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Projective deformations of weakly orderable
hyperbolic Coxeter orbifolds

SUHYOUNG CHOI
GYE-SEON LEE

A Coxeter n—orbifold is an n—dimensional orbifold based on a polytope with silvered
boundary facets. Each pair of adjacent facets meet on a ridge of some order m, whose
neighborhood is locally modeled on R” modulo the dihedral group of order 2m
generated by two reflections. For n > 3, we study the deformation space of real
projective structures on a compact Coxeter n—orbifold Q admitting a hyperbolic
structure. Let e (Q) be the number of ridges of order greater than or equal to 3.
A neighborhood of the hyperbolic structure in the deformation space is a cell of
dimension e4+(Q) —n if n = 3 and Q is weakly orderable, ie the faces of Q can
be ordered so that each face contains at most 3 edges of order 2 in faces of higher
indices, or Q is based on a truncation polytope.

57M50, 57N16; 53A20, 53C15

1 Introduction

In this paper, an n—orbifold Q is based on a quotient space of a simply connected
manifold Q by a discrete group I' acting on Q properly discontinuously. An orbifold
structure on Q is given by a covering by open sets of the form ¢(U) with a model
(U, H, ), where U is an open subset of é, H is a finite subgroup of I" acting on U,
and ¢ induces a homeomorphism U/H — ¢(U). Here Q is said to be a universal
cover of Q, and T is the fundamental group and is denoted by 71(Q).

A Coxeter group is a group that has a presentation
(ri | (rirp)™i (i, j €1)),

where I is aset, n;; =1 foreach i €I, and n;; € {2,3, ..., 400} is symmetric. Note
that n;; = +00 means there is no relation between r; and r;.

A point in an n—orbifold Q is called a silvered point if it has an open neighborhood
of the form ¢ (U) with a model (U, Z /27, ¢) for an openset U in Q and a Z /27—
action on U fixing a hypersurface in U. A Coxeter n—orbifold P is an n—dimensional
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orbifold whose base space is an n—dimensional polyhedron P with finitely many sides
where all interior points of the facets are silvered. The fundamental group 711(13)
is isomorphic to a Coxeter group, and is generated by reflections about sides of the
fundamental domain P. We will study only compact ones in this paper, ie closed ones.
(More precisely, Davis [25; 26] calls such an orbifold a Coxeter orbifold of type Ill, an
orbifold of reflection type or a reflectofold.)

Let V be an (n + 1)—dimensional real vector space. The projective sphere S™ is the
space of rays in V' and is a double-cover of RP”. Let

SLE, |(R) = {4 € GLy4+1(R) | det(A) = £1}.

The group SL,j,iL1 (R) acts on S” effectively in the standard manner and is a double-
cover of PGL,11(R). The elements of SL,j,Zrl (R) are the projective automorphisms
of S™ and SL,ijrl (R) the projective automorphism group of S™. (We will also think of
SLni -1 (R) as a linear group when it is convenient.) Denote by IT the natural projection
from V'\{0} into S”. A subspace of S” is the image of a subspace of V' with the origin
removed. In particular, a 2—dimensional subspace of V' corresponds to a great circle
in S”, and an n—dimensional subspace gives a great (n—1)—sphere in S”. Furthermore,
a component of the complement of a great (n — 1)—sphere has the canonical structure
of an affine n—space, as the complement of a codimension-one subspace of RIP” is an
affine subspace. We call this an affine subspace of S™.

A convex segment in S" is a connected arc contained in a great circle but not containing
a pair of antipodal points in its interior. A subset A4 of S” is convex if any two points
of A are connected by a convex segmentin A. An affine space has a notion of geodesics
as arcs in 1-dimensional affine subspaces. A subset of an affine subspace of S” is
convex if and only if it is convex in the ordinary affine sense. A properly convex subset
of S” is a bounded convex subset of an affine subspace; see Choi [15, Chapter 2].

A side of a compact properly convex set P is a maximal convex subset of the boundary
of P. A polytope is a compact properly convex domain in S” with finitely many sides.
By a facet of a polytope, we mean a side of P of codimension one. By a ridge of a
polytope, we mean a side of P of codimension two. (A facet will be called a face and
aridge an edge if P is three-dimensional.) If P is the base space of a Coxeter orbifold,
then each ridge where the facets F; and F; meet will be given an order n;; > 2; ie a
ridge has an order n;j if a model neighborhood of each interior point of the ridge is
given the usual product extension of the standard action of the dihedral group Dy;; of
order 2n;; on the 2—plane.

Given a Lie group G acting on a manifold X transitively, we can consider a (G, X)—
structure on an orbifold Q as a pair consisting of an immersion D: Q — X and a
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Projective deformations of hyperbolic Coxeter orbifolds 1779

homomorphism /4: 71(Q) — G satisfying
h(y)oD = Doy foryem(Q).

For a given (G, X)-structure, (D, /) is determined only up to the action

g(D,h(-))=(goD,gh(-)g™") forgeG.
(In each case we are considering, D is an embedding.)
A real projective structure on Q is a (G, X')—structure on Q with

G =SLf |(R) and X =S";

see also Section 2.1.

We can represent hyperbolic structures on an n—orbifold using the Klein projective
model. Let the Lorentzian inner product be given by

(x,y) =—x1y1 +x202+ -+ Xpt1Vn+1,

where x; fori =1,...,n+1 are components of x € V and y; fori =1,...,n+1 are
ones for y € V. The hyperbolic space H" is an open ball B in S” that is the image of
positive time-like vectors under IT. The group of hyperbolic isometries is the subgroup
PO(1,n) of SL,j,Zrl (R) acting on B. Hence a hyperbolic Coxeter orbifold, being of
the form H”/ T for a discrete subgroup I' of PO(1, n), naturally has an induced real
projective structure.

Real projective structures have been studied by many mathematicians including Kui-
per [39], Benzécri [9], Koszul [38], Vinberg [47], Goldman [31], Choi and Gold-
man [19], Choi [13; 14] and Benoist [4]. Sometimes the topic is studied as the theory
of linear representations of discrete groups, as by Koszul, Vinberg, Benoist and so on.
Kac and Vinberg [36] were the first to discover hyperbolic Coxeter 2—orbifolds where
the induced real projective structures deform into families of real projective structures
that are not induced from hyperbolic structures. Johnson and Millson [35] constructed
projective bending deformations of compact hyperbolic manifolds with embedded
totally geodesic hypersurfaces. Cooper, Long and Thistlethwaite [22; 23] investigated
whether the closed hyperbolic 3—manifolds of the Hodgson—Weeks census could be
deformed and showed some occurrence of deformability. Benoist [6], Choi [17],
Marquis [40] and Choi, Hodgson and Lee [20] investigated classes of deformable
projective Coxeter orbifolds. Heusener and Porti [34] provided infinite families of
hyperbolic 3-manifolds that are projectively rigid by Dehn filling; see also Ballas [1].
Surveys on real projective structures can be found in Benoist [7] and Choi [18].
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1780 Suhyoung Choi and Gye-Seon Lee

The deformation space D (Q) of real projective structures on a closed orbifold Q is
the quotient space of the space of real projective structures on Q by the action of the
group of isotopies of Q. The space has a natural C*—topology for s > 1; for more,
see Choi [16; 18, Chapter 6].

Now we fix the dimension n > 3. Let P be an n—dimensional complete hyperbolic
convex polytope with dihedral angles that are submultiples of 7 ; we call P a hyperbolic
Coxeter n—polytope. Then P naturally has a Coxeter orbifold structure P by silvering
the facets. When a ridge has the dihedral angle 7 /n;;, the rldge has the order n;;. The
point ¢ in D(P) is hyperbolic if a hyperbolic structure on P represents .

Definition 1.1 Let P be a compact hyperbolic Coxeter n—polytope, and let P de-
note P with its Coxeter orbifold structure. Suppose that ¢ is the corresponding
hyperbolic point of D(ﬁ). We call a neighborhood of ¢ in ]D(ﬁ) the local deformation
space of Patt. We say that P is projectively deformable at t, or simply deforms
at ¢, if the dimension of its local deformation space at ¢ is positive. Conversely, we
say that P is locally projectively rigid at t, or locally rigid at ¢, if the dimension of its
local deformation space at ¢ is 0.

Definition 1.2 Let P be a compact Coxeter 3—orbifold with a base polytope P.
Then P is weakly orderable if the faces Fy,..., Fy of P can be labeled by integers
{1,..., f} so that for each face Fj, the cardinality of

Fi:={Fj|j>1i and theridge F; N F} has order 2}

is less than or equal to 3.

In our case, the base polytope P is always realizable as a convex polytope in an affine
space since P is the fundamental polytope for a properly convex real projective Coxeter
orbifold. A compact properly convex n—polytope P is called simple if exactly n facets
meet at each vertex. Note that compact hyperbolic Coxeter n—polytopes are sunple
Denote by e+(P) the number of ridges of order greater than or equal to 3 in P.

We now state two results of the paper that follow from Theorem 4.1, the main result of

the paper.

Corollary 1.1 Let P be a compact hyperbolic Coxeter 3—polytope and let P be
the Coxeter orbifold arising from P. Suppose that P is weakly orderable. Then a
neighborhood of the hyperbolic point t in D(P) is a cell of dimension e (P) — 3.

A weakly orderable compact hyperbolic Coxeter 3—orbifold P is projectively de-
formable at ¢ if e4 (P) > 3; otherwise, it is locally rigid at 7.
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A truncation at a vertex v of a compact properly convex n—polytope P is an operation
where

* we take a hyperspace H meeting only the interiors of sides of P incident with v,
and not v itself,

e take the component C of P — H containing v, and
e finally delete C.

An iterated truncation of P is an operation yielding P, , where
P=Py= P =--=P,

and P; is obtained from P; by truncation at a vertex of P;. A truncation n—polytope
is a convex n—polytope obtained from an n—simplex by iterated truncation.

Corollary 1.2 Let P be a compact hyperbolic Coxeter n—polytope and a truncation
polytope. (Assume n > 3.) Let P be the Coxeter orbifold arising from P. Then a
neighborhood of the hyperbolic point in D (P) is a cell of dimension e+ (P) —n.

Earlier, Marquis [40] used the word ecimahedron in place of truncation 3—polytope and
showed that if P is the Coxeter 3—orbifold arising from a compact hyperbolic Coxeter
ecimahedron P, then D(ﬁ) is diffeomorphic to Re+P)=3 (For n = 2, Goldman
proved this result in his senior thesis.)

There is recent thesis work by Greene [32] obtaining similar results using algebro-
topological methods. Also, Kapovich [37, Theorem 1] presents an analogous result for
flat conformal structures.

Our main results, Corollaries 1.1 and 1.2, follow from Theorem 4.1 which will be
stated and proved in Section 4.7, generalizing the notion of the weak orderability.

Almost all compact hyperbolic 3—orbifolds arising from 3—polytopes are weakly
orderable. To describe this in more detail, we introduce the following terminology.
An abstract 3—polyhedron is a cell complex homeomorphic to a compact 3-ball with
conditions that there exists a unique 3—cell, every 1—cell belongs to exactly two 2—
cells, a nonempty intersection of two 2—cells is a vertex or a 1—cell, and every 2—cell
contains no fewer than three 1—cells; see Roeder, Hubbard and Dunbar [43]. It is
simple if each vertex is contained in three 1—cells. The side structure of a properly
convex 3—polytope P gives it the structure of an abstract 3—polytope whose k—cells
correspond to the k—faces of P for k = 0,1,2,3. The boundary complex 0P of
an abstract 3—polyhedron P is the subcomplex of P consisting of all proper cells.
Let (dP)* be the dual complex of dP. A simple closed curve f is called a k—circuit
if it consists of k edges of (dP)* for some positive integer k. A circuit B is prismatic
if all endpoints of the edges of dP intersected by f are distinct.
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Theorem 1.1 Let P be a compact properly convex simple 3—polytope but not a
tetrahedron. Suppose that P has no prismatic 3 —circuit, and has at most one prismatic
4—circuit. Let H;(P) be the number of compact hyperbolic Coxeter 3 —orbifolds whose
base polytopes are combinatorially equivalent to P and the maximal edge orders are
less than or equal to d, and let WO, (P) denote the number of weakly orderable ones
among them. Then
. WO4(P)
lim ———= =
d—oco Hy(P)

In particular, there exist infinitely many weakly orderable hyperbolic Coxeter 3—
orbifolds with base polytopes of type P as above.

