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Abstract. Proved are transference results that show connections between: a) multipli-
ers for the Fourier-Bessel series and multipliers for the Hankel transform; b) maximal opera-
tors defined by Fourier-Bessel multipliers and maximal operators given by Hankel transform
multipliers; c) Fourier-Bessel transplantation and Hankel transform transplantation. In some
way the connections described in a) and b) can be seen as multi-dimensional extensions of the
classical results of Igari, and Kenig and Tomas for the one dimensional Fourier transform. We
prove our results for the non-modified Hankel transform in the power weight setting, and this
allows to translate them also to the context of the modified Hankel transform. Together with
Gilbert’s transplantation theorem, our transference shows that harmonic analysis results for the
Hankel transform of arbitrary order are consequences of corresponding results for the cosine
expansions.

1. Introduction. There are a number of theorems relating L? multipliers on R and its
discrete subgroup Z. One of them, which is a converse to a well-known theorem of de Leeuw,
is the following result proved by Igari.

THEOREM ([11]). Let1 < p < 00 and assume that m is a bounded function on R,
continuous except on a set of Lebesgue measure zero. If {m(en)} € M, (Z) for all sufficiently
small ¢ > 0 and lim inf,_, o+ lm(en)lim,z) < oo, thenm € M,(R) and

lmlm,wy < lirﬁ(i)rlfllm(En)llM,,(Z) .

Here M,(Z) and M,(R) denote the spaces of L”-multipliers on Z and R respectively,
and ||m, ||M,,(Z) or ||m||Mp(R) denote the multiplier norms of m, or m, that are the norms of
Fourier multiplier operators associated to m, or m acting on L?(0, 27) or LP(R).

Igari [12] then found another interesting relation between multipliers for the Jacobi poly-
nomial expansions and the (modified) Hankel transform multipliers. This relation was suc-
cessfully exploited by Gasper and Trebels [5] to furnish sufficient conditions for the Hankel
transform multipliers by means of known sufficient conditions for the Jacobi multipliers.

A theorem relating maximal operators defined by Fourier multipliers on R and Z was
proved by Kenig and Tomas [14], and Kanjin [13] then showed a similar relation between
maximal operators defined by Jacobi multipliers and maximal operators defined by Hankel
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multipliers. The last relation was then used by Kanjin for proving a.e. convergence of spher-
ical means for radial functions on R" by using known L?-estimates for maximal partial sum
operators for Jacobi polynomial expansions.

The aim of this paper is, among others, to prove that similar relations of Igari and Kan-
jin hold true between multipliers for the Fourier-Bessel expansions and the Hankel transform
multipliers. It is quite natural to expect such a relation, since in both, Fourier-Bessel expan-
sions and Hankel transform of the same order, the same kind of Bessel function is involved.
We mention at this point that the, somehow misterious, relation between Jacobi expansions
and the Hankel transform is based on Hilb’s asymptotic formula that asymptotically links
Jacobi polynomials and Bessel functions.

Besides relations of Igari and Kanjin type we also show a relation between the transplan-
tation for Fourier-Bessel series and that for the Hankel transform. Such type of relation has
been recently proved in [22] for Jacobi series and Hankel transform. It should also be noted
that in a series of papers, [19], [20] and [22], relations of Igari and Kanjin type, as well as the
relation just mentioned, have also been proved for Laguerre series replacing Jacobi series.

Finally, we note that we use the non-modified Hankel transform in the polynomial
weights setting. This easily allows to translate obtained results to the (unweighted) modified
Hankel transform context. The results of Igari and Kanjin were proved in the (unweighted)
modified Hankel transform setting.

Throughout this paper, by [«] we understand the integer part of «. As usual in such
occasions the letter C will denote a positive constant that may vary from line to line.

2. Preliminaries and statement of results. Given v > —1 and f, a suitable function
on (0, 00), its (non-modified) Hankel transform is defined by

Ho f(x) = /0 21,0 f(dy. x>0,

where J,(x) denotes the Bessel function of the first kind and order v, [16]. Then (H, o
H)f = fand [[Hy fllp20,00) = 1 fllL20,00) fOr any f € C2°(0, 00), the space of C*®
functions with compact support in (0, 00). These two facts are known in the literature for
v > —1/2;in Lemma 2.7 we furnish a proof that works for any v > —1.

Given 1 < p < oo and areal number a, by L?+4(0, 0o) we denote the weighted Lebesgue
space of all (equivalence classes of) measurable functions g on (0, oo) for which the quantity

00 1/p
lgllp,a = (/0 Ig(x)lpx"dx)

is finite. For a = 0 we simplify the notation writing ||g||, and L? (0, c0).
A bounded measurable function m on (0, co) (genuine function, not equivalence class)
is called a weighted L7*¢ Hankel multiplier provided that

IHy (m - va)”p,a = C”f”p,a

with a constant C independent of f in C2°(0, o). The least constant for which the above
inequality holds is called the multiplier norm of m and is denoted by [|m||p,a)-
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Givenv > —1,letA, = An v, n=1,2,..., denote the sequence of successive positive
zeros of J,(x). Then

1
1
/ T ) o Gop)xdx = = (Jogt On) b, mom = 1,2,
0
and the functions
YL () = dny OonX) 2T, (0nx) s dny = V2N T O

n=1,2,..., form a complete orthonormal system in L2((0, 1), dx) (for completeness, see
[10]). In particular,

Ui P (x) = V2cos(mx(n — 1/2)),  v\?(x)v/2sin(rxn),
forn =1,2,.... The functions v,/ (x) are eigenfunctions of the differential operator (sym-
metric on L%(0, 1))
d? 1/4 — 2
L= s+ L5
dx X

More precisely, we have
2.1) Loy, (1) = =hy (x) .

