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UNIFORMLY BOUNDED REPRESENTATIONS AND
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ABSTRACT. We estimate the norms of many matrix coefficients of irreducible
uniformly bounded representations of SL(2,R) as completely bounded multi-
pliers of the Fourier algebra. Our results suggest that the known inequality
relating the uniformly bounded norm of a representation and the completely
bounded norm of its coeflicients may not be optimal.

1. INTRODUCTION

We begin by summarising our results. A representation 7, by which we always
mean a continuous representation of a locally compact group G on a Hilbert space
H., is said to be uniformly bounded if w(x) is a bounded operator on H, for each
x € G, and there is a constant C', necessarily no less than 1, such that

ct [Vl < lm(z)vlly, < C ol Ve e G Yv e Hy (1.1)

the two inequalities are equivalent because 7 is a representation. We write
|7 (z)||,, for the operator norm of 7(z) and define the norm of m, written |||,
to be the smallest possible value of C' in this inequality.

Suppose that 7 and ¢ are uniformly bounded representations of G. A linear
operator from H, to H, such that o(z)T = Tw(x) for all x € G is called an inter-
twiner. We say that m and o are simular if there is an intertwiner that is bounded
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with bounded inverse, and unitarily equivalent if there is a unitary intertwiner.
Similarity and unitary equivalence are equivalence relations. Similar uniformly
bounded representations may have different norms, and hence not be equivalent.
In general, little seems to be known about similarity classes of uniformly bounded
representations, or about finding uniformly bounded representations in an equiv-
alence class with minimal norm. Of course, if a unitary bounded representation is
similar to a unitary representation, then the unitary representation has minimal
norm in the equivalence class.

Around 1950, a number of researchers looked at uniformly bounded represen-
tations in their studies of amenability. Once it was known that every uniformly
bounded representation of an amenable group is unitarizable, that is, similar to
a unitary representation, J. Dixmier [7] asked whether this was true in general or
whether this characterized amenability.

In 1955, L. Ehrenpreis and F. Mautner [8, 9] showed that SL(2,R) has two
analytic families of representations m¢ ., where ( € C and ¢ is either 0 or 1. These
representations have bounded K-finite matrix coefficients (here K is SO(2)) if
and only if [Re(| < 3, and they are uniformly bounded when |Re(| < 3; most of
them are not similar to unitary representations. One of the main techniques in the
work of Ehrenpreis and Mautner is the use of generalised spherical functions gpgsy ,
matrix coefficients of 7. . that transform under the left and right actions of K by
imaginary exponentials, and are given on the diagonal subgroup of SL(2,R) by
hypergeometric functions. Harish-Chandra used the natural extensions of these
generalised spherical functions in his studies of harmonic analysis on semisimple
Lie groups. These are known as generalised spherical functions as they extend
the classical spherical functions, which transform trivially under the left and right
actions of K.

Shortly after, R.A. Kunze and E.M. Stein [20] found a use for these uniformly
bounded representations, first realising them on the same Hilbert space, and
then using them to prove what is now called the Kunze-Stein phenomenon for
SL(2,R). Since then, considerable effort has gone into the construction of uni-
formly bounded representations. Apart from their fundamental paper [20], Kunze
and Stein [21, 22, 23], as well as several other authors, constructed analytic fam-
ilies of uniformly bounded representations for many noncompact semisimple Lie
groups in the 1960s and 1970s. In the 1970s and 1980s, uniformly bounded rep-
resentations were constructed for other groups; for example, A. Figa-Talamanca
and M.A. Picardello [12] and shortly after T. Pytlik and R. Szwarc [29] found uni-
formly bounded representations of the free groups. Very recently, K. Juschenko
and P.W. Nowak [19] linked uniformly bounded representations with the exact-
ness of discrete groups.

In the 1970s and 1980s, U. Haagerup and his collaborators (see, for instance,
[15, 6, 5]) showed that completely bounded multipliers of the Fourier algebra have
an important role to play in harmonic analysis. As had already been remarked
by J.E. Gilbert [14] and N. Lohoué [25], each matrix coefficient of a uniformly
bounded representation ¢ of a group GG, more precisely, for every choice of v, w €
H,, the function x +— (o(x)v, w), which we abbreviate to (ov,w), is a completely



COMPLETELY BOUNDED MULTIPLIERS OF SL(2,R) 249
bounded multiplier of the Fourier algebra A(G), and there is a norm estimate

2
{ov, w)lle, < llollap 01l 1wl - (1.2)

However, it was observed by Haagerup [16], for the case in which G = SL(2,R)
and (ov,w) is the spherical function associated to 7., that this inequality is
far from sharp. We show here that similar equalities hold for the generalised

spherical functions ¢}"”, which we define in (3.11) below.

Main Theorem. If —% < Re( < % and p € 27, then

||<,02‘7’(’)‘||Cb < sec(m Re().
More generally, if 0 < & < 3, ¢ € {0,1} and p,v € 2Z + €, then ng‘é’é’”cb is
uniformly bounded in the strip {¢ € C : |Re(| < &}.

Our estimates are not uniform in g and v, but this may be an artifact of our
proof. An (unpublished) announcement of V. Losert gives us hope that this might
be true.

In a preceding paper [1], we considered the Kunze-Stein representations ¢ ;

we proved that if ¢ is a uniformly bounded representation of SL(2,R) that is
similar to ., where [Re¢| < 1 and (¢,e) # (0, 1), then

(1+ JTm )"
TR

when Im ¢ is large. (Here and later in this paper, the expression A(¢) ~ B(()
for all ( € E, where FE is some subset of the domains of A and of B, means that
there exist constants C' and C” such that C' A(¢) < B(¢) < C" A(() for all ¢ € FE.
Our “constants” are all positive real numbers.) This seems to confirm that the
inequality (1.2) is far from optimal, and suggests there may be a sharper version
thereof yet to be unveiled, at least for the group SL(2,R).

