — 0, 5, — 0 such that

inf |lu, — Vg0 <Mk »
veFaq
and (aka Pk)a (&k’ Pk)eFa

3 k__ N ~k __ ~ DN
o Such that if v*=w,—oPo_, w, 0" =u,—&P s, 5w,

6.4) <v", P,’}’Ek R w> =0,
T £, 2
6.5) <v", Oy w> 0,
aPi ot £1, 2
6.6) <z7", P . w> —o0,
ko Pk e
6.7) <ﬁ",—6-P§§E s w> ~0.
aPi ok £k, 2

Let a, = (P, — P,)/ey, =, — &, Then by Lemma 6.1, |a, |=0(1), | w|=o(1).
We denote C as various constants which do not depend on k. We first observe that

(6.8) IwP(y)—wP(y—a) | < Clagwi(y) .

By the maximum principle

6.9) | P,’;’Ekvpkw — P,’}’Ek‘skw |<Clagw(y) .
The rest of the proof is exactly the same as those of Appendix B in [20]. We omit

the details. O
7. Appendix B. Analysis of (E,). In this appendix, we prove Proposition 3.1.
Proor. We first expand K,(a, P, v) at (a, P, 0) with respect to v, and we have

(7.1) K, P,v)=K(a, P, 0)+ f,,c p(t) + Qs 1, p(0) + R; 5 (V) ,

where

Ke(aa P’ 0) = Ie(aPQ,;,pw)

S p(0)= —E_Ndpj (Pg, W)
2
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5 {SZJ [Vv[2+J vz—pf (ochs,Pw)"“‘vz}
o o Q

and R, , p satisfies

(7.2) R, p(v)=O(lv] 257" 1),
(7.3) ~p(0)=0(|v] 757,
(7.4) R p(0)=O(llv] 75" "~ ")

Since f; , p(v) is a continuous linear functional on E, » equipped with the scalar product
{(*, * D0, WE may write

(7.5) Seuap©)=L{F, . p, 0D, o forsome F,,,€E, ;.

Since Q, , p is a continuous quadratic form on E, p, there exists a continuous and
symmetric operator L, , p € L(E, p) (the space of bounded linear operators on E, p) such
that

(76) Qs,a,P(v) = <L£.a,PU’ U>s.9 .

Moreover, we have by the same argument as in [19, Lemma 4.2], there exists p>0
such that for ¢ and # small enough, we have

(7.7 Q.. p®)2plv]2g, forall veE, p.

Therefore L, , p is a coercive operator whose modulus of coercivity is bounded
from below independently of ¢, P.
The derivative of K, with respect to v on E,  may be written as

eaP+2L£an+0(lU” Q)

Using the implicit function theorem, we derive the existence of a C? map T which to
each (g, a, P) associates v, , p€ E, p such that

K. 0 o

Ee,p™ =0

and

(78) ”ve.a,P”e.Q= O(IlFs,a,PHE.Q) .

Moreover, since v, , p minimizes K, over E, p, 0v, , p/0Ov=0 on 02Q.
We now claim that

(7.9) 1feap®)e.a< OU@HP) ! T ) 0]l 10,

which by (7.5) and (7.8), proves Proposition 3.1.
Indeed, for ve E, p, we have
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Jepv)= —S_NI:J (OtPgE'PW)”U:I
o

=—¢e NaP | (P _w)P—wP.
o

We now calculate,
e " j [(Pg, W)F—=w? 2 < O((@%p(P)! 77).
Q2
Thus (7.9) is established. |
8. Appendix C. Various estimates. In this appendix, we provide all the estimates

we stated before. The proofs are similar to those in [20, Appendix C]. We omit the
details.

(C.1) (Pg, W, Pg,;,pw>e,o=J wPH L+ O(eXp(P))
RN
0Py w
C2 P— (P w)P) —2er
(C2) LEP(W (Pa, W) oP,
1 1. Vi N N l+o
=—p— wP=iw' =— V. p(»)+ O, p(P)" "),
€ Jo.p (52
N
(C3) e j Py e 28 5 NPy ),
2p oP;
(C 4) < anE,PW anc,Pw — 1 Wp—l(w/)zé +0(( N (P))l +o)
’ aP, ’ aPI 89_ 82 p RN Y (pE’P ’
(C.5) j (Ps, )75 =0((9o(P)' ),
QsP
(C.6) J IPSE,,.W+17|"“=I wP* L+ O(0)p(P))
QS,P RN

