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HOMOLOGICAL INFINITENESS OF DECORATED
TORELLI GROUPS AND TORELLI SPACES

TOSHIYUKI AKITA
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Abstract. We prove that the rational homology of decorated Torelli groups and Torelli
spaces are infinite dimensional when the genus of the reference surface is at least seven, thereby
extended one of the main results of [2].

1. Introduction. The purpose of the present note is to extend results of [2] concern-
ing the rational homology of Torelli groups and Torelli spaces. Let X' be a closed orientable
surface of genus g. Throughout this paper, we will assume g > 2. Let I'j, be the mapping
class group of X relative to n marked points and r embedded disks. Namely it is the group of
isotopy classes of orientation-preserving diffeomorphisms of X'y which fix marked points and
embedded disks pointwise. The action of I'j, on the first integral homology of X' induces a
surjective homomorphism I, — Sp(2g, Z), where Sp(2g, Z) is the Siegel modular group

g.r
of degree g. The Torelli group I , is defined to be its kernel so that we have an extension

1> 15, > T}, — SpQ29,Z) — 1.

Henceforth we omit the decorations n and r when they are zero.
According to a result of Johnson [6] (see also [3]), one has

H\(Z},,0) = H(Z,, )% & A H (2, Q)/H\(Z4. Q)

for ¢ > 3. On the contrary, Mess [7] showed that 7, is a free group on infinitely many
generators and that H3(Z3,Z) contains a free abelian group of infinite rank (he attributes
the latter result to Johnson and Millson). The author [2] showed that H, (I;‘,, Q) is infinite
dimensional if gis sufficiently large relative to n+r. In particular, Hy(Zg, Q), H«(Z, . 0),and
H(Zy,1, Q) are proved to be infinite dimensional for g > 7. For further results concerning
the (co)homology of Torelli groups, see [5, 8] and references therein. In this note, we will
prove:

THEOREM. For g > 7 and n,r > 0, the rational homology H*(Ig.,, Q) of the Torelli
group Iy , is infinite dimensional.

Let 7;;".r be the Teichmiiller space of genus g with n 4+ r marked points and r tangent
vectors. Namely it is the space of all conformal structures on X' up to isotopies that fix n + r
marked points py, ... , pu+, and act trivially on the tangent space T),, P forn+1 <i <n+r.
It is a complex manifold of dimension 3g — 3 + n + 2r. The Torelli group Z , acts on 7',
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freely so that the quotient space 7', = 7/, /77 , is a complex manifold which is called the
Torelli space. Since Tg’f, is contractible, T;,r is the Eilenberg-MacLane space K (IZ‘,, 1) so
that there is a canonical isomorphism H*(T;‘r, Z) = H, (I;,r’ Z). As a consequence of the
theorem, we obtain:

COROLLARY. For g > 7 and n,r > 0, the rational homology H.(Tj,, Q) of the
Torelli space T, is infinite dimensional.

The author thanks to Richard Hain for valuable comments. Theorem and Corollary have
been announced in [1].

2. Proof.

PROPOSITION 1. If H,(Z%, Q) is infinite dimensional, then so is H*(I;“, 0).

Letx; € ¥y (1 <i < n+ 1) be the marked points of the reference surface X'y and set
EZ = X4\ {x1,x2, ..., xp}. Then the Torelli groups IZ‘H and IZ fit into an extension
(1) 1 > m(Zy, Xn41) > Ig“ - Ty —>1
(see [5]). We wish to apply the Hochschild-Serre spectral sequence to (1). To do so, the
following lemma is required:

LEMMA. Define a positive integer l(g, n) by
I(g,n) = min{i € Z|dimgp H;(Z};, Q) = oo} .
Ifl(g, n) is defined, then

<oo i<l(g,n),

dimg H;(Zj, H (25, Q)) {: oo i=1(g,n)

PROOF. Let: : Z‘;’ < X, be the inclusion and ¢4 : H](Z‘;',Q) — Hi(X4,Q) the
induced homomorphism on the first homology. It follows from the definition of IZ that

) Hi(Z', H\(Z4,Q)) = H;:(Z", Q)®%.