We now provide more historical context for our results. In the 1960s, N. Th.
Varopoulos [32, 33, 34] used tensorial methods to answer questions about thin
sets. C.S. Herz [17, 18], inspired by Varopoulos, looked at pointwise multipliers
of the projective tensor product L*(G) ® L?(G), and connected these with non-
commutative harmonic analysis, and in particular, with certain pointwise mul-
tipliers of the Fourier algebra that we will call completely bounded multipliers.
M. Bozejko and G. Fendler (see, e.g., [3, 4]) developed Herz’s ideas, and Haagerup
and his collaborators and students demonstrated the central role in harmonic
analysis and operator theory of completely bounded multipliers. Comparatively
recently, G. Pisier [27, 28] has studied uniformly bounded representations, on
the one hand taking giant strides towards the solution of the Dixmier similar-
ity problem and on the other developing the links between uniformly bounded
representations and multipliers of the Fourier algebra.

Quite a lot of work has already been done about simple Lie groups of real
rank one, that is members of the families SO(n, 1), SU(n,1) and Sp(n,1), as
well as the single exceptional group [} _gp. For the moment, let us just recall
that these groups contain a maximal compact subgroup K, and admit [wasawa

ol = lImeella = (1.3)
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decompositions K AN, where A is isomorphic to R and [V is nilpotent. The spher-
ical functions ¢ are K-bi-invariant functions on G (with additional properties)
that are important in harmonic analysis on G; in particular, they are matrix
coefficients of the class-one principal series of representations. J. De Canniere
and Haagerup [6] and M. Cowling and Haagerup [5] estimated the completely
bounded multiplier norms of various spherical functions. T. Steenstrup [30] com-
puted the norms |[¢¢||,, exactly for the bounded spherical functions on SO(n, 1),
and showed that

1 + sec?(7€) sinh? () 12

1 + sinh®(7n)

where ( = & +in. For a fixed £, the right hand side is bounded and even,
takes its minimum value 1 when n = 0, and tends to sec(m§) as n — =oo.
Steenstrup deduced (following the ideas of Haagerup [16]) that there exist com-
pletely bounded multipliers of A(G) that do not arise as a matrix coefficient of
a uniformly bounded representation, using functional analysis and estimates for
various norms associated to spherical functions. This fact confirms that inequal-
ity (1.2) is far from sharp.

Our aim is to prove the Main Theorem; this paper is structured as follows.
In Section 2, we fix notation and review a few facts on uniformly bounded rep-
resentations and completely bounded multipliers. In Section 3, we describe the
representations of the group SL(2,R), the intertwining operators, and the spher-
ical functions. In Section 4, we study the completely bounded multiplier norm of
the generalised spherical functions, proving the Main Theorem.

lecllay =

Y

2. BACKGROUND AND NOTATION

In this section, we introduce some notation, and prove some preliminary results
about completely bounded multipliers. We also describe some formulae involving
gamma functions that we will use.

Suppose that G is a locally compact group. We equip G with right-invariant
Haar measure (written dx or dy in integrals) and then define the usual Lebesgue
spaces LP(G). P. Eymard [11] defined the Fourier algebra A(G), a space of con-
tinuous functions on G that vanish at infinity. The functions v : G — C in A(G)
are the matrix coefficients of the right regular representation p of G on L*(G).
More precisely, u € A(G) if and only if there are functions h and k in L?(G) such
that u = (ph, k), that is,

u(z) = /Gh(yx) k(y)dy Vxed.

Eymard showed that A(G) is closed under pointwise operations, which is not
apparent from the definition, and further that A(G) is a Banach algebra, with
the norm given by

[l = nf {{[A]ly K[, - u = (ph, k)} .
For future purposes, we note that if G is a locally compact abelian group, written
additively, with dual group G, then u is in A(G) if and only if its Fourier transform
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@ is in L'(@Q); further, |jul| , = |al|,- Thus if

u(z) = / hy+x)k(y)dy Vo €@,
G
where h, k € L*(G), then
fully = [ i) (b =2)] =

(k) |, where m(z) = m(—z) for all z € G, then

lull o = IAlly 1, - (2.1)

Eymard also defined the Fourier—Stieltjes algebra B(G) of G, as the space of
all matrix coefficients of “all” unitary representations of G. Then u € B(G) if
and only if there exist a unitary representation o of G and vectors v and w in
H, such that v = (ov,w). The B(G)-norm of w is the infimum (in fact, the
minimum) of the products [|v||,, |lwl],, over all such representations of u as o,
v and w all vary.

Note that inversion (the map u — w, where @(z) = u(z™')) and complex
conjugation of functions are isometries of B(G). Indeed, if u = (ov,w), then
u” = (ow,v), while @ is a matrix coefficient of the contragredient representation.

We say that v : G — C is a multiplier of the Fourier algebra, and we write
v € MA(G), if the pointwise product uv lies in A(G) for all u in A(G); the
multiplier norm of v, written ||v||,,4, is the operator norm of the map u +— uwv.
Suppose that 7 is a uniformly bounded representation of G on a Hilbert space
H. and v, w € H,, and suppose that v = (wv,w), that is, v(z) = (7(z)v, w) for
all z € G. Then v € M A(G). This may be proved by showing that v satisfies one
of the equivalent conditions for being a completely bounded multiplier of A(G)
in Lemma 2.1 below, which implies the desired result.