(C.7 J | Py, w+5|P~ (P, w+D)PG, W =f WP+ O(0(@p(P))
Q. p RN

N

(C.8) J |PY w+b|P~Y(PY Pw+5)M
QaP “ - aP

oP§ w
~[ g P ooy,
Q¢ p i
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P f WP Ol (P,
o RN

(C.10) ¢ ZI;' =—PJ e ! 2 Vap(y) + 02— 1)0(9p(P) + (9 p(P)' *°) .
QP

[1]

(21

[3]
[4]
[5]
[6]
71
[8]
[9]
[10]
(]
[12]
{13}
[14]
[15]
[16]
(17

(18]

Iyl

i

REFERENCES

ADIMURTHI, G. MANCINNI AND S. L. YADAVA, The role of mean curvature in a semilinear Neumann
problem involving the critical Sobolev exponent, Comm. Partial Differential Equations 20 (1995),
591-631.

ADIMURTHI, F. PACELLA AND S. L. YADAvVA, Interaction between the geometry of the boundary and
positive solutions of a semilinear Neumann problem with critical nonlinearity, J. Funct. Anal. 113
(1993), 318-350.

ADIMURTHI, F. PACELLA AND S. L. YADAVA, Characterization of concentration points and L*-estimates
for solutions involving the critical Sobolev exponent, Differential Integral Equations 8 (1995), 41-68.

E. DANCER AND E. NoUssAIR, private communication.

B. Gipas, W.-M. N1 AND L. NIRENBERG, Symmetry of positive solutions of nonlinear elliptic equations
in R", Mathematical Analysis and Applications, Part A, Adv. Math. Suppl. Studies 7A (1981),
Academic Press, New York, 369-402.

M. K. Kwong, Uniqueness of positive solutions of Au—u+u?=0 in R", Arch. Rational Mech. Anal.
105 (1989), 243-266.

C.-S. LN, W.-M. N1 aND I. TAkAGl, Large amplitude stationary solutions to a chemotaxis systems, J.
Differential Equations 72 (1988), 1-27.

W.-M. N, X. PaN aND 1. TAKAG], Singular behavior of least-energy solutions of a semilinear Neumann
problem involving critical Sobolev exponents, Duke Math. J. 67 (1992), 1-20.

W.-M. NI AND I. TAkAGI, On the shape of least energy solution to a semilinear Neumann problem,
Comm. Pure Appl. Math. 41 (1991), 819-851.

W.-M. N1 anD I. Takaal, Locating the peaks of least energy solutions to a semilinear Neumann
problem, Duke Math. J. 70 (1993), 247-281.

W.-M. NI anND I. Takacl, Point-condensation generated be a reaction-diffusion system in axially
symmetric domains, Japan J. Industrial Appl. Math. 12 (1995), 327-365.

W.-M. N1 aND J. WEL, On the location and profile of spike-layer solutions to singularly perturbed
semilinear Dirichlet problems, Comm. Pure Appl. Math. 48 (1995), 731-768.

X. B. Pan, Condensation of least-energy solutions of a semilinear Neumann problem, J. Partial
Differential Equations 8 (1995), 1-36.

X. B. Pan, Condensation of least-energy solutions: the effect of boundary conditions, Nonlinear
Analysis: TMA 24 (19959, 195-222.

X. B. PaN, Further study on the effect of boundary conditions, J. Differential Equations 117 (1995),
446-468.

X. B. Pan anND X. F. WANG, Semilinear Neumann problem in an exterior domain, Nonlinear Analysis:
TMA, to appear.

X. B. PAN AND XING-WANG Xu, Least energy solutions of semilinear Neumann problems and
asymptotics, J. Math. Anal. Appl. 201 (1996), 532-554.

Z.-Q. WANG, On the existence of multiple single-peaked solutions for a semilinear Neumann problem,
Arch. Rational Mech. Anal. 120 (1992), 375-399.



178 J. WEI

[191 J. Wer, On the construction of single-peaked solutions of a singularly perturbed semilinear Dirichlet
problem, J. Differential Equations 129 (1996), 315-333.

[20] J. WEL, On the effect of the geometry of the domain in a singularly perturbed Dirichlet problem,
Differential Integral Equations, to appear.

[217 J. WEL, On the boundary spike layer solutions of a singularly perturbed Neumann problem, J. Differential
Equations 134 (1997), 104-133.

[22] J. WEL, On the interior spike layer solutions for some singular perturbation problems, Proc. Royal
Soc. Edinburgh, Section A (Mathematics), to appear.

DEPARTMENT OF MATHEMATICS
CHINESE UNIVERSITY OF HONG KONG
SHATIN

HonG Kong

E-mail address: wei@math.cuhk.edu.hk