Question 1.1 Does the conclusion of Theorem 1.1 still hold if we assume only that P
is a convex simple 3—polytope?

Section 2 is a recap of some facts. In Section 2.1 we review some elementary results on
orbifolds and real projective structures. In Section 2.2 we describe Vinberg’s results on
the general properties satisfied by real projective reflection groups. We turn Vinberg’s
“semialgebraic” conditions (L1) and (L2) into the “algebraic” conditions (L1) and (L2)’.

Section 3 gives various descriptions of the deformation space of real projective structures
on a Coxeter orbifold P. In Section 3.1 we introduce a space of representations of the
fundamental group 74 (13) and identify this representation space with the deformation
space of real projective structures. In Section 3.2 we introduce a solution space of some
polynomial equations, a space of matrices satisfying certain conditions. We establish
the equivalence of these spaces following Vinberg [47].

Section 4 discusses the results on a neighborhood of the hyperbolic structure in the
deformation space of real projective structures on a compact Coxeter n—orbifold P.
In Section 4.1 we study the Zariski tangent space of the solution space of polynomial
equations giving real projective structures on P In Section 4.2 we introduce polynomial
equations defining hyperbolic structures on P, and in Section 4.3 we describe the
Zariski tangent space of the solution space of these polynomial equations. In Section 4.4
we state Theorem 4.1, the main result of the paper. In Section 4.5 we compare the two
Zariski tangent spaces at a hyperbolic point, and in Section 4.6 we combine this with
Weil infinitesimal rigidity to prove Theorem 4.1.

Section 5 provides several examples. In Section 5.1 we use two combinatorial results
of Tutte and Fouquet—Thuillier to prove Theorem 1.1. In Section 5.2 and Section 5.3
we give examples satisfying only one of the two assumptions in Theorem 4.1.
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2 Preliminaries

This section reviews the basic background material used in this article. In Section 2.1,
we review some basic material on orbifolds and geometric structures; see Choi [18,
Chapters 3, 4, and 6] for details. In Section 2.2 we describe Vinberg’s results.

2.1 Notation

An orbifold Q is a second countable Hausdorff space |Q| with an orbifold structure,
ie a covering of | Q| by a collection of open sets of form ¢ (U) for a model (U, H, ¢),
where U is an open subset of R” with a finite group H acting on it effectively and ¢
induces a homeomorphism U /H — ¢ (U). We require that these models are compatible
with one another in the standard way. A model (U, H, ¢) is also called a chart of Q.
A singular point is a point x of Q where H is not trivial for every choice of a chart
(U, H, ¢) containing Xx.

An orbifold Q1 covers an orbifold Q, by a covering map p if each point of O, has
a connected open neighborhood ¢,(U;) with a model (U,, H,, ¢»;) such that each
component ¢ (Uy) of the inverse image U| = P~ (¢2(U3)) has model (Uy, Hy,¢1)
where

U, i>¢1(Ul)
ﬁl lp

U, o, $2(U>)
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is commutative for a diffeomorphism p equivariant with respect to an injective homo-
morphism H; — H,.

For an orbifold Q, we denote by |Q| the base space of Q. Two orbifolds Q; and Q,
are diffeomorphic if a homeomorphism f: |Q1| — |Q»| lifts to a smooth embedding
for each choice of local model.

A good orbifold is an orbifold Q that is covered by a manifold. It has a simply
connected covering manifold Q called a universal cover with a covering map pg.
The group of diffeomorphisms £ Q — Q so that pg o f = pg is called the deck
transformation group and is denoted by 71 (Q). The base space of Q is homeomorphic
to the quotient space Q /71(0).

Conversely, given a simply connected manifold M and a discrete group I" acting on it
properly discontinuously (but not necessarily freely), M/ " has a natural structure of
an orbifold.

A geodesic in RP" is a connected arc in a 1-dimensional subspace. A geodesic in S"
is a connected arc in a 1-dimensional great circle in S”, which is a lift of a geodesic
of RP™. An affine space A" is R" equipped with the affine transformation group
acting on it. The complement of a codimension-one subspace in RIP” can be identified
with an affine space A”. The group of projective transformations acting on A" is
the affine transformation group. Moreover, the geodesics in S” restricts to geodesics
in A",

An open hemisphere in S” is identifiable with an affine space under the double-covering
map S” — RP". An open hemisphere is said to be an affine subspace of S"™. A polytope
is a compact properly convex domain in an affine subspace with finitely many sides.
(For these, the ordinary theory of convex domains in the Euclidean space applies.)

For a Lie group G acting transitively on a smooth manifold X, a (G, X)—structure on
an n—dimensional orbifold Q is a maximal atlas of charts of form (U, H, ¢), where
U is an open subset of X and H is a finite subgroup of G acting on U, where

e every inclusion map ¢: (V) — ¢(U) for charts (V, J,¥) and (U, H, ¢) lifts
toamap k|V: V — U for k € G equivariant with respect to a homomorphism
J — H,and

e ceach point x € Q isin ¢(U), where (U, H, ¢) is in the maximal atlas of the
orbifold structure of Q and U C X is identified with an open set in R” by a
smooth map (a compatibility condition).

The existence of a (G, X)-structure implies that Q is good.
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Let P denote a compact real projective n—orbifold. Let P denote the universal cover
of P and let Kol (P) denote the group of deck transformations. A real projective
structure on P gives us an immersion D: P — S", called a developing map, and a
homomorphism A: 7 (P) — SLn 4 (R), called a holonomy homomorphism, so that
Doy =h(y)oD foreach y € m; (P) Here (D, h) is determined only up to the action

(D, h(-))—> (goD,goh(-)og™ ") for g e SLE, | (R).

Conversely, the development pair (D, /1) determines the real projective structure; see
Choi [16; 17; 18] and Thurston [44; 45] for the details.

Note the double-covering map S — RP”, where the group PGL,,+1(R) acts on RP”
transitively. We can equivalently define a real projective structure as a (G, X')—structure
with X = RP”, G = PGL,+1(R) since SL,:zt_H (R) is precisely the group consisting
of automorphisms of S” lifting elements of PGL,,(R); see Thurston [45, page 143]
and Choi [13].

2.2 Vinberg’s results

This subsection gives a summary of the groundbreaking article of Vinberg [47]; see
also Benoist [8]. The English translated terminology of Vinberg is slightly different
from the current one; for example the term “strictly convex” is now “properly convex.”

Let V be an (n + 1)—dimensional real vector space and let V* be its dual vector space.

Let O denote the origin of V. A cone C in V is a subset of V' with O € C so that if
any point v € V isin C, then sv € C for each s > 0. In our terms, the definition of a
convex cone in [47] is the following. A cone C in V is a convex cone if T1(C —{O})
is a convex set in S”.

A reflection R is an element of order 2 of SL 41 (R) which is the identity on a
hyperplane of V. All reflections are of the form

R=Iy—a®b

for some linear functional & € V* and a vector b € V' with a(b) = 2, and are in

LE, | (R). Observe that the kernel of « is the subspace U of fixed points of R and b
is the reflection vector, ie an eigenvector corresponding to the eigenvalue —1. Hence
the set of fixed points of a reflection is a subspace of codimension one in S” and the
point corresponding to the reflection vector is sent to its antipode, called the antipodal
fixed point.

A rotation is an element of SL,“Z—LJrl (R) which restricts to the identity on a subspace
of codimension two and acts on the complementary space by a matrix of the form

[‘:Ifg _Cgisnee] with respect to some basis. The real number 6 is the angle of the rotation.
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As a matter of notation, given a convex n—polytope P in S”, cone(P) will denote the
convex polyhedral cone TT~!(P)U{O} in V.

Let P be a properly convex n—polytope in S"” with sides F1,..., Fy of codimension
one. For each facet F; of P, take a linear functional «; for F; and choose a reflection
R; = Iy —a; ® b; with «;(b;) = 2 which fixes F;. By making a suitable choice of
signs, we may assume that P is defined by the inequalities

@ >0, iel={l... f}

The group I' C SL,jf_,_l(R) generated by all these reflections R; is called a (real)
projective Coxeter group if

)/1g NP=go for every y € I'\{1},

where 1‘3 is the interior of P. Note that Vinberg [47] used the term linear Coxeter
group in place of projective Coxeter group. The f x f matrix A = (a;j), aij = a;(bj),
is called the Cartan matrix of the group I" and P is called a fundamental chamber
of T'. For x € P, let 'y denote the subgroup of T generated by {R; | x € F;}. Define
PS ={x € P| Iy is finite}.

Theorem 2.1 [47, Theorem 1 and Propositions 6 and 17] The following conditions
are necessary and sufficient for any group I', generated by the reflections Ry, ..., Ry
fixing respectively facets Fi, ..., Fy of the properly convex n—polytope P, to be a
projective Coxeter group:

(L1) aj; <0 fori # j,and a;; =0 ifand only if aj; = 0.
(L2) a;j; =2,andfori,j withi # j,
(1) if F; and F; are adjacent, ie meet in aridge, then a;jaj; :40052(117_-,-) <4
for an integer n;; > 2,
(i1) else ajjaj; = 4.

Proof [47, Proposition 17] gives the necessity of the conditions (L.1) and (L2).

Given (L1) and (L2), [47, Proposition 7 and Theorem 1] show that T" is a projective
Coxeter group with the fundamental chamber P; see also [8, Theorem 1.5]. O

In fact, if a;jaj; =4 cos? (7r/n;j), then the product R; R; is a rotation of angle 27 /n;;
and the group generated by the two reflections R; and R; is the dihedral group Dp,; .
In particular, if a;; = aj; = 0 then R; R; is a rotation of angle /2 and R; and R;
generate a dihedral group of order 4, ie a Klein four group. If a;;a;; > 4 then R;
and R; generate an infinite group and n;; = +00; see [47, Section 2].
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The group generated by Ry, ..., Ry is isomorphic to a Coxeter group, and is also
called the projective reflection group generated by Ry,..., Ry.

For each reflection R;, o; and b; are determined up to a positive scalar by
(2-1) a; > diaj, b d7 b with d; > 0.

Hence the Cartan matrix A of I' is determined up to the conjugation action of a group
of diagonal f x f matrices with positive diagonal entries.

Theorem 2.2 [47, Theorem 2] Let I' be a projective Coxeter group and P its
fundamental chamber. The subset {x € P | I'y is finite} is denoted by P*. Then the
following statements hold:

e Qr = |J yP isconvex.
yell

e [ is a discrete subgroup of SL,j,E 1 (R) preserving the interior é]“ of Qr.

. SOZF N P = P*, and is homeomorphic to SOZF/ r.

An easy consequence of the theorem is that the group I'" acts on SOZF properly dis-
contmuously Thus Qp gives a convex open subset of the projective sphere S”, and
Q]“ / T determines a convex real projective structure on the Coxeter n—orbifold with
the fundamental domain homeomorphic to P*. For example, let P be a hyperbolic
Coxeter n—polytope of finite volume. Suppose that I" is the discrete group generated by
the isometric reflections w1th respect to facets of P in the hyperbolic space H” in the
Klein model in S”. Then Qp H” and Qp / T is a hyperbolic Coxeter n—orbifold.