The dual of A(G) may be identified with the von Neumann algebra VN(G)
of bounded convolution operators on L*(G) (acting on the right). A completely
bounded multiplier of A(G) is a multiplier of A(G) whose transpose is completely
bounded as a map of VN (G); this means that the transpose extends to a bounded
map of B(L*(G)), or to a bounded map of VN(G) @ B(H) (where the tensor
product is appropriately defined). We refer to V. Paulsen [20] for much more
about completely bounded maps; here we just recall a few well known results. In
what follows, we view the projective tensor product L?(G) @ L*(G) as a subspace
of L*(G x @) in the natural way.

If moreover ‘B’ =

Lemma 2.1. Giwen a function v on G, define the function V : G x G — C by
V(z,y) =v(y 'z) Ve,y € G. (2.2)
Then the following conditions are equivalent:

(1) v is a completely bounded multiplier of the Fourier algebra A(G);
(i) V multiplies the projective tensor product L*(G) @ L*(G) pointwise;
(1it) V(z,y) = (P(z),Q(y)) for allz,y € G, where P,Q : G — H are continuous

norm-bounded Hilbert-space-valued functions on G.
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The natural norms associated to each of these conditions are equal; these norms
are the completely bounded multiplier norm, the multiplier norm and the infimum
of the products || P||  ||Q| ., over all representations of V' as in item (iii).

We write ||v||,, for the norm in item (i). As the terminology suggests, com-
pletely bounded multipliers are multipliers, and moreover

[0llara < ll0lles, -
We remark that sometimes completely bounded multipliers are known as Herz—
Schur multipliers, though this latter term may also apply to multipliers of the
tensor product.
In any case, if v = (wv, w), where 7 is a uniformly bounded representation of G
and v,w € H, are unit vectors, then V(z,y) = (r(z)v, 7(y~!)*w) for all z,y € G,
and so

ol < Il
The question now arises as to whether this inequality is sharp. A related question

is whether the inequality ||v||,,4 < ||v]|,, is sharp. Similar questions are treated
by [2] and [24].
The main ingredient in the proof of our estimates is the following variant of a

result in [5, p. 516].

Proposition 2.2. Let G be a locally compact group and K be a compact subgroup
of G. Suppose that S is an amenable closed subgroup of G such that G = SK
and S N K 1is trivial. Let x1 and xo be unitary characters of K and suppose that
©w 1s a function on G such that

QO(kleEk’Q) = Xl(kl) Xg(kﬁg) gD(l’) Ve e G \V/k'l, k?g € K. (23)

Then ¢ is a completely bounded multiplier of A(G) if and only if |s is in B(S);
moreover,

Ielles = lllsllaes)

Proof. Suppose that ¢|g is in B(S). Then there exist a unitary representation o
of S and two vectors v and w in H, such that

o(s) = (o(s)v, w)n, Vs e S.
We define P: G — H, and Q : G — H, by
P(sk) = o(s)(x2(k)v) = xa2(k)o(s)v
Q(sk) = o(s)(xa(k)w) = xa(k)o(s)w
forall s € Sand k € K; as G = SK and SN K is trivial, P and @) are well
defined.
Note that if x; = s1k; and :UQ = S9ky are in G then
oy wg) = (ki s7  saka) = xa(ky ) X2 (ka) @57 " 52)
= x1(k1) xa(k2) (0 (57 s2)v, W),
= x1(k1) x2(k2) (0 (s2)v, o (s1)w)n,
= (P(22), Q(x1))n, -
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Therefore
@Ml < sup {1P(@)[ly, 1QW)ly, : vy € G}
= sup {[|o(s2) (xa(k2)v) sy, lo(s1)(xa(k)w)llyy, = 51,82 € S, ki ko € K}
= HUHHU Hw”Ha'
It follows that
ol < inf {|Jvlly, wlly, : ¢ = (ov,w),, o unitary representation of S}
= ||90|S||B(S)-

The reverse inequality may be proved as in [5]. 0

Corollary 2.3. Let G be a locally compact group and ¢ be a function on G which
transforms as in Proposition 2.2. Then

IPller = NPl = lllle -
Proof. This follows immediately from the earlier observation that
1@lslls = lI@lsllz = llelsl 5
and Proposition 2.2. ]

We are going to use the methods of Fourier analysis, and define the Fourier
transform Ff or f of a function f on R by

FF /f e dr Yy eR.

Similarly, for a function g on [—7, 7], we define the Fourier coefficients g(x) by
. 1
9(k) =

— 0)e "dp  Vk € Z.
o /_ ﬂg( )e K

We recall here some gamma function formulae that we shall need later; apart
from the recurrence relation T'(z + 1) = zT'(z), we will use the reflection formula
(see [10, p. 3, formula (6)])

['(z)T(1 — z) = 7 cosec(mz), (2.4)
the duplication formula (see [10, p. 5, formula (15)])

I(z+ %) I(z) = 2172 7127 (22), (2.5)

Stirling’s formula (see [10, p. 47, formula (2)])
[(z) = (2m)/2e" elz2)log (1+0(z1) as z — oo and |arg z| < w, (2.6)
where 0 < w < 7, and Dougall’s formula (see [10, p. 7, formula (1)])
Lla+k)T(O+E) 2 I'ec+d—a—-0b—-1)

b
“T(ct+k)T(d+k) cosec(ma) cosec(tb) F— T T =B T =1)
(2.7)
where a,b € C\Z, ¢,d € Cand Rea+b—c—d < —1.
Note also that T'(z) = T'(z), so |T['(2)| = |T'(2)]-
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We will often see certain ratios of gamma functions, and note that if £ € Z and
z € C, and all terms are well-defined, then

F(+z+%)

