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Abstract

In this paper, we introduce and obtain the general solution of a new generalized mixed
quadratic and quartic functional equation and investigate its stability in non-Archimedean
L-fuzzy normed spaces.
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1 Introduction

For the last 40 years, fuzzy theory which was introduced by Zadeh [39], has become very active
area of research and a lot of development has been made in the theory of fuzzy sets to find the
fuzzy analogues of the classical set theory. This branch finds a wide range of application in the
field of science and engineering. Katsaras [22] introduced an idea of fuzzy norm on a linear space
in 1984. In the same year, Wu and Fang [35] introduced a notion of fuzzy normed space to give a
generalization of the Kolmogoroff normalized theorem for fuzzy topological linear spaces. In 1991,
Biswas [5] defined and studied fuzzy inner product spaces in linear space. In 1992, Felbin [18]
introduced an alternative definition of a fuzzy norm on a linear topological structures of a fuzzy
normed linear spaces. In 1994, Cheng and Mordeson [13] introduced a notion of fuzzy norm on
a linear space in such a manner that the corresponding induced fuzzy metric is of Kramosil and
Michalek [23]. This concept was modified in [4] by removing a regular condition.

Stability problem of a functional equation was first posed by Ulam [34] and that was partially
answered by Hyers [21] and then generalized by Aoki [1] and Rassias [27] for additive mappings
and linear mappings, respectively. In 1994, a generalization of Rassias theorem was obtained by
Gavruta [19], who replaced e(||z||?+||y||P) by a general control function ¢(z,y). This idea is known
as generalized Hyers-Ulam-Rassias stability. After that, the general stability problems of various
functional equations such as quadratric, cubic, quartic and mixed type of such functional equations
with more general domains and ranges have been investigated by a number of authors. We refer the
interested readers for some results regarding to the stability of various forms of mixed functional
equations to [7], [8], [9], [10], [11], [37] and [38].

One of the problems in L-fuzzy topology is to obtain an appropriate concept of L-fuzzy metric
spaces and L-fuzzy normed spaces. In 2004, Park [26] introduced and studied the notion of intu-
itionistic fuzzy metric spaces. In 2006, Saadati and Park [32] introduced and studied the notion
of intuitionistic fuzzy normed spaces. Then, Deschrijver et al. [15] and Saadati [33] generalized
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the concept of intuitionistic fuzzy metric (normed) spaces and introduced and studied a notion of
L-fuzzy metric spaces and L-fuzzy normed spaces. The generalized Hyers-Ulam stability of differ-
ent functional equations in intuitionistic fuzzy normed spaces has been studied by a number of the
authors; for example, see [6], [12], [29], [30] and [36].

In [16], Gordj et al. obtained the general solution and investigated the Ulam stability problem
for the following mixed quadratic and quartic functional equation

f(nz +y) + f(nz —y) (1.1)
=n*{f(z+y)+ flx—y)} +2f(nx) — 20° f(x) — 2(n* — 1) f(y)

in quasi-B-normed spaces; see also [24] and [37]. A different form of a mixed quadratic and quartic
functional equation which is introduced in [17] is as follows:

fnz +y) + f(nx —y) (1.2)

n®(n® —1) 2
P (f(2n) — 4f (@) - 20 - DS ().

In this work, we consider the functional equation which is a generalization of (1.1) and (1.2) as
follows:

=n* {flz+y) + fle—y}+

f(nx +my) + f(nz — my) (1.3)
= (mn)*{f(z +y) + f(x —y)} + 2f (nx) + 2f (my) — 2(mn)*{f(x) + f(y)}.

It is easily verified that the function f(x) = axz* + B2 is a solution of the functional equation
(1.3). We obtain the general solution and study the Hyers-Ulam-Rassias stability of the equation
(1.3) in non-Archimedean £-fuzzy normed spaces for fixed integers m and n such that m # 0,n #
0,m+n#0.

2 Preliminary notations

In this section, we restate the usual terminology, notations and conventions of the theory of intu-
itionistic fuzzy normed space, as in [26], [28], [29], [30] and [31]. In general, the definition of an
intuitionistic fuzzy set is given in [3] for the first time.

Definition 2.1. Let (L, <) be a complete lattice and U be a non-empty set called the universe.
An L-fuzzy set in U is defined as a mapping F : U — L. For each w in U, F(u) represents the
degree (in L) to which u is an element of F.