A projective Coxeter group I' is elliptic, parabolic and hyperbolic if T' is conjugate to
a discrete group generated by reflections in the sphere, the Euclidean space and the
hyperbolic space respectively, provided that neither any proper plane in the hyperbolic
space nor any point at infinity is I'-invariant.

A Cartan matrix is indecomposable if it is not a direct sum of two matrices. Thus
every matrix A decomposes into a direct sum of indecomposable matrices, which are
components of A. By Frobenius’s theorem, any indecomposable matrix A satisfying
condition (L.1) has a real eigenvalue (see Gantmacher [29]). An indecomposable Cartan
matrix A is positive, zero and negative type if the smallest real eigenvalue is positive,
zero and negative respectively. Denote by A1 (resp. 4%, A7) the direct sum of its
components of positive type (resp. zero type, negative type). Any matrix A satisfying
condition (L1) is a direct sum of AT, A% and 4.
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Proposition 2.1 [47, Proposition 22] Let I' be a projective Coxeter group with a
properly convex n—dimensional fundamental chamber in S™, and let A be the Cartan
matrix of I'. Then T is elliptic if and only if A = A" if and only if T is finite.

Proposition 2.2 [47, Proposition 23] Let I be a projective Coxeter group with a
properly convex n—dimensional fundamental chamber in S”, and let A be the Cartan
matrix of I'. Then T is parabolic if and only if A = A® and rank A =n.

We shall consider only the case when P = P*, or equivalently, Qr = SOZF; we call "
perfect. The following three statements are equivalent.

(1) T is perfect.
(2) The base space P’ of the associated orbifold P equals P exactly.
3) Pis compact.

The following is a fairly well-known and commonly used consequence of [47].

Proposition 2.3 [47, Lemma 15 and Propositions 19 and 26] Let I' be a perfect
projective Coxeter group with a properly convex n—dimensional fundamental cham-
ber P in S" and let A be the Cartan matrix of I". Then exactly one of the following
statements holds.

e [ iselliptic.
e I is parabolic.

e A is indecomposable and of negative type, and rank A =dimV =n+ 1.

Moreover, if I' is neither elliptic nor parabolic, then I" is irreducible and Qr is properly
convex.

Proof By [47, Proposition 26], we have only the above three possibilities or I" is the
direct product of a parabolic group and Z/2Z. In this case, I' is not perfect as we can
see from [47, Lemma 17].

In the third case, we only have to prove the last statement. Since our fundamental
domain P is properly convex, [47, Proposition 18] implies that I" is reduced. The last
statement follows from [47, Lemma 15]. O

Let P be a properly convex n—polytope in S” and the polyhedral cone K = cone(P)
be given. Again a side of K is a maximal convex subset of K. The complex of K,
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denoted by §K, is the set of its (closed) sides, partially ordered by inclusion. Let
Ki,..., Ky be the facets of K, andlet I ={I,..., f}. For any sides L of K, define

o(L)y={iel|K;DL} and o(FK)={o(L)CI|LeFK}

For any subset S of I, the standard subgroup I's of T' is the subgroup generated
by the reflection R;, i € S, and the principal submatrix Ag of A is the submatrix
of A consisting of the entries a;; for each i, j € S. Denote by S (resp. S0, 87)
the subset 7" of S such that A7 = A;f (resp. A%, AY). We define Z(S) :={i €|
aijj =0 for each j € S}.

Proposition 2.4 [47, Theorems 4] Let I" be a projective Coxeter group, let P be its
fundamental chamber and let K be cone(P). Assume that a subset S of I satisfies
two conditions: S = S° and Z(S)° = @. Then S € 0 (FK).

Proposition 2.5 [47] Let I be a perfect projective Coxeter group, let P be its
fundamental chamber and let K = cone(P). Then S € o(§K) if and only if I'g is
finiteor S =1.

Proof This is the statement of [47, Equation 8]. O

Lemma 2.1 Let I' be a perfect projective Coxeter group, and let A be the Cartan
matrix of I'. If A has a principal submatrix of zero type, then I" is parabolic.

Proof Suppose that S = S for some nonempty S C I. Define T :=Z(S)°?. Observe
that SUT = (SUT)? and Z(SUT)? = @, and thus by Proposition 2.4, SUT €0 (FK)
with K = cone(P).

Suppose that S U T # 1. Then I'y is finite by Proposition 2.5, and S = S° should be
empty, a contradiction.

If we have S UT =1, then I' is either elliptic or parabolic by Proposition 2.3 as
19 =1.If T is elliptic, then IT =1, a contradiction as S is not empty. Hence I is
parabolic; see also the proof of [47, Theorem 7]. a

Proposition 2.6 Let I' be a perfect projective Coxeter group, and let A = (a;;) be
the Cartan matrix of I'. If I' is not parabolic, then a;jaj; > 4 holds if F; and F; are

not adjacent and i # j .

Proof If a;jaj; =4 holds for some i # j, then the principal submatrix [ a?f 1
of A is of zero type. By Lemma 2.1, I" is parabolic.
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Proposition 2.6 shows that for negative-type perfect projective Coxeter groups, we can
now replace the semialgebraic condition (L.2) with an open condition (L2)" where we
replace (L2)(ii) with:

(L2)'(ii) If F; and F; are not adjacent, then a;jaj; > 4.
The following was one of the main results of [47].

Theorem 2.3 [47, Corollary 1] Let A be an [ x f matrix satistying (L1) and
(L2), and let rank A = n + 1. Suppose that A has no component of zero type. Then
there exists a projective Coxeter group I' C SL,ij(]R) with the Cartan matrix A.
Furthermore, T" is unique up to the conjugations in SL,ij R).

3 Deformation spaces of real projective structures

Through this section, we give three descriptions of the deformation space of real
projective structures on a compact #—dimensional Coxeter orbifold P, when P admits
a real projective structure but does not admit a spherical or Euclidean structure. In
Section 3.1, we describe the deformation space in terms of representations from (13)
into SL,ijrl (R). In Section 3.2, we describe this representation space in terms of
polynomial equations and Cartan matrices following Vinberg respectively.

3.1 Deformation spaces and the representation spaces

We restate the results of Vinberg [47] for perfect groups under the orbifold viewpoint.

Proposition 3.1 (Vinberg) Let P bea compact real projective Coxeter n—orbifold
where P does not admit a spherical or Euclidean structure. Then each developing
map D of the universal cover Pof Pisa diffeomorphism to an open properly convex
domain in S". Furthermore, D(P) is a fundamental chamber for the fundamental
domain P of P, a properly convex n—polytope, the projective Coxeter group h(ry (lA’)),
where h: 14 (ﬁ) — SL,ij (R) is the holonomy homomorphism associated with D .

Given a Coxeter orbifold P, the choice of the fundamental polytope P in the universal
cover gives us the fundamental set of generators in ¢ (13) associated with each facet
of P. They are labeled by ry,...,rs, where f is the number of facets of P. Call
these the fundamental generators. Since we can imbed Hom(rr4 (16), SL,ij (R)) as
an algebraic subset of SLni T1 (R)f for the number f of fundamental generators of
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b8 (P), we let Hom(7rg (P), SL,jf_,_1 (R)) be areal algebraic set with the standard point-
set topology of the subspace.

The SLn -1 (R)—action on Hom(r; (P) SL;, JrI(R)) by conjugation is not effective
since +1/y is in the kernel and

Hom(rr (P), SLyzy 1 (R))/SLir 1 (R)

is equivalent to
Hom(ry (P), SLif; ; (R))/PGLy41(R).

We will study the later space only.

A discrete subgroup I' of SL;’EH(R) is dividing if T' acts faithfully and properly
discontinuously on a properly convex open subset 2 of S” so that the quotient Q/ T’
is compact; see Benoist [4]. Let Dr/ep(P) denote the space of dividing faithful repre-
sentations of 14 (P) Define the subspace Drep(P) by h € Drep(P) if & is discrete
and faithful and /(7 (P)) acts as a dividing projective Coxeter group on a properly

convex domain.
Question 3.1 Is D;ep(P) = Drep(P) for a compact Coxeter n—orbifold P?

We combine the works of Benoist, Charney and Davis, Choi, Koszul, Qi and finally
Davis to prove the following theorem. Let ID(P) be the deformation space of real
projective structures on P. (Of course, this set could be empty.)

Theorem 3.1 Let P bea compact Coxeter n—orbifold. Assume that P admits a real
projective structure, but does not admit a spherical or Euclidean structure.

. rep(P) is a union of components of Hom(m(P) SLn+1 (R)), PGL,+1(R)
acts properly and freely on it, and the quotient space Die,/PGL,1(R) is a
Hausdortf space.

. ]D)(P) — Drep(P)/PGL,,H (R) is a homeomorphism.
e For each element h: m, (P) — SLn+1 (R) of Drep(P) the sphere S”" contains a

unique properly convex open subset 2 of S™ so that 2/ h(, (P)) is diffeomor-
phic to P. Here S is determined up to the antipodal map A := —1Iy

Proof The fundamental group 4 (P) of P is an infinite, nonaffine and irreducible
Coxeter group by Proposition 2.3. Hence, by Qi [41, Theorem 1.1], the center of any
finite-index subgroup of my (P) is trivial, and so by Benoist [4, Theorem 2.2; 5, Theo-
rem 1.1], Drep(P) is a union of components of Hom (s (P) SLn 11 (R)) con51st1ng of
dividing discrete faithful representations. (For each element / € Drep(P) Q/ h(my (P))
is a compact orbifold when €2 is a properly convex domain by Benoist [5].)
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Now, Drep(P) is an open subset of Drep(P) by Koszul [38]; see Choi [17]. The subset
is closed in the second space: let s; be a sequence of representations in Drep(P)
converging to an element /i of Drep(P). For a set of fundamental generators 7,
Jj=1,....f, hi(rj) is a reflection fixing points of a side Fj; of a compact convex
polytope P;. Let ; be a properly convex domain in S” where £; (7, (ﬁ)) acts as
a projective Coxeter group. We have h;(rj) — h(rj) for each j, where h(rj) is a
reflection and fixes points of a hyperspace H;. Since h(m; (P)) he Drep(P), acts on
a properly convex open domain Q C S”, each H; meets Q2. Here {H;};—4
mutually distinct since otherwise we loose the faithfulness of the action.

.....

Denote by Hj ; the hyperspace in S” fixed by 4;(r7). For a subset S of {1,..., f},
let I's denote the subgroup of 7y (P) generated by r; for [ € S'. Since h; (q (P)) acts
properly discontinuously on 2, 4;(I's) is finite if ();cg Hy; N2; # @. The converse
is true by Vinberg [47, Theorem 7], and the condition also implies (;cg F7; # 9.
Thus, the combinatorial intersection pattern of {H; ; N Q2;};—;, . s is the same as that
of facets {7 ;};—1,..., r for P;; see also Davis [24, Example 7.1.4]. Similarly, 2(I's)
is finite if ();cg H; N Q # @. The converse is also true: we consider the properly
convex cone IT~1(Q) U {O}. Given a linear finite group action on IT~1(Q) U {0}
with the subspace P of fixed points, dim P > 1, we must have P N T171(Q) # @.
Hence, (;cs H N Qi # @. We thus have

(3-1) NFi#2 & (\HNQU+#2 & (\HNQL+0

leJ leJ leJ
for any subset J of {1,..., f}.