To see this, suppose that k£ > 0 and use the recurrence relation expand out the
ratios

r(3+z+% nd r(i—z+%
MG+=-4) 0G24

and note that the factors are equal up to signs. Note also that

F(t+z+%)

~ |k R (2.9)
T —z+1%)

as k — 400 from Stirling’s formula; in light of (2.8), this also holds as k — —o0).
We also use an integral formula (see [10, p. 12, formula (30)]):

/2 (1
/ cos® () cos(B30)df = 27« (ﬁ ) 7 (2.10)
0 Fr1+5$+5T1+5-5)
when Rea > —1 and [ € Z, which gives us the following lemma.
Lemma 2.4. Suppose that ¢ € {0,1}, Rea > —1, and k € Z. Then
T I'l+a)
iKk0 €(al . a 1—a
e"™ sgn®(sin(f)) [sin(9)|” df = o(k,e) 2 % — —,
[“ FA+5+5r1+5-19)

where o(k,e) = (1 — ¢) cos(km/2) + iesin(km/2).

Proof. If ¢ = 0, then by parity, a change of variable, and parity,

/7r " sgn®(sin(h)) |sin(6)|* db

—Tr

= 2/ cos(k0) |sin(0)|* db
0

w/2
=2 cos(k(6 + 7/2)) |cos()|“ db
[ costto /20 eos(o)
w/2
= 2cos(km/2 cos(k0) |cos(0)|“ db
( />/ﬂ/2 (16) |cos(0)|
I'(l+ a)

= cos(km/2)2' — —,
F(1+§+§)F(1+§—§)

by parity and (2.10). This expression is 0 if  is odd.
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If e =1, then similarly

/7r ¢ sgn®(sin(6)) |sin(0)|* d6

—Tr

_ / sin(x0) [sin(0)|° 6
0

w/2
Y / sin(1(6 + 7/2)) [cos(6)|* d6
—7/2

w/2
=2i sin(mr/Q)/ cos(k0) |cos(9)|* do

—7/2

I'(l+ a)

F1+¢+5T1+¢-%)°

by parity and (2.10). This expression is 0 if x is even. O

=isin(km/2) 21

3. THE GrouP SL(2,R)

In this section, we first describe the group SL(2,R), then the principal series
of representations of the group; third, we analyse the intertwining operators for
these representations, and finally we define and discuss the generalised spherical
functions.

We now describe SL(2,R), abbreviated to G for convenience, and various de-
compositions and representations thereof. We present an approach that the
second-named author learnt from R.A. Kunze many years ago. First, define
subgroups K, M, A, N and N of G as follows:

K ={ky:0 R} M= {my} A={a,:seR"}
N={n,:teR} N ={n;:t R},

= (50, ) e (0 1))
e — (%1 fl) a, = (8 8(_)1) = exp (log(S) <(1) _01))
= (D)= (0 0) w8 ((03),

we will write w for the rotation kr/o.

There are a number of standard decompositions of G. The Iwasawa decompo-
sition asserts that every element x of G may be expressed uniquely in the form
r = fiak, where n € N, a € A and k € K (this may also be stated with N in
place of N).

The Bruhat decomposition affirms first that NAM is a subgroup of G and
each element x of NAM has a unique expression in the form = = nam, where
n € N,a€ Aand m € M; and second that G is the disjoint union (NAM) U
(NAMwNAM).

where
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The third frequently used decomposition, the Cartan decomposition, states
that every element of G may be written in the form kga.k,, where s > 1; if
x € K then s = 1 and there are many choices for kg and k,; otherwise, the
decomposition is unique up to changes in # and ¢ by adding (or subtracting) m
to both or 27 to either. This result is derived using the polar decomposition of a
matrix.

Consider R? as a space of row vectors, and let G act on R? by right multipli-
cation. Then G fixes the origin and acts transitively on R?\ {(0,0)}.

We now consider the space V., where ¢ € C and ¢ € {0,1}, of smooth
functions on R? \ {(0,0)} that satisfy the homogeneity and parity conditions

f(6v) =0*"f(v) VYo eR?\{(0,0)} VoecRx*+, (3.1)
fl=v) = (=1 f(v) Yo e R*\ {(0,0)}. (32)

We equip V. with the topology of locally uniform convergence of all partial
derivatives. The partial derivatives may be taken in polar coordinates; for ho-
mogeneous functions, the radial derivatives are easy to deal with, and questions
of convergence boil down to the behaviour of the angular derivatives on the unit
circle.

Since G acts on R?\ {(0,0)} and commutes with scalar multiplication, G acts
on V¢ . by the formula

() f(v) = f(vx) v € R*\ {(0,0)} VzeG.

We obtain the “compact picture” of the representation by restricting v to lie on
the unit circle {(s,t) € R? : s* + t* = 1}, and observing that

mee(@) f(v) = Joa* " f(loa] " vz).

Similarly, we obtain the “noncompact picture” by restricting v to lie on the
vertical line {(1,%) : ¢ € R}, and observing that

Tee(@)f(1,8) = sgn®(a+ te) la + te* 7 f(L,a 1),

I:(a b) and x-t:b+dt

where

c d a+ct

Later we will consider this representation acting on functions on R, and we will
write

nEo(0)f(t) = sen®(a+ te) [a+ 1 f(a 1), (3.3)
where f is a function on R. Clearly some care is required “at infinity” in this
version of the representation. Note that 7TI§0 and ﬂ?l coincide on N A, as when
r€NA a+tc=a>0.

The space V. is spanned (topologically) by functions whose restrictions to
the unit circle are complex exponentials. We write f¢, for the function in V.
determined by the condition that

feu(cosf,sinf) = o Vo € R, (3.4)

T1/2
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with the restriction that y — e must be even; every function in V. is the limit of
finite linear combinations of the functions f¢ ,. It is easy to check that

[NIE
SIS

1 1
_ . C,, =4 . C,
feu(1,t) = m(1 +it)¢ 725 (1 —it) (3.5)

and so in particular, fe_,(1,t) = f¢ (1, —t) for all t € R.