Let <r- be a order relation on the set L* = {(z1,22) : (71, 22) € [0,1]2, 21 + 22 < 1} defined by

(w1, 22) <p (Y1,%2) = 21 < y1,y2 < @2

for all (z1, z2), (y1,y2) € L*. Then, (L*, <p-) is a complete lattice [14]. We denote the units of L*
by Or~ = (0,1) and 1z« = (1,0). Recall that the above order relation is a well-known definition
due to Atanassov [2].

Definition 2.2. An intuitionistic fuzzy set F,, , in a universal set U is an object F, , = {(pur(u), vr(u)) :
u € U}, where pr(u) and vz(u) belong to [0, 1] for all w € U with pr(u)+vr(u) < 1. The numbers
pur(u) and vr(u) are called the membership degree and the non-membership degree, respectively,

of win F, .
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Definition 2.3. Let £ = (L, <) be a lattice. A triangular norm (f-norm) on £ is a mapping
T : L x L — L satisfying the following conditions:

(i) T(z,1z) = « (boundary condition) (x € L);

(ii) T(x,y) =T (y,z) (commutativity) (z,y € L);

(i) T(z,T(y,2)) = T(T(z,y),2) (associativity) (z,y,z € L);

(iv) 21 <p w1 and 29 <p, yo = T (z1,22) <p T (y1,y2) (monotonicity)
(x1,22,91,y2 € L).

A t-norm T on L is said to be continuous if, for any x,y € L and any sequences {z,} and {y,}
which converge to = and y, respectively, then lim, oo T (n, yn) = T (x,y).

Example 2.4. Let x = (z1,22),y = (y1,y2) € L. Then T(z,y) = (x1y1, min{za + y2,1}) and
M(z,y) = (min{z1, y1 }, max{zs, y2}) are continuous t-norm [36].

Here, we define a sequence 7", recursively by 7' = T and
T (x(l),xm?_.. ,x<n+1>) — T(Tn—l (xm,x(l),... ,x(")) ,x(n+1>>

for all n > 2 and 2\) € L. A t-norm 7T can also be extended to a countable operation by taking,
for any sequence T, (29)) = lim, 00 T (z(9)). The limit on the right side of this equation exists
since the sequence {7, (x(j))} is non-increasing and bounded below.

Definition 2.5. A negator on L is a decreasing mapping N : L — L satisfying 91(0z) = 12 and
N(1z) = 0z, If N(N(x)) = o, for all € L, then I is called an involutive negator. A negator
on [0,1] is a decreasing mapping N : L — L satisfying A/(0) = 1 and N(1) = 0. The standard
negator on [0, 1] is defined by Ns(z) =1 — z for all z € [0, 1].

Definition 2.6. The triple (X, P, T) is called an £L-fuzzy normed space if X is a vector space, T is
a continuous t-norm on L and P is an L-fuzzy set on X x (0, co) satisfying the following conditions:

(i) 0 <g P(z,1);
(i) P(z,t) = 1. if and only if z = 0;
(iii) Paz,t) =P (x ﬁ) for all o # 0;
(iv) T(P(x,1),P(y,5)) <c Pz +y,t +5);
(v) The map P(x,-) : (0,00) — L is continuous;
(vi) limy_yoP(x,t) = 0z and lim_o0 P, t) = 1g;

for all z,y € X and all ¢, s > 0. In this case P is called L-fuzzy norm. If P = P, ,, (see Definition
2.2) is an intuitionistic fuzzy set, then the triple (X, P, ,,7T) is said to be an intuitionistic fuzzy
normed space (briefly, IFN-space). In this case, P, is called an intuitionistic fuzzy norm on X;
some examples of IFN-space are provided in [30].
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Note that, if P is an L-fuzzy norm on X, then the following statements hold:
(i) P(x,t) is nondecreasing with respect to ¢ for all z € X;
(ii) P(x —y,t) =P(y — z,t) for all z,y € X and ¢ > 0.
Definition 2.7. Let (X, P,,,,7T) be an IFN-space.

1) A sequence {Ip in )(7 P v J) is said to be COTL’U@?gETlt to a point z if P v lp — .Tf,t — 15
14 s
asn%ooforallt>0;

(2) A sequence {z,}in (X,P,.,T) is called a Cauchy sequence if, for every ¢ > 0 and 0 < e < 1,
there exists a positive integer N such that (Ns(e),e) <z Pu(xn — &m,t) for all m,n > N,
where N; is the standard negator;

(3) (X,Pu,,T) is said to be complete if and only if every Cauchy sequence in (X, P, ,,T) is
convergent to a point in (X, P, ., 7). A complete intuitionistic fuzzy normed space is called
an intuitionistic fuzzy Banach space.