We may also assume that the sequence {Q;} of the closures of Q; geometrically
converges to a compact convex set K by choosing a subsequence; see Choi [15, Propo-
sitions 2.8 and 2.10]. The set K is properly convex and has nonempty interior since
otherwise 4 is reducible; see Choi and Goldman [19, Lemma 1] and what follows.
We may identify K = Q. Also, we assume that {P;} geometrically converges to a
compact convex set P’ in S”. Hence, P’ is properly convex since P’ C Q. By taking
a subsequence if necessary, we may assume that each sequence {S;} of sides of P;
geometrically converges to a compact convex subset Soo of S”. If dim S; = 0 for
all 7, then Soo € 2 by (3-1). Since S is a properly convex set, we can deduce
that S is the convex hull of its vertices. Since €2 is properly convex also, we obtain
Seo C 2. Any sequence {(S;,T;)} of disjoint pairs of sides of P; geometrically
converges to a disjoint pair of subsets by (3-1). We deduce that (", F;; # @ if
and only if (;cs F1,00 # @. The facets of P’ have the same intersection pattern as
{Hp Ny j= _1,...,f - Also, P'NQ = P’ since otherwise Q/h(nl(P)) is not compact.
Hence A (m, (P)) is a projective Coxeter group based on P’.
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By Lemma 3.1, the conjugation action by PGL,, 11 (R) is proper and free. This proves
the first item.

The holonomy homomorphism / is in Drep(ﬁ) by Proposition 3.1. By Choi [16, The-
orem 1] and the first item, the map from a real projective structure to its holonomy
homomorphism induces a local homeomorphism

hol: D(P) — Dyep(P)/PGLy 41 (R).

Now we show that hol is injective. Suppose that Qj for each k = 1,2 is a properly
convex open subset of S on which T := A(rm; (P)) acts for 1 € Drep(P) as a dividing
projective Coxeter group. Let I" denote the torsion-free finite index subgroup by
Selberg’s lemma.

If Q1NQ, # T, then Q' = Q1 NQ, is a connected properly convex open domain where
I' acts properly discontinuously. Each map '/ [->Q x/ [.k = 1,2 of closed mani-
folds is surjective by a homology theory since both are K (f‘, 1)—spaces. This implies
that 21 = Q, or 21 N2, = J; see the proof of Cooper and Delp [21, Proposition 2.2].
Since the antipodal map A: S" — S” conjugates from /(7 (13)) to itself, 2, = A(R21)
or 2, NA(21) = @ by the same reasoning.

Assume that Q2 N2, = @ and 2, N A(21) = @. By Benoist [3, Proposition 1.1], T’
contains an element y with an attracting fixed point y in the boundary of €2; so
that the eigenvalue of the vector in the direction of y has a norm strictly greater than
those of all other eigenvalues. The element y acts on a great (n — 1)—sphere S whose
complement contains y. The pair y and its antipode y_ are the unique attracting fixed
points of the components of S” — S containing them respectively. We can choose a
point z in £ —S. As m — 00, the sequence y™(z) converges to y or y_. Thus,
yeQNQ #a or y_ € Q,NARQ;) # @. The nonempty set gives a ['—invariant
convex subset of dimension less than n; however, / is irreducible by Proposition 2.3.
This is a contradiction.

Therefore, 2, = Q2 or Q, = A(21). Hence, Q,/T" = Q;/T or A induces a
projective diffeomorphism 2,/ " — 4/ I". This proves the injectivity of hol.

The surjectivity of hol is shown as follows. By definition, each element of Drep(ﬁ)
acts cocompactly on a properly convex open subset of S” as a projective Coxeter
group. We now show that the quotient orbifold is diffeomorphic to P. Consider
Py = Q/ h(swy(P)) for i in Dyep(P). Since h(r;(P)) is isomorphic to 71 (P), by
Charney and Davis [12], the Coxeter diagrams are the same for the two groups, and a
properly convex fundamental domain F} of }A’h has the same facial incident relation as
that of a properly convex fundamental domain F of P; see Davis [24, Section 13.1].
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By Davis [26, Corollary 1.3], ﬁh is diffeomorphic to P ; see also Wiemeler [51, Corol-
lary 5.3]. Therefore, hol is a homeomorphism as hol is a local homeomorphism.

The third item was proved while proving the second one. a

The following lemma is a generalization of Choi [17, Lemma 1].

Let R(n + 1) denote the subspace SL,ij(]R) of all reflections. For each element
ge SL,:,E +1(R), let [g] € PGL, 41 (R) denote the corresponding element.

Lemma 3.1 LetU C R(1+n)/ denote the subspace of all (g1, ...,gy) generating
an irreducible dividing projective Coxeter group I'. Then the PGL,, 1 (R)-action on U
by conjugation

[glo(gr,....gp) = (gg1g™".....ggrg™ "), geSLE (R)

is proper and free.

Proof The proof for the properness directly generalizes that of Choi [17, Lemma 1]
as the group T’ is irreducible.

Suppose that an element g of SL,TH(IR{) satisfies gg; = g;g fori =1,..., f. We
have a compact properly convex polytope P as a properly convex fundamental domain
of T" since I' is a dividing projective Coxeter group. Choosing generators differently
if necessary, we may assume without loss of generality that each side S; of P is fixed
by g; fori =1,..., f. Since g commutes with g;, g acts on the subspace S; C S”
containing S; and each pair {r;, A(r;)} of antipodal fixed points of g;. Therefore, g
actson {vy, ..., Um, A(vy), ..., A(vy)} for vertices vy, ..., vy of P. As P hasn+1
vertices in a general position, g is diagonalizable over R. Since g: V — V isa I'-
module morphism, we obtain g = Ay for A = £1 by Schur’s lemma for R. a

One related question is:

Question 3.2 Can D(ﬁ) for a compact hyperbolic Coxeter orbifold P be compact
and have dimension greater than or equal to 1 ?

This question was first asked by Benoist in 2005 as far as the authors know (see
Marquis [40] for examples).
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3.2 The reinterpretations of the deformation spaces as solution spaces

Let V be an (n+ 1)—dimensional real vector space. Denote by Mgy, (R) the set of sx¢
matrices with real entries. We will identify V" and V* with M(,41)x1 (R) = R”*1 and
Mix(n+1)(R) = (R"+1)* respectively as follows: we choose a basis {e;,...,e,41} of
V. Let{e],... e, } bethedualbasisof V*. If o; =0a; 1ef ++ -+ jnt16,, €V,
then o; is identlﬁed with the 1 x (n + 1) matrix (e 1,...,0% 4+1). Similarly, if
bj = bj1e1 + -+ bjpr1eny1 €V, then b;j is identiﬁed with the (n + 1) x 1
matrix (b; 1, .. .,bj,n+1)’ , where A’ means the transpose of a matrix 4. Hence
@;(bj) = a;bj, where the right-hand side is the scalar obtained as the matrix product of
a 1 x(n+ 1) matrix with an (7 4+ 1) x 1 matrix. Denote by I,4; the (n+1)x (n+1)
identity matrix. With this matrix notation, a reflection R is of form [, 4; —ba for
a€V*and b eV with ab =2.

Let P be a compact Coxeter n—orbifold with the fundamental chamber a properly
convex n—polytope P with f facets in S” and let [ 5 ={1,..., f} be the index set
of the facets. The orbifold structure of P gives us the order n;; of the ridge F; N Fj,
i,j €lp,i #j.Let P be given by a system of linear inequalities o; > 0 (i € [ 5) for
a; in V*. Let b; be a vector with «;b; = 2 for each i, and let R; be the reflection

I,+1 —bjo; foreach i €, and let ' C SLn 11 (R) be the group generated by the
reflection R;.

Define
E| p={GJ)elpxlp|i=j}
E ﬁ—{(i,j)e]IAx]II;|i<j, F; and Fj are adjacent in P and n;; = 2},

E, A—{(l J)elpxlg|i<j, Fiand Fj are adjacent in P and n;;j > 3},

E ﬁ_{(z J)elpxlp|i<j, Fiand Fj are not adjacent in P}.

’

Vinberg’s result leads us to solve the following system of polynomial equations:

e a;; =u;b; =2 for (i,i)EElﬁ

* ajj =ajbj=0and aj; =ajb; =0for (i, /) € E, 5

e ajjaji = aibjajb; = 4cos ( ) for (i, j) € E; 5
We call these polynomial equations Vinberg’s equations. The «; and b; are variables.
Denote by e the number of ridges and e, the number of ridges of order 2. Np =

f +e+e, is the number of Vinberg’s equations. Let {&® k};](V £, be the set of polynomials
in Vinberg’s equations, and define a map

D5 v x v - RNp, (@1,....ap.by, ... bp) > (Pr, ..., PN ).
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Let R4 be the set of positive real numbers. Denote by

0: (G :=RL xSLE (R) x (V) x VI - (v x v/
the action given by
(3-2) (di,....dr.g)-(a1,....ar,by,....by)

= (dvarg™", ... drapg™! dT gby, ... d7  gby),

where d;j € R4 foreach i €5 and g € SL,“Z—LJrl (R). Then we have the invariance
(3-3) Qpo6(dy,....dr,g)=Pp.
Define an open set
(3-4) Up of elements (a1, ..., o, b1,....by) € v xv/

that satisfy

e there exists U # O such that o; (V) > 0 for each i,

o (ay,...,ap)=V",

e ag;jj<0andaj; <0if (i,j) e E3, pUE4p,

* ajjaj; >4if (i,j) € E4,p,
and where we replaced the condition (L2) with (L2)’.
We define the solution set o

D(P):= o1>1—31 0)NU3.
By invariance, G acts on U p and on ﬁ(ﬁ) Applying the action 8(d;, g) on ]ﬁ)(ﬁ),
we have
Inv1—(d; 'gbi)(dicig ™) = g(Ins1 —bioi)g ' = gRig™" fori e Is.

So, the action 0(dy,....dr,g) on ﬁ(ﬁ) corresponds to the conjugation in SL,j,Zrl (R).

Define M as the submanifold of (V*)f x V/ of elements (g, ... ,ozf,bl, el bf),
where a;jb; =2 forevery i =1,..., f. Define a map

I/SL,ﬂZ:_,_l(R): M — R(n+ l)f

by sending (aq,...,af,by,...,bs) to (r1,...,rr) given by
ri(y=Iy—aj(-)bj: V-V foreachi=1,..., f.

The map sends the information on the reflection subspace and the vertex to the reflection
itself. Since a reflection is determined by its fixed-point subspace and the antipodal fixed
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point, the group Ri x {1 V}f acts simply transitively on the fibers of 7’ SLE, | (R) -
Therefore, we obtain a principal fibration

R x{+Iy} ——— M

4

(3-5) T, ®)

R(n+1)/.

Theorem 3.2 Let P be a compact Coxeter n—orbifold. Assume that P admits a real
projective structure, but does not admit a spherical or Euclidean structure. We consider
the solution set

™( D) -— H—1
D(P) := @5 (0) s ¢ M

for Vinberg’s equations ® 5.

e There exists a PGL, 1 (R)—equivariant surjective map
T: D(P)/R] x {£1y}) = Diep(P).

. Drep(ﬁ) is homeomorphic to ]ﬁ)(ﬁ)/(Ri x{xly}).

e The deformation space D(ﬁ) of real projective structures on the Coxeter orb-
ifold P is homeomorphic to a union of components of

D(P)/G = Diep(P)/PGL, 41 (R), where G = RY xSLE, | (R).

Proof The conditions of (3-4) imply that we have a nontrivial properly convex polytope
as a fundamental chamber. Vinberg’s equation, Theorem 2.1 and Proposition 2.3
impl;/ that the image points are discrete faithful dividing reflection representations
m1(P) = SLi 1 (R).

Conversely, the collection of reflections generating the discrete faithful dividing reflec-
tion representation gives some point in D(P), ie in <I>})1 (0) NUp, since it satisfies
(L1) and (L2)" as we showed in Section 2.2. Hence the map is surjective.

A representation given by assigning the fixed points and reflection facets to fundamental
generators has ambiguity understood by (3-2). Thus, the fibers are again given as orbits
of ]R_{_ x{xIy},and 7/ SLE, | (R) restricts to a fibration ]ﬁ)(f’) — Drep(ﬁ). The second
item follows. The third item follows by Theorem 3.1 and the second item. a
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Let PV(ﬁ) denote the space of f x f matrices 4 = (a;;) satisfying (L1) and (L2)’
with rank 4 = n 4+ 1 and no component of zero type. We recall from (2-1) that a
diagonal matrix group R{_ acts on PV (P) by

(3-6) (dy.....ds)o (aij) = (did; " a;j).