To every appropriate function f on (0, 1), for instance f € C2°(0, 1), we associate its
Fourier-Bessel series

00 1
fo~Y . a=an=[ foumd.
1

The last integral will be frequently denoted by (f, ¥,/). In general, we will write (-, -)x for
the inner product in a Hilbert space X.

A comprehensive study of Fourier-Bessel expansions is contained in Chapter XVII of
Watson’s monograph [24]. Slightly abusing the notation we will use the symbols L4 and
Il - lp,« in the same sense as before, but now restricted to functions defined on (0, 1). A
bounded sequence {m,}° , is called a weighted L?** Fourier-Bessel multiplier provided

=Clfllp.a

l Zmnc;:l//;(x)
1 p.a

(with ¢, defined above) with a constant C independent of f in C°(0, 1) (for such an f the
series ) _° muchiy (x) converges pointwise, cf. Lemma 2.5). The least constant C satisfying
the above inequality is called the multiplier norm of {m,}>° , and it is denoted by [|m,||(p,a)-
We will use the asymptotics of the sequence {1, }°°

n=1-

9

N

(2.2) Am=nn+D,+0n""Y), D, =

N <

and {dy ,};2 :

(2.3) dpy =721+ 0@n™Y).
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Also, we will use the well-known bounds for the Bessel function J, (¢):

2.4) L) =0, t—0F,
and
(2.5) L)=0¢""?, t > oc0.

From now on we assume v > —1 to be fixed, and hence the Fourier-Bessel expansions and
the Hankel transform we consider are both related to the index v.

THEOREM 2.1. Letl < p < 00, a € R and m(x) be a bounded function on (0, 00)
continuous except on a set of Lebesgue measure zero. If {m(eiy,)} is an LP-4(0, 1) Fourier-
Bessel multiplier for all sufficiently small ¢ > 0 and liminf,_, o+ [|m(eAn) |l (p.a) is finite, then
m(x) is an LP-?(0, oo) Hankel transform multiplier and

Im)ll(p.ay < liminf [[m(ern)l(p.a) -
=0t

For p = 1 and a = 0 we have a weak type (1, 1) substitute of Theorem 2.1. Such a sub-
stitute of Igari’s result from [12] for Jacobi expansions was proved by Connett and Schwartz
[4].

A bounded sequence {m,}°° , is called a weak type (1, 1) Fourier-Bessel multiplier pro-

vided
> s}

with a constant C independent of f in C2°(0, 1) and s > O (|A| denotes the Lebesgue measure
of a measurable set A C (0, 00)). The least constant C satisfying the above inequality is called
the weak multiplier norm of {m,};° | and is denoted by |7, ||yes. Similarly, a bounded
measurable function m on (0, 0o0) is called a weak type (1, 1) Hankel transform multiplier
provided

o
=—Iflh
N

[x € (0, 1); ’Zmnm V), (x)
1

C
Hx € (0,00); [Hy(m - Hy f)(x)| > s} < S I/

with a constant C independent of f in CZ°(0, o) and s > 0. The least constant for which the
above inequality holds is called the weak multiplier norm of m and is denoted by |||l weak-

THEOREM 2.2. Let m(x) be a function on (0, 00) as in Theorem 2.1. If {m(eA,)}
is a weak L'(0,1) Fourier-Bessel multiplier for all sufficiently small & >0 and
liminf,_ o+ ||m(eA,)|lweak is finite, then m(x) is a weak L'(0, co) Hankel transform multi-
plier and

[l (x) llweak < liminf [|m(eA,)llweak -
e—>0t

Given a bounded measurable function m(x) on (0, 0c0), define the maximal multiplier
operators

M, f(x) =sup [H,(m(e)H, /)(x)|, f€C(0,00),

e>0
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and
o
Y omEr)C (V)| feCE0O,1).
1
THEOREM 2.3. Letl < p < 00, a € R and m(x) be a function on (0, >0) as in
Theorem 2.1. If

M, f(x) = sup

e>0

IM; fllpa < Cliflpa
with a constant C > 0 independent of fin C°(0, 1), then

M5 fllp.a < Cllfllp.a

independently of fin C°(0, 00) (with the same constant C).

Guy [8] showed that the size of the Hankel transform of any suitable function, when
measured in the (weighted) L”-norm, remains the same whatever the order of the Hankel
transform is. More precisely, given v, u > —1/2,1 < p <ocoand —1 <a < p — 1, there is
a constant C = C(v, u, p, a) such that for every appropriate function f

CUHufllpa < I1Hufllpa < CllHufllpa -
In another way, this can be expressed as
[(Hy o H,u)f”p,a = C”f”p,a , f€ C?o(o, 00) .