In [20], Hensel introduced a field with a valuation in which it does not have the Archimedean
property. By a non-Archimedean field, we mean a field K equipped with a function (valuation) |- |

from K to [0,00) such that |r| = 0 if and only if » = 0, |rs| = |r||s| and |r + s| < max{|r|,|s|} for
all ;s € K. Clearly, |1| = | —1] =1 and |n| < 1 for all n € N. Note that |n| <1 for each integer n.
From now on, we assume that | - | is non-trivial, i.e., there exists an ag € K such that |ag| # 0, 1.

Definition 2.8. [25] Let X be a vector space over a non-Archimedean scalar field K with a valuation
|-|. A function || - || : X — [0,00) is a non-Archimedean norm if it satisfies for all r € K and
z,y e X

(i) |lz|| = 0 if and only if z =0,
(i) [rzll = [r{ll«],
(iil) ||z + yl| < max{||z|, |lyl|} (the strong triangle inequality).
Then, (X, | -] is called a non-Archimedean normed space.

Definition 2.9. A non-Archimedean £-fuzzy normed space is a triple (V, P, T), where V is a vector
space over a non-Archimedean field K, 7 is a continuous t-norm on £ and P is an L-fuzzy set on
V X (0, 400) satisfying the following conditions: for all z,y € V and ¢, s € (0, +00),

(a) O <¢ P(xat);

(b) P(x,t) = 1. if and only if = = 0;

(¢) P(az,t)="P (x, ﬁ) for all « # 0;

(@) T (P(5,8), P (4,5)) < P (a +y, max(t, )

(e) P(z,-):(0,00) — L is continuous;
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(f) lim P(x,t) = 0z and lim P(z,t) = 1..
t—0 t—0

Example 2.10. [30] Let (X,]|-]|) be a non-Archimedean normed linear space. Then, the triple
(X, P, min), where

0, < ||,

Lo t> el

Pla,t) = {

is a non-Archimedean £-fuzzy normed space in which £ = [0, 1].

Example 2.11. [30] Let (X, ||-||) be a non-Archimedean normed linear space. Denote 7,,(a,b) =
(min{ai, b1 }, max{ag,bs}) for all @ = (a1,a2),b = (b1,b2) € L* and let P, , be the intuitionistic
fuzzy set on X x (0,+00) defined as follows:

b e
P, v at - 5
(@, 1) (t+x|| 4l

for all t € RT. Then, (X, P, ., 7a) is a non-Archimedean intuitionistic fuzzy normed space.

3 Solution and stability of (1.3)

In this section, we prove the generalized Hyers-Ulam-Rassias stability of the mixed type quadratic
and quartic functional equation (1.3). We firstly find out the general solution of (1.3).

Lemma 3.1. Let X and Y be real vector spaces. A mapping f : X — Y satisfies the functional
equation (1.3) if and only if f satisfies (1.1).

Proof. Assume that f satisfies the functional equation (1.1). Letting x = 0 in (1.1), we get f(y) =
f(—=y). Replacing (z,y) by (—z, —y) and using the eveness of f, we obtain

fly +nx) + f(y —nx) (3.1)
=n*{f(z +y) + flz —y)} +2f(nz) — 20° f(z) — 2(n* — 1) f(y)

for all z,y € X. Switching x and y, and then interchanging n into m in (3.1), we have
flz+my) + f(z —my) (32)
=m*{f(z+y) + fle—y)} +2f(my) — 2m*f(y) — 2(m* — 1) f(2)
for all z,y € X. Substituting y by my in (1.1), we deduce that

f(nz +my) + f(nz —my) (3.3)
=n*{f(z +my) + f(z — my)} +2f(nz) — 20° f(z) — 2(n* — 1) f (my)

for all z,y € X. Plugging (3.2) into (3.3), one can check that the equality (1.3) holds for all z,y € X
and all m # 0,n # 0,m + n # 0. The converse is clear. Q.E.D.

Proposition 3.2. Let X, Y be real vector spaces and a mapping f : X — Y satisfies the
functional equation (1.3). Then, the mappings g : X — Y, defined by g(x) = f(2z) — 16 f(z) and
h: X —Y, defined via h(z) = f(2z) — 4f(x), are quadratic and quartic, respectively.
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Proof. The result follows from Lemma 3.1 and the proof of [16, Lemma 2.1]. Q.E.D.