Corollary 3.1 Let P bea compact Coxeter n—orbifold. Assume that P admits a real
projective structure, but does not admit a spherical or Euclidean structure. Then there
exists a homeomorphism between each pair of the spaces below:

D(P) «— Dyep(P)/PGLy 11 (R) «—> D(P)/G «— PV(P)/RY.

Proof Theorems 3.1 and 3.2 give the first and second correspondences. The map from
the second one to the fourth one is obtained by going to the third one and taking o; (b;)
as the entries of the Cartan matrices. Theorem 2.3 and Proposition 2.3 give us the map
from the fourth one to the second one. These maps are inverses of each other by the
uniqueness part of Theorem 2.3. O

4 Real projective structures near the hyperbolic structure

We will obtain the information of real projective structures near the hyperbolic structure
in terms of Zariski tangent spaces.

Recall in the previous section that real projective structures in the deformation space
of a compact Coxeter orbifold P correspond to solutions to Vinberg’s equations. In
Section 4.1 we study the Zariski tangent space to this solution space. In Section 4.2
we describe the space of hyperbolic structures of P in terms of polynomial equations,
forming so-called hyperbolic equations. In Section 4.3 we study the Zariski tangent
space to the solution space of the hyperbolic equations. We compute the rank of the
differential of the polynomial map from the hyperbolic equation in Proposition 4.1. In
Section 4.5 we compare these two Zariski tangent spaces and combine this observation
with the weak orderability of P to prove Lemma 4.1, computing the rank of the
differential of the polynomial map from Vinberg’s equation. Finally, in Section 4.6, we
prove the main result Theorem 4.1.

4.1 The Zariski tangent space to Vinberg’s equations

Let P be a Coxeter orbifold based on a properly convex n—polytope P with f facets
in S", and let [ 5 ={1,..., f} be the index set of the facets. Assume that P is given
by a system of linear inequalities, o; > 0 (i € I ) for «; € V*. Suppose that each b;,
i=1,..., f,is areflection vector with o;b; = 2.
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As in Section 3.2, we have variables «; € V* = (R*T1)* and b; € V = R"t! for
i €l ={1,..., f}, and Vinberg’s equations are of the following form:

. @ii=aibi—2=0f0r(i,i)€Elﬁ

. @E}]Zaibj =0 and dD[.z.]zozjb-=0f0r (i,j)eEz’ﬁ

o &;; =u;bjajb; —4cos ( ) for (i, /) € E; 5

Recall that N5 is the number of Vinberg’s equations, ie Np = f + e +e. Let
A v x v S vE and 22 (v <V S

denote the projections onto the i factor V* and the (f + i)™ factor V, for ev-
ery i € I3, respectively. For each (i, j) € E3 p» the derivative of ®;; at p =
(aq, ... cxf by, ...,by), considered as a linear map, is

D®;j(p) =ajiaibj +a;ja;b; +a,‘jaj15,' +ajiai15j
=ajim )by + ayym N (p)bi + aijoy P (p) + ajicim ()

for p = (a;.,... ,o'zf,BI, .. .Bf) e (V*)/ xV/ and entries a;jj of the Cartan matrix
of P. Similarly, for each (i,i) € E,

D®;;(p) = 7 (p)bi + i (),
and for each (7, j) € E2 P
poll(p) =2 (p)bj +einP(p) and DO (p) = 7 (p)bi + ().

More explicitly, combining Vinberg’s equations gives a function ® 5: (V* YV xvi—
RN? and the rows of the Np x2(n+1)f Jacobian matrix [DCDP] are made up of
(n + 1)—entry blocks.

Foreach (i,i) € E| 5
[DCI)l‘i]I(0,...,O,bi,l,...,bi’n_H,O,...,O,Otl',l,...,ai,n+1,0,...,0)
=(,...,0, b ,0,...,0, o ,0,...,0).

N—— N——
iblock (f +i)"block
For (i,j) € E, 5.
(Do}
=(0,....0, b; ,0,...,0,_0 ,0,...,0, _0_.0,....0, o .0,...,0),
—— — — —
ith it (f+i)th (f+i)®
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2]
(D&

=(,...,0,_0 ,0,...,0, b ,0,...,0, & ,0,...,0, 0 ,0,...,0).
N — N—

jih (f+i)h (f+j)n

For (i, j) €E3 B

(4-1) [D®;;]=(0,...,0, aj;ib%,0,...,0, a;jb! ,0,...,0, aije;j ,0,...,0,
~—— ~——

ith 7 )th
i J (f+0) ajiaj ,0,...,0).
——
(f+i)e

Suppose that p is a point of @%1 (0). Then the Zariski tangent space at p is the kernel
of the Jacobian matrix [D® 3] evaluated at p.

4.2 The hyperbolic equations

We let V be an (n 4+ 1)—dimensional real vector space with coordinate functions
X1,.-.,Xn+1,and let Pbea compact hyperbolic Coxeter orbifold with the fundamental
chamber equal to a compact n—polytope P in the Klein projective model of the n—
dimensional hyperbolic space H". Let P have facets F; fori €[5 ={1,2,..., f}.

Denote by v; € V the inward unit normal to the subspace spanned by vectors in
directions of F; with respect to the Lorentzian inner product on V. Then the following
system of linear inequalities define P:

(vi,x) =0 foreachie]lﬁ and x; =1.

To construct a hyperbolic Coxeter n—polytope P with prescribed dihedral angles 7 /n;;,
we need to solve the equations

(vi,vi) =1 foreachi € Hﬁ,
(4-2)

(vi,vj) = —cos(%) if facets F; and F; are adjacent in P.

We call these equations hyperbolic equations. To compare the hyperbolic equations
with Vinberg’s equations, the system of linear inequalities defining P is given by

ai(x) =0 forielz and x;=1,x€V,

where the linear functional «; € V* is given by «;(v) = 2(v;, v). The hyperbolic
reflection in the facet F; is a map

Ri(v) =v—2{(v;,v)v; = v—a;(v)b;
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for b; = v;. Thus taking o; = 2(v;,-) and b; = v; gives a  hyperbolic point 1 in the
space ®=!(0) corresponding to the hyperbolic structure on P. We rewrite the equation
in another way. If facets F; and F; are adjacent in P, then

ajj = oj(bj) =2(v;i,vj) = —2cos( ])
and thus
aji =2(vi,v;) =2 for (i,i) € E1,13’
aij=0 and a;; =0 for(i,j)e€ Ez,f”
ajjaj; = 4cosz(n’f—_j) for (i, j) € E3’13
4.3 The Zariski tangent space to the hyperbolic equations

As in Section 4.2, we assume that P is a compact hyperbolic Coxeter n—polytope
where the dihedral angle at each ridge F;; = F; N Fj equals m/n;; for an integer
n;jj = 2. Constructing such a hyperbolic n—polytope P is the same as solving the
system of hyperbolic equations (4-2) for the unit normals v;. Equivalently we can write
these equations in terms of the reflection vectors b; = v;. This gives the following

system of m = f + e equations:

W;; =2(bj,b;)—2=0 fOI‘(i,i)EE1 P
4-3 ;
“4-3) ;i :2(bi,b')+2003(%) =0 for(i,j)eE, pUE;

Combining these gives a function ¥ VS =ROEDS S RM and W 1(O) contains
Coxeter n—polytopes in H” with the desired dihedral angles.

We define an open manifold
(4-4) Wﬁ2={(b1,...,bf)€ Vf [ {b;, biYy=1,i G]II;, (bi,bj) <—=21f (i,j)€E4’13}.

The f—tuple (by,...,br) of normal vectors to facets for a compact hyperbolic polytope
satisfies (4-3) and is in W B (see Roeder, Hubbard and Dunbar [43]).

Now we compute the derivative DW 5 at a hyperbolic point 7. Setting o; = 2{v;, - ),
i=1,..., f,tobe the linear functionals defining the facets of P, we obtain

D\I/ij(l;) = Z(Bi,bj) +2<bi,l;j) = Oljbi +Olil;j
for b := (151,...,6f) eVv/ bieVv,i= l,..., f.Fori = j, this becomes
D\Dii(b) = 20(,'[;,' for b = (b.l, ... ,bf) ev/.

Equivalently, the rows of the m x (n + 1) f Jacobian matrix [DW 3] consist of blocks,
each consisting of (n + 1) entries.
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For each (i,i) € El,ﬁ’
[DV¥;i]=1(0,...,0,20;1,....20t; p41,0,...,0)

=(0,...,0, 20; ,0,...,0)
——

ith block
and for each (i, j) € E,3UE; 5.
[DW¥;j]=(0,...,0, «; ,0,...,0, o ,0,...,0).
N—— S~——
ith block Jjth block

Then the Zariski tangent space to ‘11})1 0)NWp at 1 is ker DV 5.

Recall that Hom(nl(ﬁ),PO(l,n)) is an algebraic subset of the space PO(1,n)’,
where f is the number of fundamental generators, ie the number of facets of P. We
give it the standard subspace topology.

Proposition 4.1 Let P be a compact hyperbolic Coxeter n—polytope. Suppose that
P is the Coxeter orbifold arising from P, with the associated holonomy representation
hg, and let by denote the f—tuple of vectors normal to the facets of P in the Lorentzian
spaces. Then we have the following.

e The orbit of hy under PO(1,n) contains an open neighborhood of hy in

Hom(r; (P), PO(1, 1))

n(n+1)
2

and this is a smooth —manifold in a neighborhood of hy.

e A neighborhood of by at \IJI_A)I (0) is diffeomorphic to a neighborhood of hq in
the real algebraic set Hom(r; (P),PO(1,n)).

. . 1
e dimker D\I’ﬁ,EO =dimso(l,n) = @

Proof Let 4 (13) act on the Lie algebra so(1,n) of PO(1,n) by the representation
Adohy. By the work of Weil [50], the Zariski tangent space to Hom (7, (13), PO(1,n))
at h is isomorphic to the vector space Z!(mr; (ﬁ),so(l,n)Ad ohy) Of 1—cocycles for
computing the group cohomology; see also Raghunathan [42, Chapters 6 and 7] and
Goldman [30, Section 1] for a material on cycles and cocycles.

A neighborhood of Hom (74 (13), PO(1, n)) of Ay consists of holonomies of hyperbolic
Coxeter orbifolds diffeomorphic to P by Choi [16, Theorem 1]. The Mostow rigidity
shows that a neighborhood of /4 in Hom(my (ﬁ), PO(1, n)) is inside the orbit of /¢
under the conjugation action of PO(1,n). The orbit is a smooth %n(n + 1)—manifold
in a neighborhood of /i by an easy real algebraic group action theory argument since
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the hyperbolic holonomy group /o (7q (ﬁ)) has a trivial centralizer in PO(1, n). This
proves the first item.

Let R(1,n) denote the subspace of PO(1, n) of reflections fixing a hyperplane meeting
the positive cone, and

U = {(by.....by) e V| (bi.bi) = 1.i €15},
which is a smooth manifold. Define the map
Z'po(1 )" ut — R(1,n)’
by sending (by,...,bs) to (ry,...,7y) such that
ri() =1y —=2(bi,-)b;, i=1,...,f.

Here, {£1 V}f acts on fibers transitively and the map is a covering map. Consider the
restriction

7" w5 (0) N Wp C Wp — Hom(m, (P).PO(1,n)) Cc R(1,n)”,
where W5 is an open subset of U/ . The relations defining
w5'(0) and Hom(rm, (P),PO(1,n))

coincide under Z” and the above restriction Z” of Z’pq(y ) is a local diffeomorphism
to its image. Here, {+1y} acts transitively on fibers. This proves the second item.
(We are in the situation of diffeomorphic coordinate variable changes, heuristically
speaking.)