(The range of eligible a’s can be enlarged to —p(v +1/2) — 1 < a < p(u+3/2) — 1,
see [22]). The transplantation theorem for the Fourier-Bessel expansions says (cf. [6] for
unweighted version; adding weights requires only minor modifications) that for u, v, p and a
as above

with C > 0 independent of f in CZ°(0, 1).
We prove the following result.

=Clflpa

p.a

YY)
1

THEOREM 2.4. Letl < p < oo,a € R and v,u > —1. If the Fourier-Bessel
transplantation inequality

“Zc#(f)‘ﬁr‘;(x) <Clfllpa- fGCfo(O, 1),
1

p.a

holds true, then the Hankel transplantation inequality
I(Hy OHu)f”p,a = C”f”p,a , f€ Cfo(O, ),

is also satisfied (with the same constant C).

For the sake of completeness we now state and prove three auxiliary results. In the
first lemma we show that the Fourier-Bessel series with a C2°(0, 1) function f involved, is
pointwise convergent and hence makes sense.
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LEMMA 2.5. Letv,u > —1land f € C°(0, 1). Then the series
o0
Y Y (x)
1

converges absolutely for every x, 0 < x < 1. Also, if {m,}32 | is a bounded sequence, the
series Z‘fo mp cff ()Y, (x) converges for every x, 0 < x < 1, and represents a continuous
Sfunction on (0, 1).

PROOF. For any fixed positive constant 0 < ¢ < 1 we have

nx)’t1/2 . 0<x <cent,
2.6) el =c! ™ 1

, cn” ' <x<l1.
This follows from (2.2)—(2.5). Next, using (2.1) we get
(Fo¥) = =M 2 (L f U
which gives (f, w,’f Yy = O(n~?) and, together with (2.6), proves the lemma (on every (¢, 1),
0 < & < 1, the series are uniformly convergent). O

A bit of comment is now appropriate on the question why H,, (m - ‘H, f) is well-defined
for f in C2°(0, oo) and m is bounded when —1 < v < —1/2. Clearly H, f (y) is a continuous
function on 0 < y < oo and, by using (2.4),

Q.7 Hof() = 0(y"T/%), y—ot.

Also, by using the asymptotic
in(t
Vil (t) = /2/m (cos(t +ay) + bvw + 0(1"2)) , t— 00,

(for certain a,, b, and c,), we get
(2.8) Hof() =077, y—oo.

Hence, for any bounded function m(y), the function y — (xy)l/zlv xy)ym()H, f(y) is
Lebesgue integrable on (0, 0o), and therefore H,, (m - H,, f)(x) exists for any x, 0 < x < oo.
A similar comment applies to the definition of (H, oH,) f (y) when at least one of the indices
v, uliesin (—1, —1/2).

LEMMA 2.6. Letv,u > —1, g € C(0, 00), go(x) = g(ax), @ > 0, and take o so
large that the support of gy is contained in (0, 1). Given N = 1,2, ... and K > 0, there is a
constant C = Cy, g such that for 0 < x < K and large o

Nlc]

Z(ga, aSNA (g) ‘ < Cx"HI2

PROOF. We have

l o0
(g0 V2 = — /0 WV @)
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If g is supported in (m, M),0 < m < M < oo, thenfor0 < u < M,0 < x < K and

n < N[a] we have u/a < cn~! and x/a < cen— ! withe = N max{M, K}. Hence, by (2.6)
(ga> YE)| < Ca™H3/2pnt1/2

and

< Cxu+l/2a—v—1/2nv+l/2 .

Therefore,

Nla] ' Nla]

Y g vty (2) | < Cxrt 2 amsd Yo gt < oy x 12
o
1

1
g

In the third lemma we prove the inversion formula and Plancherel’s identity for any
C2°(0, o0) function f and the Hankel transform H, of any order v > —1. Known proofs
of these two facts usually use the assumption v > —1/2. The argument we apply in the
proof is standard but seems not to appear in the existing proofs of the inversion formula and
Plancherel’s identity for the Hankel transform.

LEMMA 2.7. Letv > —land f € CZ(0, 00). Then ||H, fll2 = | fll2 and
o0
F) = /O o020y eyYHo f )y

forevery0 < x < oo.

PROOF. For any N > 0 the system

1 v (x ) 19

\/ﬁ n N ’ n = 9y Ly ety
is a complete orthonormal system in L%((0, N), dx). Given f € CX(0, 00), take N so large
that the support of f is contained in (0, N). We claim that

2]

(2.9) F@) =Y NTPYX/N), FO) 20 ny.dn - NP0 /N,

1
for any 0 < x < N. This follows from the fact that the series in (2.9) converges to f in
L2((0, N), dx). Hence, we can choose a subsequence of partial sums

N (k)
SN f(x) = Y (N2 /N, F() 120Ny an - NTPY0 (/N
1

N(1) < N22) < ---, converging to f almost everywhere on (0, N). Now, by scaling the
result of Lemma 2.5, the series in (2.9), and hence the sequence Sy ) f(x), converges for
every x in (0, N) and represents a continuous function on (0, N) and the claim follows.