Here and subsequently, let K be a non-Archimedean field, X a vector space over K and (Y, P, T)
a non-Archimedean L-fuzzy Banach space over K. We define an L-fuzzy approximately quadratic
mapping. Let ¥ be an L-fuzzy set on X x X — [0,00) such that ¥(z,y,-) is non-decreasing,

U(cx,cx,t) > U (x,x, ﬁ), and limg o0 (z,y,t) = 1z, for all x,y € X,t > 0 and ¢ € K\{0}.
Now before taking up the main subject, given f : X — Y, we define the difference operator
Apnf: XXX —Y by

Amnf(@,y) = f(nx +my) + f(nz —my) — (mn)*{f(z +y) + f(z - y)}
= 2f(nx) + 2f (my) + 2(mn)*{f () + f(y)}

for all z,y € X and ¢t > 0 and for fixed integers m and n such that m # 0,n # 0,m +n # 0.
A mapping f: X — Y is said to be W-approrimately quadratic-quartic if

P(Amnf(z,y),t) > U(z,y,t) (3.4)
for all z,y € X and ¢t > 0.

Theorem 3.3. Let f : X — Y be W-approximately quadratic-quartic such that f(0) = 0. If
there exists an a € (0,00) and an integer k > 2 with |2¥| < a and |2| # 0 such that

\11(2_k$72_ky7t) >r \Il(x,y,at), (35)

n—oo

alt
3 o0
lim 7%, M <x, |2|kj) =1g,

for all z,y € X and t > 0, then there exists a unique quadratic mapping Q : X — Y such that

altit
Plala) — Q(a).0) 2 T2 (v, %5 (3:6)
for all x € X and ¢ > 0, where g(z) = f(22) — 16f(z) and
M(x,t) := T (¥ (z, x,n*t), ¥(2z, 2z, nt), -, W2 1z, 281z nit)). (3.7)

Proof. Firstly, we show, by induction on j that, for all z € X,¢ > 0 and j > 1,
P(g(2/x) — 4 g(x),t) > Mj(z,t) =T (U(z,2,n*), -, (27 1z, 27 1z n't)) (3.8)
for all z € X and t > 0. Replacing y by x and m by n in (3.4), we have
P(f(2nx) — n'f(2z) — Af (nz) + 4n* f(2),t) >, U(z,2,1) (3.9)

for all x € X and ¢ > 0. Substituting by 2z in (3.9), we obtain

P(f(4nz) — n* F(4z) — Af (2nz) + A0 F(20),1) >1 <x 2, ;) (3.10)
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for all z € X and t > 0. Adding the equations (3.9) and (3.10), we get
P(f(2nz) + f(4nz) + 3n* f(2z) — 4f (nz) + 4n f(z) (3.11)

Cntf(de) — Af (2na),0) 2o T (\Il(x,m,t),\lf (x,x, ;))

for all x € X and ¢ > 0. Interchanging y into x and m by 3n in (3.4), we find

P(— f(dnz) — f(2nz) + 9In* f(22) + 2f (nx) + 2f (3nx) (3.12)
—36n'f(2),t) >, U(z,m,1t)

for all z € X and ¢ > 0. Plugging the equations (3.11) into (3.12) to obtain
P(12n* f(22) — 2f (nz) — 32n* f(x) — 4f (2nx) + 2f (3nzx) — n* f(4x),1)
> T (‘I’(m,x,t), Y <m,x, ;)) (3.13)
for all z € X and t > 0. Replacing y by « and m by 2n in (3.4), we arrive at
P(—2f(3nx) + 8n'f(22) + 2f (nx) + 4f(2nz) — 32n* f(z),t)

>, U (m,x, é) (3.14)

for all x € X and ¢ > 0. Adding the equations (3.13) and (3.14), we get
P(g(2x) — 4g(z),t) > V(x,2,nt) (3.15)

for all x € X and ¢ > 0, where g(x) = f(22) — 16 f(x). This proves (3.8) for j = 1. Let (3.8) hold
for some j > 1. Proceeding as same as from the equation (3.4) by replacing 2 instead of y, we
have

P(g(29H a) —4g(29x),t) >, U(2x, 272, n't) (3.16)

for all x € X and ¢ > 0. Since |2| < 1, it follows that

> T (\I/(ij, 29z, n*t), M;(z, t))
= j+1(x7t)

for all z € X and ¢ > 0. Thus, the relation (3.8) holds for all ;7 < 1. In particular, we have