Lemma 3.1. Every function in V. is a sum 2#622% ay, feu, where the coeffi-
cients a, tend to zero faster than any polynomial in p. Conversely, every such
sum 1s a function in Ve ..

Proof. Every function in V. is determined by its restriction to the unit circle,
and the Fourier series of smooth functions on the unit circle are exactly of this
form. 0

Lemma 3.2. Suppose that f € V. and g € V_¢.. Then

/2

/ f(1,t) g(1,t)dt = f(cosb,sin @) g(cos @, sin h) df
R

—7/2

= %/ f(cos,sinf) g(cos b, sin ) db.

We define the pairing (f,g) to be any of the above integrals, then
(mee(@)fimce(z)g) = (f,9)  Vreg, (3.6)

or equivalently,
T ce(@)T = me(a7h) Vo e G,

where 7_¢.(z)" denotes the transpose of T_¢(z).

Proof. The first integral is equal to the second by the change of variables ¢t =
tan(0), and the second is equal to the third because fg is even.

It is obvious that (3.6) holds when € NA from a simple change of variable
in the integral over R and when x € K from a change of variable in the integral
over [—, 7|. By the Iwasawa decomposition, NA and K generate G, and so (3.6)
holds for all x € GG. This implies that

(m¢e(@) ' mee(2)f9) = (f9)  VeeG.

The bilinear form (-, -) gives us a duality between V. and V_;.. While V_., is
smaller than the topological dual space of V, ., it is weak-star dense in the dual
space, and the set {(f,g) : g € V_¢} determines f in V.. Thus 7_¢ () 7¢ ()
is the identity operator on V., and hence 7_¢.(z)" = mc.(z71). O

Note that our normalisation of f, means that (f;,, f-¢,) is equal to 1 if
1+ v =0 and is equal to 0 otherwise.

Corollary 3.3. Suppose that Re( = 0. The representation w.. acts unitarily
when V. is equipped with the inner product (f,g) = (f,g) and completed to a
Hilbert space.
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Proof. Evidently, (-,-) is an inner product on V.. Further, (m¢.9)” = m_¢.3,
and so

<7TC,s(x)f7 WC,E(I)9> = (71'475(:)3)]2 W—C,E(x>g> = (f7 g) = <f, g> )

and each 7¢ .(x) is unitary. O

This Hilbert space may be identified with the standard L? space on the unit
circle or on the line {(1,¢) : t € R}. We may show similarly that the represen-
tations 7. act isometrically on LP spaces when p(Re( — 3) = 1; see [1] for the
details.

Lemma 3.4. Suppose that f and g are continuous on R*\ {(0,0)} and satisfy
the homogeneity condition (3.1), where —l < Re( <0. Then

//f (1,8) g(1,u) sgn®(u — t) |u — t| 7 dt du (3.7)

/ f(cos@ sin 0) g(cos o, sin @) sgn(sin(p — 0)) [sin(e — 6)| 77> dyp db.
—n/2J—7/2

If moreover f and g satisfy the parity condition (3.2), then these double integrals
are both equal to

1 s ™
) / f(cos B, sin 0) g(cos @, sin @) sgn®(sin(p — 0)) [sin(e — 6)| 77> dyp db.

For f,g € Ve, write (I¢ o f,g) for any of the three double integrals above. Then

(Leemee(x)fimee(2)g) = (Ieef, ) Vr € G. (3.8)
Proof. Since
(tan @ — tan ) cos 6 cos ¢ = sin(f — ¢),

we see that sgn(tanp — tan) = sgn(sin(¢ — 0)) when 0, ¢ € (—x/2,7/2), and
hence

//flt (1,u) sgn®(u—t) Ju — t| "7 dt du

/ f(l tan ) g(1, tan )
—/2J—7/2

sgn’ (tan ¢ — tan 0) [tan ¢ — tan 6] > sec® O sec® ¢ d dy
/2
= / f(cos,sin @) g(cos ¢, sin p)
—m/2J—7/2
sgn’ (tan ¢ — tan 0) [tan ¢ — tan 0] "> sec' % G sec! X p df dp
/2
= / f(cos,sin @) g(cos ¢, sin p)
—7/2J—7/2
sent (sin(ip — 0)) [sin(6 — )| "% do di,
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all integrals converge absolutely. If moreover f and g both satisfy the parity
condition, the last integral is equal to

T [ [
Z_L/ f(cos@,sin @) g(cos p, sin p)
sgn®(sin(yp — 0)) [sin(0 — )| d dg

for reasons of parity. We write any of the three double integrals above as (I¢ . f, 9);
at this stage, I¢.f is given by various single integrals and may be a measurable
function or a distribution.