116 J.J. BETANCOR AND K. STEMPAK

Rewriting (2.9) gives

o An An A\ Anil — A
S =2y (%) “vf(ﬁ) A
o0 Antl | An An An
2 —\/xﬁj”( ) ur (5

We now claim that the sum represented by the first series converges, when N — 00, to

(2.10)

/0 ey) 20y ey)Hy £ ()

while the sum given by the second series approaches zero. To simplify the notation we write
he(y) = )21, (xy)Hy £ (). By (2.4), (2.5), (2.7) and (2.8), h,(y) = O(y**h), y —
0%, and hy(y) = O(y_z), y — o00. Therefore, given large M > 0 and small § > 0, we have

& A Antl — A 1 & [ n\-2 1
A%;l* N N N?%;(N> M

and, incase —1 < v < —1/2,

h (An) )Ln-H _}\n
l=] —
N N

with C independent of N — oo, M and 8. If v > —1/2, h,(y) is bounded on (0, o) and

o0
An Antl — An /00
h|l—) ————— — h
’E x(N> N A x(Y)dy

1

[6N]

2

1

[5N]
Z ( )2"“ C520+D
T

MN M
An )»n+1 _)hn /71
< he (Z2) . 2220 hye(y)d
= Z x (N) N b x(Ndy
S A A - A ©
+ D | (ﬁ)% +/ he()Idy .
MN+1 M

The last three terms are sufficiently small for large N provided we first choose appropriate M.
If —1 < v < —1/2, then, in addition to cutting off from infinity, we have to separate off from
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zero, since now ki, (y) is unbounded there. We write

o0 o0
An Antl — An /
§h =) = _7_ he(y)d
‘ 1 "(N) N 0 x()dy

A Angl — A =M
< P it Jontl T An hy(y)dy
N N
[N1<n<MN w8
[6N] 2]
)\n )‘n+1 - )"n
+ 5 (_)— +/ e (y)ldy
2 \) T
0 A An+1 — A o
+ > (A (ﬁ>+T +/ b ()Idy .
MN+1 M

Again all three terms are sufficiently small for large N, provided we first choose appropriate
M and é.

To finish the proof of the inversion formula, it suffices to check that the remainder term
in (2.10) approaches zero. Since d,%,v 4+ An — Ant1 = O(n~") (this follows from (2.2) and
(2.3)), by using (2.4), (2.5), (2.7) and (2.8), we bound the absolute value of the second series
in (2.10) by a constant multiplied by

R B N N N B
voam) v v@)
+1
which is o(1) as N — oo, considering separately the cases —1 < v < —1/2,v = —1/2 and

—1/2 < v.
The proof of Plancherel’s identity follows similar lines. For large N

/0 |£C)Pdx =Y UNT 22t /N), £O) 12408y,
1

1

3 d2 1My f /NI
1

z|

[Ho f An/N)*ng1 — 2n)/N

_.F”qg

+ ) Mo fOn/N)P(, = Antt + Aa)/N .
1

Since, by (2.7) and (2.8), the function H, f(y) is square integrable on (0, c0), the first sum
above converges to

/0 IHo f ()2 dy

when N — oo, while the sum of second series is o(1) if N — oo. Clearly, we apply
appropriate cutting off at infinity and, if necessary, at zero. O
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REMARK. Careful analysis of the proofs of Theorems 2.1 through 2.3 furnished in
the next section reveals that in these theorems the multiplier sequence {m(eA,)} can be re-
placed by {m(en)}. This is important for a possible applications since, for instance, measur-
ing smoothness of the sequence {m(en)} for given m is much easier than doing the same for
{m(eA,)}. Similar remark applies to Theorems 4.1 through 4.3 stated in Section 4.

3. Proof of theorems. In this section Theorems 2.1 through 2.4 are proved. Through-
out, given g € CZ°(0, 00) and « > 0, we use g, to denote the function defined by gq (x) =
g(ax), x > 0. Also, we assume « to be sufficiently large; in particular, we assume g, to be
supported in (0, 1). We would like to point out here that in several places of the proofs the
case —1 < v < —1/2 requires additional efforts (this has been already seen in the proof of
Lemma 2.7).

PROOF OF THEOREM 2.1. Fix g € CZ°(0, 0o0). By assumption,

=< ”m()m/a)”(p,a) lge ”p,a
p.a

" > MmO /o) (ga VR ()
1

and a change of variables then gives

| Fo “p,a =< “m(kn/a)“(p,a) “g”p,a s

where we denote

o0

Fo(x) = X0.0)(X) Y_ mhn/) (ga» Yp)Un (x/a),  x € (0,00).

1
Let L = liminfy o0 |m(An /)|l (p,q)- There exists asequence 0 < o] < ap < -+, 0j —> 09,
such that L = lim, o0 lm(An /@)l (p,a), and
3.1 1 Fajllpa < (L+1/Dlglpa, JEN.
On the other hand, since m is bounded, |m(x)| < B, x € (0, o0), we have
(3.2) | Fo;ll2 < Bligll2, j€N.