‘We also obtain
dimker DW= dim Z' (71 (P), s0(1, 1) doh,)

since the second Zariski tangent space is again given by a system of algebraic equations
on R(1,n)/ . By Weil infinitesimal rigidity [49], H'(m; (P).so(1,n)adon,) = 0, and
it follows that

dim Z (7t (P), 50(1, M) agon,) = dim B! (7t (P), 50(1, 1) Agong)-

Since PO(1,n) acts freely on Hom(nl(ﬁ),PO(l,n)) with smooth orbits, the di-
mension dim B! (m; (IA’), so(1,n)adon,) of the tangent space of the orbit passing /¢
is dimso(1,n) = (n(n + 1))/2. This proves the third item; see also the proof of
Choi [20, Theorem 1]. O
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4.4 The main theorem

Definition 4.1 A real projective Coxeter n—orbifold P is weakly orderable if the
facets of the fundamental polytope P in S” can be labeled by integers {1,..., f} so
that for each facet Fj,

e the cardinality of the collection
Fi:={Fj|j>1i and theridge F; N F} has order 2}
is less than or equal to n,

e the collection F; is in general position whenever F; is not empty.

Here, the general position for a collection of facets means that the defining linear
equations of the facets are linearly independent. For n = 3, we automatically have the
last general position condition by Choi [20, Lemma 3]. Thus, the second definition
generalizes the earlier definition for n = 3.

Recall that a n—polytope P in S” is simple if exactly n facets meet at each vertex.
Let f and e be the numbers of facets and ridges of P respectively. We introduce an
integer

Sp=e—nf+ %n(n +1)

which depends only on the polytope P but not on the orbifold structure. Barnette [2]
showed for simple polytopes P that §p > 0; see also Greene [32]. In our context,
dp = 0 indicates the full rank property of hyperbolic equations; see (4-8).

Theorem 4.1 Let P be a compact hyperbolic Coxeter n—polytope, and suppose that P
is the Coxeter orbifold arising from P. Suppose that

(Cl) ép=0,
(C2) Pis weakly orderable.

Then a neighborhood of the hyperbolic point in ]D)(ﬁ) is homeomorphic to a cell of
dimension e4 (P) —n.

4.5 The main lemma

The proof of Lemma 4.1 is technical, hence in Example 4.1 we will introduce a simple
example to explain the procedure.
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Lemma 4.1 Let P be a compact hyperbolic Coxeter n—polytope, and suppose that P
is the Coxeter orbifold arising from P. Let e, be the number of ridges of order 2,
and let by € V/ be the f—tuple (by, ... ,br) of normal unit vectors for facets of P,
and @y € V*/ the f-tuple (ay, ... , o) of dual vectors a; = 2(b;,-). If Pis weakly
orderable, then

rank D® 5

P.@o.bo) = rank D‘Ijﬁ,go + e5.

Proof Since P is weakly orderable, we order the facets of P so that each facet
contains at most n ridges of order 2 in facets of higher indices. Define
Is(k)y={i €lp|i>kand F; N Fy is aridge of order 2} and (k)= |I5(k)|.
The set can be empty and i (k) = 0. We may enumerate
T5(k) = {50k, 1), 150k i (K))}
such that if s <7, then [ 5(k,s) <Ip(k, 7). Clearly,
(4-5) k <lp(k,l) forl=I=<i(k).
That is,

1<) ={I5(1,1) <I3(1,2) <--- <L3(Li (1)},
2<1502) =1{152,1) <15(2,2) <--- < [5(2,i(2)},

q<Ip(g)={Ip(g, 1) <Ip(q,2)<---<Iplg,i(g)},

for some ¢,1 < ¢ < f. Then we have

E, 5 ={(L15(1. D). (1LI5(1.2).....(LI(1i (1))
2.152,1).(2.15(2,2)).....(2.15(2,i(2))),

(q.15(q. 1)), (q.15(q.2)),....(q,Ip(q,i (@)}

where i (k) < n. We note that
q
Y ilk)=|E, sl =ea.
k=1
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Define the 1 x (n + 1) f matrices

affl = .. o .0.....0) and bHl=(0.....0. bf .0.....0).
“/—‘ ~——
Jjth block Jjth block
Denote by J the (n + 1) x (n + 1)—diagonal matrix with diagonal entries —1,1,...,1.

(We will now omit from D®; i @b the subscripts (&, b) to simplify.)

We note that a; = 2bl? J and a;j = a;; at the hyperbolic point by Vinberg [47, Propo-
sition 24] and the rows of the Np x 2(n + 1) f/ matrix [D® 3] are as follows:

(D] = (] o«fi) (.0) € E, 5,
we (Dol = (b3, atl)) (.)€ E, 5.
(el =@l o) (.)€ E, p,

[D®;;]= (aljb[[l]]] +aﬂb[[;]],a],a{lj]] —i—a,Joz[[;]]) (i,j)e E3’ﬁ,
by (4-1). (Here, we merely indicate the rows and not write the whole matrix.)
Before completing the proof, let us give an example to illustrate.
Example 4.1 As an example, we use a compact 3—dimensional hyperbolic tetrahedron
to illustrate the method in the proof of Lemma 4.1; see Figure 1. Here, if an edge is

labeled /, then its dihedral angle is 7//. We will simply use the inherited notation
here with obvious meaning.

Figure 1: A compact hyperbolic tetrahedron
Then
To(1)=1{I5(1,1)=3<15(1,2) =4}, [52)={I52,1)=4},
={(1.3).(1.4).(2.4)}, E; 3=1{(1.2).(2.3).(3.4)}.
E, 5=1(1.1.(2.2).(3.3).(4.4)},
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and hence
[ Dol ]
pas]
paf]
Dol2
[ pol) (.j)eE, ;] Ly
(D0 5] = DO (e Eyp | _ Do,
D (i.j)eE, 5 Dy
| Doy (Li)eE, p | | PP
D®3y
Dy,
D®y,
D®s;5
| D®4s |
B0 0 0 o 0 o 0
o 0 0 0o 0 0 a
O B 0 0 0 0 0 a
0 0 b 0 ez 0 0 0
0 0 0 b leg 0 0 0
o 0 0o b [0 a 0 0
= | ax by apb} 0 0 ajry arjog 0 0
0 azably asbl 0 0 ar3003 a30p 0
0 0 ag3bl azabl|0 0 34004 A43003
B0 0 0 leg 0 0 0
0 B 0 0 0 a 0 0
o 0o b 0 0o 0 a5 0
o 0 0 B o 0 0 a

where 0 is the zero 1 x 4 matrix.
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First, for each (i, j) € E, 5, add a row [DCIDEJI.]] of [D® 3] to another row [D@E?].
This gives

CB 0 0 0] 0 0 a 0 ]
oo 0 00 0 0 oo
0 B 0 0|0 0 0 a
b, 0 b 0 a3 0 o 0
b} 0 0 b oy 0 o

0 bz 0 bé 0 Oy 0 [+ 4]

4-7) a21b§ alzbi 0 0 |aj0n ariaq 0 0
0 61321?; a23b§ 0 0 ar303 d320) 0
0 0 Cl43b£ a34b§ 0 0 aA3404 dy303

A 0 0 | o 0 0 0
0 b0 0 0 a 0 0
0 0 b0 0 0 a O

0 0 0 K| 0 0 0 oay

Second, for (i, j) € E, p, multiply a row [D®;;] of [D® 5] by a;;':

3,P°

[0 0 0[0 0 o 0]
L0 0 0[0 0 0 o
0 b 0 0[{0 0 0 a
bgObEOO{_@OO{lO
bZOObiOMOOO{l
0b20b£00¢400¢2
bgthOOazalOO

0 b5 b5 00 a3 a 0
0 0 b 0510 0 ay a3
BLO 0 Olag 0 0 0
065 0 0/0 ay 0 0
0 05 0/0 0 a3 0
L0 0 0 B0 0 0 e
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Third, for each (i,7) € E, 5, multiply a row [D®;;] of [D® 5] by 2:

CH 0 0 00 0 o 0
B0 0 00 0 0 o
0 b, 0 0[]0 0 o
by 0 bl 0 jaz 0 a; O
by 0 0 bi|ag O o
0 by 0 b5 0 ay o>
by b 0 0 ]a a 0 O
0 b, b5 0|0 a3 ay O
0 0 B B0 0 a a

20 0 0 0|2 0 0 0

0 Zbé 0 0|0 2a, O 0

0 0 265 00 0 25 0
0 0 0 26[0 0 0 2a4]

Fourth, multiply the left 16 columns of [D® 5] by 2 and the (47 — 3)™ columns

(i€lp=1{1,2,3,4}) of [DP 3] by —1 respectively:

az 0 O OO0 O o O
ag 0 O OO0 O 0 o
0 a4 O O0]0 O 0
; 0 a7y O |laz 0 o O
oy 0 0 o1 | 04 0 0 o
0 0y 0 o) 0 0y 0 (0%
oy o7 O 0O lap a7 O O

0 200 0 0|0 20 0 O
0 0 2«3 0|0 0 203 O
0 0 0 2a4] 0 0 0 204
ie
@3 00 0/0 0 a7 O
ag 00 0/00 0 aj |
0 as 00[0 0 0 ap |’
[DW5] | [DW 5]
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see Section 4.3 for definition of [DW 5]. Here we note that

D\IJ13 o3 0 o1 0
D\IJ14 (67} 0 0 a1
D\IJ24 0 0y 0 6%

o D‘-Iflz Oy O

D\IJ,‘J‘ (l,]) e E ﬁ
L. D\If23 0 a3 O 0
[DY5]=| DYyj (l,])GE 5 | = =
P ’ o DV 0 0 a «
DVY;; (i,i)GE P 34 4 3
D\Ifll 26(1 0 0 0
DV, 0 205 0 0
D\If33 0 0 20{3 0
| D\I’44 B B 0 0 0 20[4 ]

Finally, using elementary column operations, we obtain

o3 0 —0 0 0 0 (041 0

(e 7} 0 0 —0 0 0 0 o1

0 (671 0 —0) 0 0 0 (0%
O10x4 | O10xa | O10x4| Orox4 | [DWV 5]

where Osx; is the s X ¢ zero matrix. Hence, the matrix is of rank = rank[DW 13] +e;.

Now, we continue with the proof of Lemma 4.1. Using the notation as before, we recall
our matrix [D® 3] in (4-6). Now we use elementary row and column operations of
[D® 5] to obtain a matrix whose rank is easier to compute. The step will correspond
to one after (4-7) in the above example.

First, for (i, j) € E add a row [DCDB.]] of [D® 3] to another row [DCDE]]:

2P’

1 1) ) 4 plil Ul 4 ol
(O o)) = by +bpjp app + o)

Second, for (i, j) € E multiply a row [D®;;] of [D® 3] by a;;

3, P’
L] 1, ol 1 4 ol Qi) 4 ol
(aijbpj + ajibgy. ajiogy) + aijogy) — (b + by o) + ).

Recall that for (i, j) € E p each a;; is nonzero and a;j = aj; at the hyperbolic point
in ®71(0).
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Third, for (i,i) € E| p, multiply arow [D®;;] of [D® 5] by 2:

i1 5l

il Ll
(by a’)—>(2b[i], 0

i1 7l
Fourth, multiply the left (n + 1) /* columns of [D® 3] by 2 and the (i(n + 1) —n)h
columns (i € [ 5) of [D® 5] by —1 respectively (The fact that
o = 2va and b; = v;
is used here):

(DO~ (ol off! (.)€ E, p.
(DO (iff +afof) ey @))€ E, 5
(D@1~ (@) +ef ot +ofY) G ) eE, 5
[D®i;] — (201 200) (i.i) € E, 5.