Now, as in the definition of the pairing, we may show that for f,g € V..,

<[C757TC75(:U)-]C7 ﬂ-QE(I‘)g> = (IC,Efa g) Va € G7

by considering the last integral when # € K and the first when v € NA, and
using the Iwasawa decomposition. We are going to prove a similar result later for
x € NA, and omit the details here. O

Lemma 3.5. Suppose that —% <Re(<0,e€{0,1}, and p € Z. Then
I'(—2¢) .
3-C+HTG-¢—4%)"

here o(p,e) = (1 —¢e) cos(um/2) +iesin(pmr/2). Further, Ic. maps V¢ bijectively
and bicontinuously onto V_¢ ., and

IC,E’NQE(ZB) = 71'_4*,5[(7‘5(1’) Vr € G. (39)

Ieofen = b(C 1) f=cp, where b(C, ) = o(p, €) 91 +2¢ - -

Proof. We consider the formulae of the previous lemma in more depth. We ob-
serve that

(Ieefe few) = (Teemec(ko) feps oo (ko) fon) = P fe o feu),s

and hence this is 0 unless 4+ v = 0. Thus I¢. f¢ ,, which a fortiori is an element
of the dual space of V¢ . and so a distribution, is actually a multiple of f_., and
hence a smooth function. The multiple b(, i) is equal to (I¢ . fe s fe,—p), that is,

1 T T 4
Z_/nh/ e0e= sgn®(sin(p — 0)) [sin(p — 0)| 7 7 dO dyp
(L

=5 [ e s i) sinw)

2
['(=2¢)
3= C+5TGE-¢-5)"

= o(u,e) 2 %r

from Lemma 2.4.

For a fixed ( such that —% < Re( < 0, the constant b¢, does not vanish,
and for a fixed (, both the constant and its inverse grow at most polynomially
in 1 as p tends to infinity. In light of Lemma 3.1, the linear map I, takes V..
bijectively and bicontinuously onto V_;.. Now (3.9) follows from (3.8) and a
duality argument, as in the proof of Lemma 3.2. 0J
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We now normalise the intertwining operators, following Kunze and Stein. From
[13, p. 173] or [31, p. 160], we know that

Flsgn® () [177%) = e(¢ &) sgn(-) |1,

where rye

(¢ e) = ¢€n1/22*2<1(5—20 : (3.10)

P(§ + 35+ ()
we define .
Jeo=——1¢..
P eGe)

Lemma 3.6. Suppose that —% < Re( < 0 and € € {0,1}. Then the following
hold:

(1) Jc. maps V. bijectively and bicontinuously onto V_¢ .;
(it) Jeefep=d(C e, ) f-c,, where
L(3+C¢+5)

d =% -2 > 27
(<7€7/’L) F(%—C—i‘%),

(iii) Jeemee(x) = T () Jee for all x € G;

() the map ¢ v J¢. extends analytically to the set {C € C: —1 < Re( < 1},
and (i) to (iii) continue to hold for these (. Further, J_¢ J; . is the identity
map.

Proof. Parts (i) and (iii) follow from the previous lemma and the definition of
Jere

Next, from Lemma 3.5, the definition of ¢((, ¢), the duplication formula (2.5),
and the reflection formula (2.4), applied twice, J¢ . f¢ . is equal to d(C, e, 1) f—¢ s
where

e
= (—i)o(p,e) 2" Wlﬂp(% — gFJ(F;CF)(?%—Jg %—g;%(% —¢)
o OO0
:5mxm%§§:§;$§§f§f3
- s LTG0,
where (1, €) = (1 — ) cos(jum/2) + e sin(jum/2). Unravelling this expression, first

when ¢ = 0 and then when ¢ = 1, shows that
1 )
fi—¢+b)

as claimed. O

d(C,e, 1)
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Finally we are ready to introduce the generalised spherical functions. Given
integers p, v in 2Z + ¢, we define

wee (@) = (mee(@) fop fcv) VTG, (3.11)

)

where f¢, are the functions defined in equation (3.4).

We recall that @2’8 is the well-known bi- K—invariant spherical function, whose

norm was computed in [30], while the generalised spherical functions gp‘g;’ were

considered by Ehrenpreis and Mautner. We are going to estimate the norm of all
the ch ”; in the particular case where € = ;1 = v = 0, our result agrees with [30].
We begin with some identities for the spherical functions. First,
(e =l
this is proved by taking the complex conjugate of the definition. Next,
() () = (mee(@™) fop f=c~)

= (fghu” 7T7<7€(x)f7<’7l/)

= M(2)
for all z € G. Finally, if —% <Re( < l, then

(T (@) foir focmv) = A(=Co8, 1) ™ (T (@) T g e fcr f=c.=)

=d(=C, &, 1) (Jgeme(@) f-cir fv)
( C € :u) 1( 1) (W—C,a(x>f—4,;uJ—C,sf—c,—u)

o ( 8,1/

B d(C,sau)
= m( —(s(x)f CH?fC:*V)

from (2.8). In particular, it follows that o™ = ¢
In light of Corollary 2.3, these identities lead to some norm equalities for the
uniformly bounded multiplier norms of the generalised spherical functions.

) (3.12)
) ( _C,S(x)f_<7u’ fC,—V)

4. PROOF OF MAIN THEOREM

In this section, we estimate the completely bounded multiplier norms of the
spherical functions go‘g;’ , and prove the Main Theorem. The proof requires a num-
ber of steps that we separate out as lemmata, and other steps that are included
in the text as explanation.

Throughout this section, we write ( = £ + in, where &, n € R.

First of all, we may restrict to the case where —% < € < 0. Indeed, if £ =0,
then the generalised spherical functions are matrix coefficients of unitary repre-
sentations and have B(G) norm equal to 1; a fortiori, Hgo‘g; < 1. Next, if
Re( > 0, then (3.12) shows that " is a multiple of (¢ ), and Re(—() < 0;
the result that we shall prove for the case where Re( < 0 will allow us to treat
the general case.