From (3.1) and (3.2) it follows that there exists a subsequence of {a;}jen (call it
again {a;} jen), such that {F, ’ } jen converges weakly to a function F both, in L?%(0, 00) and
LP-4(0, 00). Moreover, (3.1) also gives

IFlipa < Llglp.a-
To finish the proof we show that
(3.3) F(x) =Hy(m - H,g)(x)

for almost every x in (0, 00).
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For any given N = 1,2, ..., we will use the decomposition
Nla] 00
Fo(x) = X(0.0) (%) (Z + > ) mOn /@) (ga Yo ) Yo (x [t
1 N+l

=FY0+HYx), xe€(0,00).
Using (2.1) and the symmetry and homogeneity of the differential operator L, leads to

(gas ¥) = =@/2n)*(Lu@las ¥), nEN.
Fix N € N. Applying the above identity and Parseval’s identity then gives

|1t wPax=a Y imGa/@) Pl v
0 Nla]+1
<CBa Y la/nl*l((Lvg)a, ¥3)P
Nla]+1

a = y
< CWZI«LUg)a,mHZ

_c (= 2
- N4/0 ILug(x) .

Hence, we conclude that
o0
/ |Hy (x)Pdx = O(N™*)
0

uniformly in @ — o0.

Now, by invoking the diagonal argument, we can find a subsequence of {c;};en (call
it {&;}jen) such that for every N € N, {Hox} jeN is weakly convergent to a function H N
in L2(0, 00). Clearly, [[H" |, = O(N~?), and hence, for an increasing sequence {Ni}ren
of positive integers, { HV*}ycn converges to zero almost everywhere on (0, o). By defining
FNe = F — HN« k € N, it is clear that Fof\;" — FNe weakly in L?(0, o0), for every k € N.
Moreover, {F N }ken converges to F almost everywhere on (0, 00).

We now prove that

N,
3.4) lim FM(x) = f (Y Hug () (o) 20y (ey)dy
j—00 J 0

for every x € (0, 00). Then, by weak convergence in L?(0, 00), (FOZ", X(r.s)) = (FNe, X(rs))
for arbitrary 0 < r < s < oco. Hence, by using the Lebesgue dominated convergence theorem
(this is possible by means of Lemma 2.6), we will get

7 Ny
FNe(x) = /O m()Hog () xy) 2 Jy(xy)dy

a.e. in (0, co). Therefore, by letting k — o0, (3.3) will follow. Thus the proof of Theorem
2.1 will be finished.
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To prove (3.4), fix again N € N and x € (0, oo) and write for « large

Nla]
FY () = ) mOn/a)(ga; YoV (x/a)
1
Nle] x N2 gx\dE,
s = Zm(kn/a)')'{vg()»n/a)(a)»n> Jv (g)‘n) o
3.5) —N[Ot] N N X 1/2 x )’n_'_]_)‘,n
= Xl:m( n/a)va( n/a)(a)\n) Jy (&A‘n> : _—_O[
Nla] x 1/2 X dr%,v — A1+ 2An
+lem(xn/a)mg(xn/a)(&-x,,) 7, (Ek”) R Ll

Since d,%,,, —Antl + A = omn™h, by using (2.4) and (2.7) we bound the absolute value of
the second sum in (3.5) by a constant multiplied by

1 Nla] )
v
a2vt2 Zn :
1

Considering separately the cases —1 < v < —1/2,v = —1/2and v > —1/2 easily shows that
this bound is 0(1) as @ — 0o. Now, it remains to note that the first sum in (3.5) approaches

N
/0 M) Hyg () ) 20y (xy)dy

This is clear when v > —1/2, since then the integrand is a bounded Riemann integrable
function on (0, 7 N) (m(y) is such by assumption). If —1 < v < —1/2, then by (2.4) and
(2.7), the integrand is O(yz"“) as y — 0% and hence is Lebesgue integrable on (0, 7 N).
Proceeding as in the proof of Lemma 2.7, we take a § > 0 sufficiently small, cut off from zero
and prove the claim. This finishes the proof of (3.4), and hence (3.3) and Theorem 2.1. O

PROOF OF THEOREM 2.2. Fix g € C2°(0, o0) and s > 0. By assumption,
> S]

1
[{x € (0, 00); [Fo(x)| > s}| < SlIim@n/e)lwearliglin

1
= ; [lm(An /) llweakll gall1 »

{x € 0.1 | Y mOun /) gas ¥)¥ ()
1

which implies

where F, has the same meaning as in the proof of Theorem2.1. Let L=
liminfy 00 M Ay /)|l weak- We now choose a sequence 0 < ay < o < ---, aj — 00, and
a function F in L?(0, co) such that L = lim; o0 lmAn /o) lweak

L+1/j
(3.6) e € 0,00 1Fy @) > s = S ygp e,
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and {Fy j } jen converges weakly to F in L2(0, o0). Proceeding as in the proof of Theorem 2.1
(and keeping the notation), we prove that
F(x) =Hy(m - Hyg)(x)

a.e. in (0, 00). So it remains only to check that

(3.7 [{x € (0, 00); |F(x)| > s} S%Hglh, s >0.
Recall that we have to our disposal a subsequence of {«};en (called again {«}jen), an
increasing sequence { Ny }xen of positive integers, the decomposition
Fo; = F* + HY¥
and the L2(0, 0o) functions FV¢ satisfying the following properties:

(1) FNe converges to F a.e., k — 00;
(i) foreveryk=1,2,..., FOI,\;" converges to FNe ae., Jj — 00;

(iii) ”Ho],\]/." ||% = O(Nk_4) uniformlyin j =1,2,....
We use the above properties to show (3.7). Fix 6 > 0. Fatou’s lemma then gives

{IF(x)| > s}| = I}Cminfl{IFN"(x)l > s}l

Hence, for a subsequence of { Ny} (call it again {Ni})
(3.3 HIF@)| > s} < {IFM ()| > s} +6.
Fixk =1,2,.... Fatou’s lemma again gives

{IFN ()| > s)| < liminf|{| F* ()] > s}
j—oo

Hence, for a subsequence of {«;} (call it again {«;})
3.9) HIFM )] > s} < HIFQk ()] > s} +36.