Similarly, the rows of the (" +e) x (n+1) f Jacobian matrix [DW 3] are as follows:
(D)=l el (. j)eE, ;UE, ;5.
[DV;;] = ZaH (i,i)e E
see Section 4.3 for definition of [DW 3]. Comparing these two matrices and rearranging,
we observe that [D® 5] became

1,P
N [Ma(1,1)] -
Ym0 | YN

0] 15 (1i(1))]
M (1, | 4]

[4] ' [T ﬁkq, D]
YMa,01 | Yl

o i 5(@i@)]

o 4 .
[I5(q,i(gN] | "[q]
[D‘IJI’;] [D‘IJI’;]

which is an N x 2(n + 1) f matrix divided into two e3 x (n + 1) f —matrices. The
top ones correspond to the copies of E, s—rows, and two bottom (f +e)x (n+1) f~
matrices equal [DW 5].
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Using elementary column operations, we obtain

Now rewriting this matrix into the union of f of Np X (n + 1)-matrices and an

- M1l

INLTICRY)
1,01~ %1

Suhyoung Choi and Gye-Seon Lee

[I(1,1] -
%N

15 (1i(1))]

Np x f(n+1) matrix, we obtain

1] [ 5(1,i(1))]
i) — 4 %]
Jad i@l | p@)
[ 5.0 ~ ¥q] lq]
4 5 (@i@)]| [1p(.i@)]
5 (g0 @)~ Y[a] Ylq]
L 0 [DV 5]

B a]If,(l,l) * *
T 5(1,i(1)) * *
0 A 5(2,1) *
0 |ors.ie) *
0 0 Ol][ﬁ(q’l) *
B TICAIC0) IR
0 0 [[DW5] _

where 0’s are zero matrices. The matrix is so that

is in the k™ column from rows Zj:% i(j)+1to Zle i(j) and every entry below

iszerofork=1,...,q.

o 5 (k,1)
o 5 (k,2)

T 5 (ki (k)
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The general position condition of the weak orderability implies that for each k €
{1,2,...,q},

are linearly independent, ie all submatrices

o 5 (k,1)
o 5 (k,2)

O 5 (k,i (k))
are of full rank. This establishes the result. O

4.6 Proof of Theorem 4.1

Let P be a compact Coxeter n—orbifold admitting a hyperbolic structure. Assume
that P admits a real projective structure, but does not admit a spherical or Euclidean
structure. Define

Ve:={pelUpC (V*)f xV/ | Dp® 5 is surjective},
D(P), :=D(P)NV; = @21 (0)N V3.

The second one is an open subset since the maximal rank condition is an open condition
since the rank condition expresses the independence of the row vectors of the differential.

Since @5 is G —invariant, G acts on ID)(P), The action of G on ]D)(P)r is induced
from the action 6 on ]D)(P) in (3-2). Recall that N = f te+tes, where f, e and e,
are the number of facets, ridges and ridges of order 2of P respectively.

We use the following steps:

(1) @(ﬁ), is a smooth manifold of dimension 2(n +1) f — Np if ﬁ(ﬁ)r % .

(2) The orbit space ]D)(P)r = ]D)(P) / G is a smooth manifold of dimension
dlrn[D)(P) , —dim G, and it identifies with an open subset of ID)(P)

(3) Moreover, if P satisfies the condition (C1), then the manifold ]D)(P), is of
dimension e4(P)—n.

(4) Furthermore, if P admits a hyperbolic structure and satisfies the condition (C2),
the hyperbolic point # is in D (P), . This will complete the proof of Theorem 4.1.

We now prove them one by one.
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(1) Theset Vp is an open subset of U5 C (V*)f xV/ and the restriction to Vp of the
map P 5 is a submersion. Thus each level set of @ 5 |v13 is an embedded submanifold
in V5 whose codimension is N. The conclusion is immediate.

(2) As we defined above, ﬁ(ﬁ) » 1s an open subset of ﬁ(ﬁ) that is the complement of
an algebraic closed set and G acts on both sets. By Lemma 4.2, G acts smoothly, freely
and properly on a smooth manifold ]D)(P) r» and hence the orbit space ]D)(P) v/ Gisa
smooth manifold of dimension dim ]D)(P)r dim G . Therefore, ]D)(P),/G identifies
with an open subset of ]D)(P) by Theorem 3.2.

(3) The equation dimD(P), —dimG = 2(n+1)f —Np)— ([ +@n+1)*—1) =
e+ —n—28p holds. Since §p = 0, we obtain dimID(P), —dim G = e+ (P) —n, and
hence the step (2) implies the conclusion.

(4) Proposition 4.1 yields ker DW 5 = 3n(n + 1) at the hyperbolic point 7. Hence
(4-8) rank DUz =(n+1)f—gn(n+1)= f +e—6p

holds where §p = e —nf + %n(n + 1). Since §p = 0 and P is weakly orderable,
rank D® 5 =rank DV +ey = f +e+ep at £ by Lemma4.1, and so D® 5 at 7 is
of full rank.

Lemmad4.2 Let P bea compact Coxeter n—orbifold. Assume that P admits a real
projective structure, but does not admit a spherical or Euclidean structure. Then G acts
smoothly, freely and properly on a smooth manifold D(P), .

Proof We show that G acts freely on a smooth manifold ﬁ)(ﬁ) r» a locally compact
metric space. Suppose that

(d],...,df,g)'(Oll,...,O(f,b],...,bf)=(O(l,‘..,O(f,bl,...,bf),
where dy,...,df € Ry and g € SL,jf_H(R). That is,
diaig” ' =o; and di_lgb,- =b; foreveryi el.
Hence, d,-dj_la,-j = a;; holds, and d; = d; if «;(bj) # 0.

By Proposition 2.3, for any holonomy group I' of nl(ﬁ), the Cartan matrix of T’
is indecomposable. It follows that d; = --- = dy. Denote the common value by d .
Choose (n+ 1) linearly independent linear functionals «;,, ¢;,, . . ., o, from the facets
of P since the fundamental domain is a properly convex polytope by the condition
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of Up. Let S be an invertible (n+ 1) x (n + 1) matrix

Then dSg~! = S and hence d”"*! =det(g) = 1. Observe that d =1 and g = I,
establishing the result.

Next, we show that G acts properly on a smooth manifold ﬁ)(ﬁ) r. Suppose that a
sequence {px = (X1 k.- % kD1 k..., b)) in G is such that

{pr} = (@1,....a7,by,....br) e D(P),,
and {gx = (di k,....dsk,gk)} is a sequence in G such that
ar -k — @1, ..., 87 by, ....br) €D(P), ask — oo.
That is,
(4-9) {d,-,kcx,-,kg,:l} — a; and {dijkl gkbik} — b; foreachi €l.

Since we are in a metric space, we show that {g;} is bounded to prove the properness
of the action: We have
—1 ~ 7
ik d; g @iicbj it — aibj,
hence

{d; d; 1} — @ibj(aib)) ™" if azbj #0.

Moreover,
&'igj,&'jgi,aibj,ajbi<0, (i,j)¢€ E1UE,.

Since the Cartan matrices A = (a;;), a;; = a;b; and A = (d@;j), d;j = &igj, are
indecomposable,

(4-10) {digd; 3} —cij >0 forevery (i, j) € I x .
Define (n + 1) x (n + 1) matrices
G CigioQig dig kg k
G Ol‘il e Cili?ail and Sy = dil,kf)ti],k
a, Ciyyio @i, di, k%, k
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Since S and S are invertible, (4-9) and (4-10) show that
{Skgi'} > S and {d; [ Sk} — S:

hence
{dixgi'} = S7'S.

dn+1

As det g = %1, the sequence { } converges to a positive number

|det(STLS)].

Denote by d;, the positive (n + 1) root of this limit. {diy .k} — di, and {gf} limits
to {d;,S S~1S} respectively. Since we can choose a collection of faces to include Qg
for any 7o, {qx} is convergent. o

4.7 Proofs of Corollaries 1.1 and 1.2

Proof of Corollary 1.1 We have that §p = 0 for any 3—dimensional simple poly-
tope P by Euler’s formula. Hence, Theorem 4.1 gives us the conclusion. a

Proof of Corollary 1.2 Let Pbea hyperbolic truncation Coxeter orbifold with the
fundamental polytope P C S™. For n = 3, this is the work of Marquis [40]. For n > 4,
as shown in Brgndsted [11, Section 19], P is a truncation n—polytope if and only if
dp =0.

By Lemma 4.3, an orbifold based on a truncation n—polytope P is weakly orderable
since a compact Coxeter orbifold based on an n—simplex is weakly orderable. a

Lemma 4.3 Let a polytope P, be obtained from a polytope P; by iterated truncation.
Suppose that a compact Coxeter orbifold P2 has the base polytope P, and another
compact Coxeter orb1fold P1 has the base polytope P; . P2 has the ridge orders
extending those of Pl , and P1 is weakly orderable. Then Pz is weakly orderable.

Proof By induction, suppose that P, obtained from P by a truncation at a vertex v
of P;. We give an ordering of faces of P, by labeling the new facet to be the lowest
one F; and the remaining ones are to be denoted F;;; when they were labeled by F;
before. Then we need to check for F; only since the other faces already satisfy the
weak orderability condition for those faces. However, F; meets only n facets by the
simplicity of P; and since these n facets were meeting at a vertex only, F; can only
be an (n — 1)—dimensional simplex. This implies that any collection of the facets
meeting [ are in a general position. a
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S Examples

Section 5 provides several examples of weakly orderable compact hyperbolic Coxeter
3—orbifolds and gives two examples satisfying only one of the two conditions (C1)
and (C2) where the conclusion of Theorem 4.1 does not hold.

5.1 Weakly orderable compact hyperbolic Coxeter 3—orbifolds

Every compact hyperbolic Coxeter 3—orbifold whose base polytope has the combinato-
rial type of a cube is weakly orderable. Theorem 1.1 shows that almost all compact
hyperbolic Coxeter 3—orbifolds, with the combinatorial type of a dodecahedron, are
weakly orderable while there are ones not weakly orderable.

Before going to the proof of Theorem 1.1, we state Tutte’s theorem [46].

A 1-dimensional cell complex G is a graph. It consists of vertices (0—cells) to which
edges (1—cells) are attached. We deal with only simple graphs, that have no loops and
no more than one edge between any two vertices. The degree of a vertex in a graph is
the number of edges with which it is incident. If all the vertices in a graph G have
degree d, G is said to be regular of degree d .

A subgraph of G is a graph having all of its vertices and edges in G. A graph G with
at least k + 1 vertices is k—connected if every subgraph of G, obtained by omitting
from G any k — 1 or fewer vertices and the edges incident to them, is connected. A
spanning subgraph of G is a subgraph containing all the vertices of G. A factor is a
spanning subgraph which is regular of degree 1.

Theorem 5.1 (Tutte [46]) Let G be a finite graph. If G is a d —connected graph
having the even number of vertices and is regular of degree d, then G has a factor.
Moreover, if in addition e is any edge of G, then G has a factor containing e.

Lemma 5.1 Let P be a properly convex compact 3 —polytope but not a tetrahedron.
Suppose that P has no prismatic 3 —circuit and has at most one prismatic 4—circuit.
Then there exists a compact hyperbolic Coxeter 3 —orbifold P with the base polytope P
such that each vertex is incident with exactly two edges of order 2.

Proof Assume that four 2—cells F;, Fj, Fy and Fj of P form a prismatic 4—circuit.
Denote the edge F; N Fj by e. By Steinitz’s theorem, the graph G = G(P) of P
is 3—connected; see Griinbaum [33, Chapter 13]. Since P is simple, G is regular of
degree 3 and the number of vertices is even. By Tutte’s theorem, G has a factor F
containing e. If P has no prismatic 4—circuit, then we choose an arbitrary factor F
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of G. Every vertex of P is incident with two edges in G\F and one edge in F.
Observe that

T+3+5>n and T+F+5+75 <2m forevery integer k > 3.