262 F. ASTENGO, M.G. COWLING, B. DI BLASIO
Next, note that
ot (korky) = e ety pee () Vee G VO,¢Y €R,

therefore, by Proposition 2.2,

v — v

el = [l
To find the B(NA) norm, we are going to work on NA, and this involves
working with the noncompact version of the representations and the intertwining
operators. We write 7T< . for the representation 7. acting on functions on R, as in

(3.3). Given a function f on R?\ {(0,0)}, we write f® for the associated function
on R, that is, f®(¢t) = f(1,t) for all t € R. We write (-,-)g for the standard

pairing for functions on R:
(F9)a = [ Fit)glt)d
R

then for functions f and g on R?\ {(0,0)}, it follows that
(f7 g) = (fR7 gR)R-

Finally, we write JC]R;e for the convolution operator on functions on R corresponding

to Fourier multiplication by sgn®(-) |-|**; these are convolutions with kernels that
are homogeneous of degree —1—2(. The transpose of the operator JR:a s(=1)° JCR‘E,
for parity reasons.

Consistently with this notation, J% )2 denotes the convolution operator on func-
¢

tions on R corresponding to Fourier multiplication by sgn®(-) |-|*. Consideration

of the associated Fourier multipliers shows that

(J§/20> J<0a J2R/2a‘]/20 JgRiaa and (J52,5)2:J§0-

It is now clear that
]. . R - 1R 2 R
<§(1 — 1) (JC/Q,O + ZJ</2,5)> =Jeo,
1

so (1 — i)(JQR/QO + z'Jé% E) is a square root of JC]R , which we write R/.; its
transpose, written Se/o., is the operator $(1 — )(J 20 T (1) zJC/Q .), which is

a square root of the transpose of J]Rfa.

Lemma 4.1. Suppose that e € {0,1} and that —} < & < 0. Then

JQ]R/Z,SW?E( >_ 71-Os< )J</26 and RC/Qﬁﬂ-?&?( >_ Tr()s( )RC/25
for allz € NA.

Proof. As R¢jp. is a linear combination of J ¢/2,0 and J ¢/2,c» it suffices to show
that both these operators have the desired intertwining property.

Consider equation (3.3). If € N, then mf_(z) acts on functions on R by
translation, irrespective of the values of ( and ¢; translation commutes with
convolution, so what we need to prove is evident.
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Assume now that x = a, € A. Then
1 “1-¢ .
J52757T§5(x)f(32u) = R /R |s*u — t| sgn®(s%u — t) W?E/Q(ilf)f(lf) dt
1 11—
= F@E) / |s*u — t| ¢ sgn®(s?u — t) s* 7 f(s72t) dt
G2+1
= 4/2 / |s%u — s sgns(szu — s%t) f(t) dt

= C/25 /|u—t| Csgn®(u—t) f(t)dt
JC/2,sf< )7

whence

JC/2€7T<5< >f<u> _ﬂ-(]s( )JC/2€f<u> Vu e R.
Since the desired result holds when z € N and when € A, it holds for all

r € NA. OJ
Note that
1 1 E R
”RC/2 EfHQ 1/2 H (Repacl)” (2 )1/2 “ "l = H‘]£/2,0fH2
and
1 . 1 ¢ f
1567201 = g7 1 Sr2e )l = s 1A = 1o

for all functions f on R for which the last term is finite, by the Plancherel theorem;
here |||, indicates the standard L?(R) norm.

For all x € N A,
wer () = (Tee(@) fops f-c—v)
€

= d(C, e, =) Hmee (@) fes Je e v)

= d(C, e, =) (=1 (Jeemee(®) fops fev) (4.1)
Zd(é& —v) " (=1)*(RejacReyoeme () [0 FE )R

= d(¢, e, =) (=1 (mp (@) Re o s Scrae fE )R-

Now W§5 is a unitary representation on L*(R), and so
o8l < 6o IR BllSenctiole
= ld(¢, e, - \_ 120 ullol17E 2.0 el

When p = v, more may be said. More precisely, from the observation following

(3 5) fCu (fC u) )

[F(Bepze fE) | = [(F (Serac i) |
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Hence from (4.1) and (2.1),
082 = 11922 | gall s ay
> (|t 5 llagwy

- “‘7:(90(8 ‘N H1 d(C)g’_y)rl HJéR/?,OféRfﬂHQ”JE{/ZOfE—V”Q’

and equality holds in (4.2).

The proof of the theorem now hinges on the estimation of these norms, which
is the subject of the next lemma. First, by considering conjugation and reflection,
we see that

g0 fcully = 1e0fe—ully = 1 Te20fc |l

Lemma 4.2. Suppose that —5 < & <0 and p s an integer. Then J 5/2 Ofw 15 1n
L*(R) and HJ52 Ofcﬂit”z is equal to

) (3+C+5)
22 Re (F(l——w (1 + i tan(w¢) tanh(wn)))

2
when p 1s even, and to

22 Re (?é i_ g i ; (14 ¢ tan(mé) Coth(m])))

when p 1s odd.

Proof. By the Plancherel formula, setting ¢ = tanf, u = tany, and changing
variables as in (3.8), we obtain

T80 fEll = (JE20fEm TE0fEw)

= (JeoS o fc,u>
- <J§0f§w FCR?LL)R

1
= M(I&f&, fE)r

= %//f@#(lyt) ff,—u(lvu) ‘t_u‘—%_l dt du

/2 1 + tan? 6
= u(0—9) 0 — 14+2¢ d6 do
(e f O —r/2 /—w/2 1 + tan2 ¢> ’COS@C( ¢)‘ ¢7

the inner product here is the L? inner product on functions on R.
Define the functions m. ,, and he on the unit circle by the formulae.