By invoking the diagonal argument, we can assume that (3.9) holds forevery k, j € {1,2,...}.
Combining (3.8) and (3.9) then gives
(3.10) {IF ()] > s} < I{IFOx"(X)I > s}l +268
forevery k, j € {1,2,...}. We now have
G {1 Fak ()] > s} = |{| Fa; (x) = Hay* ()] > s} )

< {1 Fay )] > s(1 = )} + [{|Ha* (0)] > 55} .
By Chebyshev’s inequality

HIHK ()| > 58} < I H¥I13/(s8)° .

Hence |{lHOZ" (x)| > s8}| can be made arbitrarily small for sufficiently large k, uniformly in
Jj=1,2,.... Let

(3.12) HIHg ()] > 58} < 8
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fork >k, and j = 1,2, .... Combining (3.10), (3.11) and (3.12) now gives
HIF()| > s} < {1 Fa; ()] > s(1 = 8)} +38.
Finally, by using arbitrariness of § and (3.6), letting j — oo shows (3.7) and finishes the
proof of Theorem 2.2. O
PROOF OF THEOREM 2.3. To prove Theorem 2.3 we first define

Mume f(x) =Hy(m(e)YH, f())(x), f € CZ(0,00),
and

M f@) =Y mEr) (£, ¥)¥r(x),  feCXO,1).
1

The following linearization result is a reformulation of [14, Lemma 1] to our situation.

LEMMA 3.1. Letl < p <o00,1/p+1/q =1anda € R. Assume that m is a function
as in Theorem 2.1. Then

@ My fllpa < Cliflip,a forall f € CX(0, 00) if and only if, with the same con-
stant C > 0,

(3.13)

s

q.a

K
ZMm,Rk (9x)
1

K
> 19kl
1

for every finite sequence { gk},i(=1 of C2°(0, 00) functions and every finite sequence {Ry }le
of positive numbers.

i) My fllpa < Clifllpaforall f e C(0, 1) ifand only if, with the same constant
C >0,

<C
q.a

K

D Il

1

(3.14) <C

q.a

’

q.a

K ~
> Mo,k (2
1

for every finite sequence {hk},{(=1 of C°(0, 1) functions and every finite sequence {Rk}le of
positive numbers.

Thus, we are now reduced to showing that (3.14) implies (3.13). Let K € N. Choose a
sequence of functions gx € CZ°(0, 00) and a sequence of numbers Ry > 0,k =1,2, ..., K.
To simplify the notation, write g  in place of (gx)«, and assume « is so large that all gi 4,
k=1,2,..., K, are supported in (0, 1). By assumption, for every subset S of {1,2, ..., K}

Zlgk,dl

keS

<C
g9.a

Z Mm,Rk (Gk,a)

keS

q,a
and a change of variables then gives

Z Fk,aRk

keS

<C
q.a

(3.15)

> gl

keS

9’

q.a
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where we let to denote
o0
Fia(®) = X0.0)(%) Y mOn/@)(gh.ar Y)W (x/c0) .
1

In particular, in (3.15) we can consider an S consisting of a single element. Also, (3.15) holds
true, by Parseval’s identity, for ¢ = 2 and @ = 0. Now we proceed as in the proof of Theorem
2.1: first we choose an a-sequence good for any k = 1,2, ..., K and corresponding weak
limits, and then we obtain required vector valued inequalities. g

PROOF OF THEOREM 2.4. Since the present proof mimics the proof of Theorem 2.1,
we will skip a large part of details. Fix g € C2°(0, oo) and, for sufficiently large o, consider
the function

Ga(¥) = X0.0) () D_(9a» YEWn (x/@),  x € (0,00).
1

By assumption,
”Ga“p,a =< C“g“p,a .

On the other hand, Plancherel’s identity leads to |Gy ll2 = || g]l2-

There exist a sequence 0 < o} < ap < -+, aj — 00, and a function G € LP¢(0, 00) N
L?(0, 00) such that {Gq i } jen converges weakly to G in L?-%(0, oo) and L2(0, 00). Moreover,
IGllp,a < Cligllp,a- It is now sufficient to show that

(3.16) G(x) = (HyoHy)g(x)

a.e. on (0, 0o). This will be achieved by showing that

Nla] 7N
(3.17) Jim S ga, YU, (c/e) = fo )20 ey Hug (r)dy
1

for every given x € (0, 00) and N € N, and

(3.18) /a
0

uniformly in ¢ — o0.
We start with proving (3.18). By using Parseval’s identity, we have

o0

Y (Ga YU (x /)

Nla]+1

2
dx = O(N™%

« 00 2 1 ) 2
/ Z (Gar YAIU, (x /) dx=0!/ Z (Gar VIV, (x)| dx
0 I Na)+1 0 | Nia]+1
1 o0 o 2 2
=0tf (A ) (Lp@)as Ui, ()| dx
0 I N[aj4+1 \mu
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2
o
I
(An‘u) ((Lug)a, wn )

<Coz Y gl VP

Nlal+1

C [*® )
< W/o [Lug(y)“dy.

o0 2

=u
Nla]+1

Returning to (3.17), note that

dy,
(9a> 1//#) = Ot# Hugn,p/a).