P(g(2" ) — 4%g(x),t) 2 M(z,1) (3.17)



22 A. Bodaghi, P. Narasimman

for all z € X and ¢t > 0. Replacing = by 2= *+¥)z in (3.17) and using the inequality (3.5), we
obtain

X k X X n+1
P (o (5]~ () ) 22 ¥ () 2 M o)

forall z € X, t >0, n >0, and so

2k\n x 2K\t x
7’<<2 s () - @ g(m>t>
Cun-i—l Oén-i-l
> —_— >
=L M (xv (22k)n‘t> =L M <1’, (2k)n’t>
for all x € X, t > 0, n > 0. The above relation implies that

2k\n < _ (o2k\"TP €
1 j x j+1 T

2 T (@0 (i ) - @ () )

+p—1 ol tt
e T (= )

LH

M (x, ‘(Qk)j‘t) = 1, the sequence {(ZQk)TLg(W)} is
Cauchy in the non-Archimedean £-fuzzy Banach space (Y, P, T). Hence, we can define a mapping
Q: X — Y such that

forall z € X, ¢t >0, n > 0. Since lim 72
n—oo

n

lim P ((QQk)”g (Qf)n) - Q(J;),t) =1z, Vo€ X,t>0. (3.18)

n— oo

Next, for alln > 1,z € X and t > 0, we have
n—1
—_ (92k\" x _ 2%k\J T\ oottt [T
P (900 = " o) =7 (; ' () - @"s () ’t>
x

>c T <7’ <(22'“)i9 <(;)i> - ((2'“)“1) t>>

i-‘rlt
2o T M ( |2>

and so

Pg(x) = Q(x), 1)
7o () ) ) -00)
ot n z
_p (77;011\4 (:g |2k|> P <(g2k) g ((Qk)n) _ Q(x),t)) (3.19)
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for all x € X and ¢ > 0. Taking the limit as n — oo in (3.19), we obtain

which proves (3.6). Replacing z,y by 27%"2,27%"y, respectively in equations (3.4) and (3.5), we
get

P (22k"Am7ng(2_k"a:, 27k, t)
=T ('P (22knAm,nf(2_(kn_1)m7 2—(kn—1)y)’ t) P (22kn(—16)Am,nf(2_kn$, 2—I<my), t))

t t
—(kn—1) —(kn—1) —kn —kn
t t

> T (o 2—k:n ,Q—k’n ; ,\I/ 2—kn 72—kn ,
= ( ( e 2|22k|”> ( BT

at
e 9 (20057

at

for all z,y € X and ¢ > 0. Since lim ¥(z,y, Wt) = 1., we infer that Q is a quadratic mapping.
n—oo

For the uniqueness of Q, let @' : X — Y be another quadratic mapping such that
P(Ql(‘r) - g(‘T), t) Z[, M(I‘, t)7

for all x € X and ¢ > 0. Then
P (Qz) — Q'(x),1)

(o (- s () ) (s () -eto) )

for all z € X and t > 0. Now, from the equation (3.18) we conclude that @ = Q'. This completes
the proof. Q.E.D.

We have the following result which is analogous to Theorem 3.3 for another case of f. The proof
is similar but we include it for the sake of completeness.

Theorem 3.4. Let f : X — Y be U-approximately quadratic-quartic such that f(0) = 0. If
there exists an a € (0,00) and an integer k > 2 with |2¥| < a and |2| # 0 such that

(2 "z, 27y, 1) >, W(z,y,at), (3.20)
. o alt _
nll_)II;o =M <33, |2|k3) =1g, (3.21)

for all z,y € X and t > 0, then there exists a unique quartic mapping £ : X — Y such that

aJtt
Pli(a) D). 0) 2 T M (. G ) (322

for all x € X and ¢ > 0, where h(x) = f(2z) — 4f(z) and M (x,t) is defined in (3.7).
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Proof. Similar to the proof of Theorem 3.3, we wish to show that
P(h(2x) — 167h(x),t) > M;(x,t) = T(¥(z,z,n*t),..., U(21 12, 297 g ntt)) (3.23)

for all z € X,¢t > 0 and j > 1. The same relations (3.9)-(3.15) in Theorem 3.3 can be repeated to
obtain