Me un(cos 0, sin 0) = sgn®(cos ) e |cos ] "
he(cos 6, sin6) = |cosec ]
where ¢ € R. Then m, ,, and h¢ are m-periodic, so that

1 vy vy
H‘Jg&/?ﬁfgqu - m/ - Me i (0) he (0 — @) M () deb dO,
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and the last double integral may be interpreted as the inner product on the circle
between the functions m. ,, and h¢ * m. ,,. Therefore, by the Parseval identity,

™ ~
|20/l = Gy 2o e ()

where the tilde indicates the Fourier coefficients, which we now compute.
By Lemma 2.4,

. 1 [T ,
he(k) = %/ Isinf| %" e=* 4o

s

1 s
= —/ | sin(0)|7%~" cos(kf) db
T Jo

— o1+ cos(mr/?)F

which is 0 unless « is even; we assume this for the rest of this computation. Thus
from the duplication formula (2.5) and the reflection formula (2.4), applied twice,

) (=& T(L —
) =ty LIRS
= cos(km/2) w12 I'(=¢) F(% —¢)
S

= cos(km/2) w12

= cos?(km/2) m1/? ['(=9) F(%Jrg
2

L3 +OT(G -

It is enough to evaluate 7., (k) when x is even. The case where n = 0 is
easier, and we suppose that  # 0. By parity, a change of variable, formula (2.10),
and the evenness of € + p and of &,
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1 [7 , A
Tt (k) = =— [ |cos 872" e son®(cos ) db
2 ) .

1 [ ;
= - / |cos O] " cos((k — p)8) sgn®(cos 0) df
T Jo

1 w/2 o
= —/ lcos 8] cos((k — p)0) db
0

™

+ (=1 /7T |cos ] > cos((k — p)6) df

s /2
1 w/2 0;
= —/ lcos 8] 7" cos((k — p)0) do
T Jo
(=1

7

/2 A
+ A lcos( — 0) 2 cos((i — 1) (x — 0)) do

1 w/2 o
= —/ lcos 8] " cos((k — p)0) d
™ Jo

o Rt 7 2 con( s )

2 71'/2 o
= —/ lcos 8] cos((k — p)0) db
0

T
(1 — 2in)

= 2% .
Fl—in+5-5TI1—in—5+5)

We now apply the duplication formula (2.5) to the gamma function in the numer-
ator, and the reflection formula (2.4) to a gamma function in the denominator to
deduce that

[(z —in)T(1—in)T(in+5 —§) Ko
- _ 3215 2~ 2) :
Pie o (K) = T / NEET— sin(m(in + 5~ 5)) .

Note that, since I'(z) = I['(z), by the reflection formula,

1 2 1 1 1 1 ™
T=—iml == —inD(=+in)=0(1—=—inl(=+in)= —
'(2 in) (5 =G +in) =T -5 —mT(5+mn) 3 i)
and similarly

. . . : mm
DL —in)|” = inT'(in) I'(1 —in) ()

while
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Thus
. . 2
’m (/i)‘2 . l ‘Sln(ﬂ'(ln - %))| n
E,14,M - . K 2
m sinh(7n) cosh(mn) n2 4 (51
()
=) e
g "+ (5-45)
say.
Hence when n # 0,
2% F(z+&+5)
f —(n, 1) cos® (w/2) =% .
H £/2,0 CuHQ REZZ 9, ( 4) F(%—f—l-g)
2% n L(3+¢+k)
= —7(777/0 Z 2 2 ? :
" 2o (b Tk —¢+n)

To evaluate the sum, we note that

n —m L(in+r—5)
(k= 5)2+n? Fl4+in+rk—-5))"

and apply Dougall’s formula (2.7) and then the reflection formula (2.4) to deduce
that

2% P(3+&+k) Tlin+r—15)
R I e ]

a2 cosec(m (5 + £)) cosec(m(in — &))
=2t I (e e )
g g (DG ) sina(d + o+ )

21t (1 B e
:_fgwMﬂm—g»FIm< D(3+C+ §) cos(n( +5)) )

sinh(7rn) cosh(7n) ['(3 — ¢+ 4)sin(n(in — &)) cos(m€)
g% (F(% + ¢+ 4) sin(nw(in + &)) cos(m(¢ + %)))
I'(3 —¢+4) sinh(mn) cosh(mn) cos(n§) )’

which is equal to

F(3+¢+5%)
2% Re<—rf "

5=

SIS NI S
~—

(14 itan(mwé) tanh(wn)))

when p is even, and to

1
s (L)

(3 —¢+

when g is odd. O

(14 ¢ tan(mé) coth(m)))) (4.3)

O (o=
SN—
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We now have all the ingredients to prove the theorem. We first consider the
case where ¢ = (. Observe that

1700 fE 12 = 2% Re (% (1+itan(w§)tanh(ﬂn))>’
< 2% W |1 + i tan(7w€) tanh(7n)|
< 2% sec(7€) ‘% :
Hence from (4.2) and (2.8),
rg+5-91"*|rg+4+9|"”

(4.4)

2], < sectr)|

C+5+01 ITG+5-0)

When p = v, the two ratios of gamma functions cancel, and we obtain the
estimate

gy, < sec(m).

which is very similar to Steenstrup’s estimate [30]. In general, from (2.9), we may

uniformly for ¢ such that | Re (| < & < 5. In particular, we can bound the norms
of the spherical functions uniformly when £ > 0 and |u| < |v| and when £ < 0
and |p| > |v].

Now we consider the case where € = 1. In this case, a similar argument shows
that

1/2
P +24¢)"

1
Fz+5-90)
Again when p = v, there is cancellation of the gamma factors. The difficulty is
that the hyperbolic cotangent becomes infinite as 7 — 0. We can show that the

limit as n approaches 0 of the expression (4.3) is finite, but we have not computed
it exactly. Consequently, we may again assert that

(4.5)

I
||gp ch < sec(m&) coth(mn) ‘—F(a i)

vV
sup|[¢¢ 7|, < o
neR

for all ;1 and 7, which again suggests that a sharper inequality for the norm should
exist.
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