Hence, by using (2.3),
Nla]

>t it (3)

1

(& 172 -1 2 x 12 -1 Ao 1
=2 @ +om D (Gran) e (San) 24 0 ))Hﬂg(a)';

zg”g(gm)” S () s (222) + R

The absolute value of the remainder Ry ,(x) is bounded by a constant multiplied by

Nla]
(3.19) q~VTut2) Z nvtH
1
Considering separately the cases -2 < v+ u < —1, v+ u = —l and v + u > —1 easily
g sep

shows that this is 0(1) as « — 00. Hence it remains to check that
Nla]

i 23 (500 () (22)

aN
- fo o) 20, (eyYH g ()dy

(3.20)

The mean value theorem allows to write

(00) ™ (Br) ~ (B202) " (2

X d
== = xn,u)d—;(y‘/zlv(y»

9

Y=Yo
where y, is a value between xA,, /o and x1, , /. Differential properties of Bessel functions
give

d _ _ _
E(y‘/21v<y))=<v+1/2)y“ Y2y = Jy(y) — y" P32yt g ().
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Therefore
d _
\E(y‘/zfv@))’ =00, y->of

and
Nla]

T X 1/2 X A
Iy (_x,,,v) 7, (—A,,",) Houg ( n.#)
o o o o

1

Nla] 1
T X /2 x A
=Iy (—AM) 7 (—A,,,,L) ’H,Lg( ""‘) + Pya(®),
o ] o o o

where, as it is easily seen, the absolute value of the remainder Py ,(x) is bounded by a
constant multiplied by (3.19). Hence, again Py 4(x) = o(1) as @ — 00, and (3.20) follows
(cutting off from zero is necessary in case —1 < v < —1/2; the argument has been already

discussed in the proof of Lemma 2.7 or Theorem 2.1). The proof of Theorem 2.4 is completed.
a

4. Applications. The modified Hankel transform H,, v > —1, is defined by
* Jy(xy)
(xy)Y

where dm,(y) = y**!dy and f is a suitable function on (0, c0). If v = (n —2)/2, n =
2,3, ..., the modified Hankel transform H, replaces the Fourier transform of radial functions
in R". Clearly, both Hankel transforms are related to each other by

(4.1) Hy f(x) = x"FV2H, (7D £ (O)(x).

Hence, by Lemma 2.7, the inversion formula

Hy f (x) = fo FO)my(), x>0,

%
s = [ b om0, x>0,
o (x»

and Plancherel’s identity
I Hy fll2@m,y = 1 lL2@m,)
hold for any f € CZ°(0, c0) and v > —1. Related to the continuous transformation H, are
discrete expansions with respect to the complete and orthonormal in L2((0, 1), dm,) system
of functions
¢p\1}(x):Cn,v-]v(knx)/()\nx)v’ n=12...,

where ¢,,, = n,UAZH/ 2. Multipliers, weak multipliers, multiplier norms, maximal multi-

plier operators for the modified Hankel transform H, and for {¢, }-expansions are defined
analogously to the previous situation (we abuse slightly the notation by using the symbols
Il l(p,ay and || - lweax; now they refer to H, or {¢, }-expansions). Then we have the following
analogues of Theorems 2.1 through 2.3.

THEOREM 4.1. Letl < p < 00,a € R and m(x) be a function on (0, 00) as in Theo-
rem 2.1. If {m(eAy)} is a {¢, }-multiplier in LP ((0, 1), x®dm,) for all sufficiently small ¢ > 0
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and liminf,_, o+ |[m(eX,) |l (p,a) is finite, then m(x) is an H,-multiplier in L ((0, 00), x*dm.,)
and

Im)l(p,a) < liminf lm(ern)ll(p.a) -
e—>0t

THEOREM 4.2. Let m(x) be a function on (0, 00) as in Theorem 2.1. If {m(er,)}
is a weak L'((0,1),dm,) Fourier-Bessel multiplier for all sufficiently small ¢ > 0 and
liminf,_, o+ ||m(eAn) |l weak is finite, then m(x) is a weak L'((0, 00), dm,) H,-Hankel trans-
form multiplier and

llm(x) lweax < liminf [|m(eAn) llweak -
e—07F

THEOREM 4.3. Letl < p < 00, a € R and m(x) be a function on (0, 00) as in
Theorem 2.1. If

My, fllLe 0.1, x¢dmyy < CILFLp(0.1),x9dm,)
with a constant C > 0 independent of fin C2°(0, 1), then
1My, £l Le (0,00).xadmy) < CIlfllLr((0.00).x9dm,)

independently of fin CZ°(0, 00) (with the same constant C).