P(n* f(4x) — 20n* f(2) + 64n* f(2),t) >, T (‘I/(x, z,t), ¥ (m x, ;)) (3.24)

for all x € X and ¢ > 0. Assuming h(x) = f(2z) — 4f(x) in (3.24), we get
P(h(2z) — 16h(x),t) >, U(z, x,n't) (3.25)

for all z € X and ¢ > 0. This proves (3.23) for j = 1. Let (3.23) holds for some j > 1. Again,
replacing y by 27z in the equation (3.4), we get

P(h(2 T ) — 16h(2x),t) >, V(2 x, 272, n't) (3.26)
for all x € X and ¢ > 0. It follows from |2| < 1 that

P (h(2712) =167 h(z),1)
>0 T (P(h(27+ ) — 16h(27x), 1), P(16h(2x) — 167+ h(2), 1))

T (P(h(2j+1x) —16h(22), 1), P (h(zjx) 167 h(2), |1’56|)>
>p T (P(M(27%12) — 16h(272),1), P(h(2'z) — 4 h(x), 1))
>0 T (U(2, 272, n't), M;(z,1))
= Mji1(z,1)
for all x € X and ¢ > 0. Thus, (3.23) holds for all j < 1. In particular, we have
P(h(2Fz) — 168 (), t) >, M(x,t) (3.27)

for all z € X and t > 0. Replacing = by 2= "+k)z in (3.27) and applying inequality (3.20), we
obtain

P (n(ge) - 00 (i) ) 22 M (e ) 22 M .79

forallz € X,t >0 and n > 0, and so
2k\n € _ (o2k\" 1 x
g <(2 () - @ <<2k>"“> ’t>
an+1 an+1
> M|z gmyt | 22 M| 2, 7yt
( |(229)"| ) ( |(29)"| )
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forall z € X, t > 0, n > 0. Hence, it follows that

" <(22k)nh (o) - ((2’5*) ’t>
>p TP ((2%)3‘ b ((;)j) (@20t <(2k)xj+1> ,t)

j+1
Pn+P—1 o

for all z € X,t > 0 and n > 0. The equation (3.21) shows that {(24"”')nh (ﬁ)} is a Cauchy

sequence in the non-Archimedean L-fuzzy Banach space (Y,P,T) and hence it convergences to a
mapping Q : X — Y such that

T

lim P ((2‘”“)% ((2k)n) - D(m),t) =1z, (x€X,t>0). (3.28)

n—oo

For eachn > 1,2 € X and t > 0, we have

P <h(3:) — (2%)"n ((Qf)n) ,t)

7 (S () - )

and thus

P(h(z) — Q(x),1)

> T (P (h(a;) —(2")"h ((zf)") ,t) ,P ((2‘“6)” h <(2f>n> - Q(x),t))
—P (Tji—olM <g: O‘;:f) P ((2‘“@)" h <(2;f)n) - Q(x),t)) . (3.29)

Letting the limit as n — oo in (3.29), we obtain

ot
P(h(z) —Q(x),t) > T, 2oM (m, 2k|3>

which proves (3.22). The proof of being quartic and unique for 9 is similar to the proof of Theorem
3.3. Q.E.D.
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In the upcoming result, we show that the quadratic-quartic functional equation (1.3) can be
stable.

Theorem 3.5. Let f : X — Y be W-approximately quadratic-quartic such that f(0) = 0. If
there exists an « € (0,00) and an integer k > 2 with [2¥| < a and |2| # 0 such that

\11(2_kx72_ky7t) >r \Il(x,y,at), (330)

n—oo

. 2a7t
lim 7,2, M (:1:, |2|k3) =1z,
for all z,y € X and t > 0, then there exists a unique quadratic mapping Q@ : X — Y and a unique

quartic mapping Q : X — Y such that
P(f(z) — Qx) — Q(x), 1) (3.31)

- 2071 - 2071
2o 7 (T (v 2t ) o0t (o )

for all x € X and t > 0, where M (x,t) is defined in (5.7).

Proof. By Theorem 3.3 and Theorem 3.4, there exists a unique quadratic function Qp : X — Y
and a unique quartic function Qg : X — Y satisfying

O[j 1
Pf(22) = 16£(a) ~ Qule). ) e T2 (%5 ) (3:32)
and
ad Tl
Pf(22) = 41(0) - o(oht) 22 TEM (. 5555 ) (3.33)

for all x € X and ¢ > 0. It follows from (3.32) and (3.33) that

- 207+t - 209+t
Z‘T(Z—OM <$ [2]F )’TMM ( 2]t ))

for all z € X and ¢ > 0, where Q(z) = T3 Qo(z) and Q(z) = £Q0(z). Q.E.D.
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