Andreev’s theorem (see Roeder, Hubbard and Dunbar [43, Theorem 1.4 and Propo-
sition 1.5]) yields a compact hyperbolic Coxeter 3—orbifold P such that every edge
in G\F (resp. F) is of order 2 (resp. of order k # 2), corresponding to a dihedral
angle /2 (resp. w/ k). o

Let G be a finite graph, and let L be a set. Denote by E(G) the set of edges of G. A
function ¥: E(G) — L is called an edge-labeling function, and we call a pair (G, 9)
an edge-labeled graph. An edge ¢ is called an [ —edge if ¥ (¢) = 1.

In this section, we consider the edge-labeled graph (G, ¢) satisfying the following
conditions.

(E1) G is simple, planar and 3—connected.
(E2) G is regular of degree 3.
(E3) The set L of labels is {0, 1}.

(E4) Every vertex of G is incident with three edges ¢;, ¢, and e3 such that

P(eq) + (ep) + ¥ (e3) = 1 (mod 2).

If (G, ) can be ordered so that each face contains at most three 0—edges in faces of
higher indices, (G, ¢) is said to be weakly orderable. (Here (E1) holds if and only
if G is isomorphic to the 1—skeleton of a properly convex 3—polytope by Steinitz’s
theorem.)

Let P be a properly convex 3—polytope, and let G be the 1-skeleton of P as an
abstract 3—polyhedron. The graph G is embedded in the 2—dimensional sphere S2
homeomorphic to the boundary of P. We call a face of P a face of G. The respective
numbers of vertices, edges and faces of G shall be denoted by v, e and f.

Lemma 5.2 Let (G, ¥) be an edge-labeled graph satistying the conditions (E1)—(E4).
Then the number of 0—edges of at least one face F of G is less than or equal to 3.

Proof Denote by e, the number of 0—edges. Condition (E1) implies that v—e+ f =2,

(E2) implies that 2e = 3v, and (E3) and (E4) imply that 2e, < 2v. By an elementary
computation, we obtain 2e; < 4(f —2) < 4f . The conclusion is immediate. a
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We define an edge-deletion for an edge-labeled graph satisfying conditions (E1)—(E4).
When each pair of edges ending at a vertex a or b of an edge ¢ in (G, ) have the
same labels, we can delete ¢ from (G, ) and amalgamate the pair of edges incident
to a and the pair for b (see Figure 2). We define the edge-deletion on G satisfying
(E1) and (E2) similarly. Edge-deletion preserves conditions (E2)—(E4) for (G, ¢) (just
(E2) for G).

Figure 2: An edge-deleting operation

Let G be a graph satisfying conditions (E1)-(E2). An edge ¢ of G is said to be
removable when the graph obtained from G by deleting the edge ¢ remains to satisfy
the condition (E1) (and (E2) obviously).

Theorem 5.2 (Fouquet [28, Corollary 2.7]) Let G be a graph with more than 6
edges satisfying conditions (E1)-(E2), and let C be a cycle of G. Then C contains at
least two removable edges.

Lemma 5.3 Let P be a properly convex compact 3—polytope, and let P be the
Coxeter 3—orbifold arising from P . Assume that every vertex of P is incident with two
edges of order 2 and one edge of order greater than or equal to 3. Then Pis weakly
orderable.

Proof Let G be the graph of the 3—polytope P. Define the edge-labeling function 9
by

5(e) _ 0 if the e.dge ¢ is of order 2,
1 otherwise.

Then the edge-labeled graph (@, 5‘) satisfies conditions (E1)—(E4) by Steinitz’s theo-
rem.

Given a labeled graph (G, ) satisfying (E1)-(E4) and a face F, we can reverse
the label for every edge of F' and the new labeling function on G will still satisfy
(E1)—(E4).
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We show that if (G, 9) satisfies conditions (E1)—(E4), then (G, ¢) is weakly orderable.

The proof proceeds by induction on the number f of faces of G. The condition (E1)
implies /> 4. We have f =4 if and only if G is the graph of a tetrahedron. In this
case G is weakly orderable.

Now assume that G has f faces for f > 5 and that any labeled graph (G', ¢’)
satisfying (E1)—(E4) is weakly orderable provided that the number of faces is less
than /. By Lemma 5.2, G has a face F such that the number of 0—edges of F is less
than or equal to 3 as ¢ = 3(f —2) by Euler’s formula. By Theorem 5.2, the cycle dF
contains a removable edge ¢.

e If we have 9 (¢) = 1, then each pair of edges which are adjacent to a vertex of ¢
have the same label. Then let 9’ := ¢.

e Otherwise, ¥(¢) = 0. We relabel every edge in the cycle dF to become the
edge of the opposite label, and obtain the new label function ' of G such that
¥’(e) = 1. The resulting edge-labeled graph (G, ©') still satisfies the conditions
(E1)-(E4). Also each pair of edges which are adjacent to a vertex of ¢ have the
same label.

Denote by F’ the face adjacent to F such that F N F’ =e¢. We can delete the edge ¢ of
(G, v’). Two adjacent faces F and F’ are amalgamated into a face F” (see Figure 3).

Figure 3: Amalgamating two adjacent facets into a facet

Now, the resulting edge-labeled graph (@ 5) has fewer faces but still satisfies all
conditions (E1)-(E4) since ¢ is removable. Using the induction hypothesis, the edge-
labeled graph (G 15‘) is weakly orderable, and hence we label the faces of G with the
indices {2,3,..., f}. Now we reinsert ¢ and recover the old labels ¥ of G by

e doing nothing, or

e reversing the labels of the edges of F provided that we reversed the labels of
edges of F above.

Geometry & Topology, Volume 19 (2015)



Projective deformations of hyperbolic Coxeter orbifolds 1821

Let F be the first face of (G, 9), and we label all the other faces of (G, ¢) by inheriting
the ordering of faces of (G, 19) Since the number of 0—edges of F under ¢ is less
than or equal to 3, (G, ¥) is weakly orderable with the indices {1,2,..., f}. a

Proof of Theorem 1.1 By Lemma 5.1, there exists a compact hyperbolic Coxeter
orbifold P whose base polytope is combinatorially equivalent to P. Let e be the
number of edges of P, and let p = %e. Observe that p € Z by the vertex incidence
condition. Let A (d) be the set of compact hyperbolic Coxeter orbifolds whose base
polytopes are combinatorially equivalent to P and whose edge orders are less than or
equal to d. For each integer d > 7 and j € {0, 1,...,¢e}, we define

Ny(d) ={P € N'(d) | P is weakly orderable},
Ni(d) = {I3 € N(d) | the number of edges of order greater than or equal to 7 in }A’}.

Assume that P is a compact hyperbolic Coxeter 3—orbifold. By the orbifold condition,
if an edge ¢ of P is of order > 7, then edges Wthh are adjacent to ¢ are of order 2.
Therefore the number of edges of order > 7 in P is less than or equal to p = 3 e In
other words, Nj(d) = @ for every j > p.

We have »
V(@) =D IN;(d)].

j=0

Moreover, observe that P € A »(d) if and only if every vertex of P is incident with
two edges of order 2 and one edge of order greater than or equal to 7. For any fixed
integers [,m > 2,

%+%+% > 1 for some integer k >7 <& %—I—%—l—n% > 1 for each integer k > 7.
Consequently for each d € {7,8, ...} we have

NG ()] = NG (D] - (d —6)".
Lemma 5.1 shows that NV, (7) # @ and Lemma 5.3 implies that

No (@] _ Wp @)l _ — INp(D]-(d -6)”
IN@] ~ IN @D X7 ING(D]-(d —6)
establishing the result. a

Example 5.1 Let m be an integer greater than or equal to 5. A Lobell 3—polytope
L(m) is a 3—polytope with (2m + 2) faces where upper and lower sides are m—gons,
and the complementary surface is a union of 2m pentagons, arranged similarly as in
the dodecahedron. Figure 4 shows the case when m = 6.
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Figure 4: A Lobell 3—polytope L(6)

For each m > 5, the Lobell 3—polytope L(m) has no prismatic 3— or 4—circuits. By
Theorem 1.1 almost all compact hyperbolic Coxeter 3—orbifolds with the combinatorial
type of L(m) are weakly orderable.

5.2 An example satisfying only the condition (C1)

Let d be a fixed integer greater than 3. We consider the compact hyperbolic Coxeter
3—polytope P shown in Figure 5. Here, if an edge is labeled d, then its dihedral angle
is w/d . Otherwise, its dihedral angle is /2.

Figure 5: A compact hyperbolic Coxeter 3—polytope

Obviously, e+(13) — 3 =0. However P is not weakly orderable, since every facet
in P contains four edges of order 2.

Observe that the cell structure of P has a reflection-type topological symmetry in-
terchanging F and F’. Hence, the Coxeter 3—orbifold P arising from P has an
order-two isometry fixing an embedded totally geodesic 2—dimensional suborbifold S
by the Mostow rigidity. Projective bendings along S provide nontrivial deformations
in ]D)(13) by Johnson and Millson [35, Lemma 5.1]. Hence a neighborhood of the
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hyperbolic point in D(ﬁ) is not a manifold of dimension 0 while ]D)(ﬁ) could still be
a manifold; see Choi, Hodgson and Lee [20, Theorem 10] also.

5.3 An example satisfying only the condition (C2)

In 1996, Esselmann [27] classified all the compact hyperbolic Coxeter polytopes whose
combinatorial types are the products of two simplices of dimension greater than 1.
Let P be the compact hyperbolic Coxeter 4—polytope whose combinatorial type is the
product of two triangles and whose Coxeter graph is shown in Figure 6; see Vinberg [48]
or Bourbaki [10] for the definition of Coxeter graphs.

Figure 6: One of Esselmann’s polytopes

Since the 4—polytope P has 6 facets and 15 ridges,
§p=e—nf + "D — 1 £,
ie P does not satisfy condition (C1).

However the Coxeter orbifold P arising from P is weakly orderable, ie P satisfies
condition (C2). This can be shown by checking explicitly.

We show that the hyperbolic point in D(ﬁ) for the hyperbolic Coxeter orbifold Pis
singular.

Assume that I" is a projective Coxeter group so that Qp/ " is homeomorphic to P,
and A is the Cartan matrix of I'. We make the Cartan matrix 4 by a unique diagonal

action (see (3-6)) so that
ajp =dz1 = —2cos

a3 = a3y = —2cos

az4 = d43 = —2COS

45 = ds54 = —2COS

A~~~ A~~~
Qnq W VR V] u]

N— N N N

as¢ = dg5 = —2COS
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Define x = —a;4 and y = —a4e. The Cartan matrix 4 = (a;;) of I is

2 SS9y 0 0
_1+2«/§ 2 _1+2«/§ 0 0 0
D T - TS SR 0
—x1 0 -1 2 -1 —y
0 0 0 —I 2 15
0 0 0 -yt S5 o

Moreover, rank A = 5 if and only if det(4) = 0. By simple calculation, we obtain

det(4) = 525 (8x — (5 + V/5)y — (6 —2v/35)xy — (5 + V35)x’y +8xy?) = 0.

Note that x and y are positive. By Corollary 3.1, the deformation space ]D)(ﬁ) is
homeomorphic to the solution space

S={(x,y) € Ri | f(x, y):=8x—(5+\/g)y—(6—2~/§)xy—(5+\/g)xzy+8xy2=O},

pictured in Figure 7.

2w T T T
\

051

00F I I I I I
0.0 05 10 15 20

Figure 7: The equation 8x — (54 +/3)y — (6 —24/5)xy — (5 + V/5)x2y +
8xy2 =0

By Vinberg [47, Proposition 24], (1, 1) € S corresponds to the unique hyperbolic point
in D(P), and hence any neighborhood of the hyperbolic point of D (P) is singular.
(The polynomial f(x, y) is irreducible.)
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