Wing [25] proved that the partial sum operators
N

S;{;f(x) = Z(f, W:>L2((o,1),dx)1ﬂ:(x)
1

for the {y, }-expansions, v > —1/2, are uniformly bounded with N — oo in any L?((0, 1),
dx), 1 < p < oco. Benedek and Panzone [2] then extended this resultto —1 < v < —1/2 and
the p-range 2/(2v + 3) < p < —2/(2v + 1). Theorem 2.1 thus gives (with m = x(0,1) and
a =0).

COROLLARY 4.4. Let eitherv > —1/2and1 < p < o0oor—1 <v < —1/2 and
2/(2v +3) < p < —2/(Qv + 1). Then the Hankel transform partial sum operators

SHFx) =Holxo.r) - Hof)(x), R>0,

are uniformly bounded in LP((0, 00), dx).

Observe that uniform boundedness of S}Q{ f in the case v > —1/2 is known as Wing’s
theorem [26], but the result in the case —1 < v < —1/2 seems to be new.
A slight modification of Wing’s argument from [25] shows that the partial sum operators

N
SO =Y (f B0 120,1),dm) b1 ()
1
for the {¢, }-expansions, v > —1/2, are uniformly bounded with N — oo in any L?((0, 1),
dmy),4(v +1)/2v + 3) < p < 4(v + 1)/Q2v + 1). Another modification, of Benedek and
Panzone’s result [2], then extends this result to —1 < v < —1/2 and the p-range 1 < p < oo.
Theorem 4.1 hence gives (with m = x(o,1) and a = 0).



FOURIER-BESSEL EXPANSIONS AND HANKEL TRANSFORM 127

COROLLARY 4.5. Leteitherv > —1/2and4(v+1)/(2v+3) < p <4(v+1)/Q2v+1)
or —1 < v < —=1/2and 1 < p < oo. Then the modified Hankel transform partial sum
operators

SEf(x) = Hy(xo.p) - Hyf)x), R>0,
are uniformly bounded in LP((0, 00), dm,).

Observe that the uniform boundedness of S ,{,’ f in the case v > —1/2 is known as Herz’
theorem [9], but, as before, the result for the case —1 < v < —1/2 seems to be new. Let
us also mention that an alternative approach to the conclusion of Corollary 4.4 in the case
v > —1/2 is the following: modifying Wing’s argument allows proving uniform boundedness
of SZ in LP((0, 1), x*dx) with a in the Ap-range —1 < a < p — 1. Hence, by Theorem
2.1, the conclusion of Corollary 4.4 holds in the weighted setting, and the relation (4.1) then
shows uniform boundedness of S If{ , R > 0, within the corresponding p-interval. Therefore,
we could say that both, Wing and Herz results for the Hankel transforms, are consequences
of weighted results for {1/, }-expansions.

Boundedness of maximal operator associated to the partial sums for the modified Han-
kel transform was proved by Prestini [17]. An alternative proof of this result was given by
Kanjin [13], by transfering a corresponding result for the partial sums of Jacobi expansions
to the Hankel transform setting. As we already mentioned, our transference result, Theorem
2.3 (or, rather, its modified version, Theorem 4.3) substitutes Jacobi by Fourier-Bessel ex-
pansions in Kanjin’s result. In fact, estimates of maximal operators for the partial sums of
Fourier-Bessel expansions were known since the paper of Gilbert [6]. In Theorem 1 of [6] a
general maximal transplantation theorem was proved that allowed, for instance, to transplant
LP Carleson-Hunt maximal inequalities for the trigonometric system to fairly general sys-
tems (with Fourier-Bessel expansions included). This result was put into weighted setting in
[7] (see also [23] where a direct approach is presented following Prestini’s ideas). Therefore,
the aforementioned transplanted L” estimates can be used, via the transference results from
Theorem 2.3 and Theorem 4.3, to obtain the corresponding results for the Hankel transforms.

Gilbert’s result [6, Theorem 1], and its weighted extension [7, Theorem 1] also give
a weighted transplantation theorem for Fourier-Bessel expansions (the unweighted case is
stated as Theorem A and Theorem B in [6]). To be precise, for v, u > —1/2,1 < p < ©
and —1 < a < p — 1, the transplantation inequality

<Clflpa
p.a

o0
Y Y (x)
1
holds true with C > 0 independent of f € CZ°(0, 1). Consequently, Theorem 2.4 gives a
weighted transplantation inequality for the Hankel transform:
(Mo o M) fllpa < Cliflpa, f € C(0,00).

This inequality is known as Guy’s transplantation theorem (cf. [8] and also Schindler’s paper
[18] for an interesting alternative proof based on an explicit kernel formula).
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The above remarks led to the following general conclusions. Harmonic analysis results
for the Hankel transform of arbitrary order v > —1/2 are consequences of corresponding
results for the cosine expansions. This is possible first, by transplanting cosine expansions
results (that correspond to the case v = —1/2) to the Fourier-Bessel {1/, }-expansions with
arbitrary v > —1/2, and then by transferring this result from {v, }-expansions to the Hankel
transform H, setting. The first step is done by using Gilbert’s transplantation result, and
the second step is done by using our transference results. In case we use weighted setting
for cosine expansions, usually with the A ,-range of power weights, then weighted version
of Gilbert’s theorem and our transference results give the corresponding weighted results for
‘H,. Consequently, these can be translated to the modified Hankel transform H, setting by
using (4.1).
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