If n = 0or 1, then 1, is an isomorphism of QZ¢-modules and there is nothing to prove.
Henceforth we assume n > 2. Since ¢, is surjective, it yields a short exact sequence of
QZg-modules:

3) 0 — kert, <> Hi(Z",0Q) —> Hi(Z4,0Q) — 0.

For 1 < i < n, choose a small circle y; C X, centered at x; and let [y;] € H (X}, Q) be
the homology class represented by y;. Then ker ¢, is generated by those [y;]. It is easy to see
that the action of Ig on Hi (X7, Q) fixes each [y;] and hence Ig acts on ker ¢, trivially. Since
dimg kert, = n — 1, this implies

“) H;(T}, kerv,) = H(Z), Q)"
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In view of (2) and (4), the lemma follows from the long exact sequence
- —> Hi(Z7, keri,) — H;(Zh, Hl(Z‘;’,Q)) —
Hi(Zy, H\(Zg, Q) — Hi—1(Zy  kerty) — -
associated to the short exact sequence (3). (]

PROOF OF PROPOSITION 1. Let us consider the Hochschild-Serre spectral sequence
for the group extension (1):

E}; = Hi(Ty, Hj(55.0)) = Hiv; (T3 Q).

Write [ = I(g, n) for simplicity. Observe that Elz,0 = H;(Z7, Q) is infinite dimensional by the
definition of I, while El2 j is finite dimensional for all i < [ and j by Lemma. It follows that
E7  is infinite dimensional for all r > 2. But the spectral sequence converges at the E 3.term
when n > 1 and at the E*-term when n = 0 by the dimensional reasons, hence verifying the
proposition. |

The following proposition was proved in [2]:

PROPOSITION 2. If H(Z7, Q) is infinite dimensional, then Hy (Ig‘,, Q) is infinite di-
mensional for all r > 0.

Propositions 1 and 2 imply the theorem, since Hy(Zy, @) is infinite dimensional for
g > 7 as was shown in [2].

REMARK. Since H,(Z>, Q) and H,.(Z3, Q) are infinite dimensional, H, (Ig,r’ Q) and
H, (I:”Z,r’ Q) are also infinite dimensional for all n, r > 0.

REFERENCES

[1] T. AKITA, On the homology of Torelli groups and Torelli spaces, Proc. Japan Acad. Ser. A 75 (1999), 7-8.

[2] T. AKITA, Homological infiniteness of Torelli groups, Topology 40 (2001), 213-221.

[3]1 R.HAIN, Torelli groups and geometry of moduli spaces of curves, Current topics in complex algebraic geom-
etry (Berkeley, CA, 1992/93), 97-143, Cambridge Univ. Press, Cambridge, 1995.

[4]1 R.HAIN, Infinitesimal presentations of the Torelli groups, J. Amer. Math. Soc. 10 (1997), 597-651.

[5]1 R. HAIN AND E. LOOIJENGA, Mapping class groups and moduli spaces of curves, Algebraic geometry—
Senta Cruz 1995, 97-142, Proc. Sympos. Pure Math. 62 Part 2, Amer. Math. Soc., Providence, 1997.

[6]1 D. JOHNSON, The structure of the Torelli group. III. The abelianization of Z, Topology 24 (1985), 127-144.

[7]1 G.MESS, The Torelli groups for genus 2 and 3 surfaces, Topology 31 (1992), 775-790.

[8] S. MORITA, Structure of the mapping class groups of surfaces: a survey and a prospect, Proceeding of the
Kirbyfest (Berkeley, CA, 1998), 349—406, (electronic), Geom. Topol. Monogr. 2, Geom. Topol., Coventry,
1999.

DIVISION OF MATHEMATICS
GRADUATE SCHOOL OF SCIENCE
HOKKAIDO UNIVERSITY
SAPPORO 060-0810

JAPAN

E-mail address: akita@math.sci.hokudai.ac.jp








