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Quotients of fake projective planes

JONGHAE KEUM

Recently, Prasad and Yeung classified all possible fundamental groups of fake projec-
tive planes. According to their result, many fake projective planes admit a nontrivial
group of automorphisms, and in that case it is isomorphic to Z=3Z , Z=7Z , 7W3 or
.Z=3Z/2 , where 7W3 is the unique nonabelian group of order 21 .

Let G be a group of automorphisms of a fake projective plane X . In this paper
we classify all possible structures of the quotient surface X=G and its minimal
resolution.

14J29; 14J27

1 Introduction

It is known that a compact complex surface with the same Betti numbers as the complex
projective plane CP2 is projective (see eg Barth et al [2]). Such a surface is called a
fake projective plane if it is not isomorphic to CP2 .

Mumford [12] first proved the existence of a fake projective plane, based on the theory
of the p–adic unit ball by Kurihara [10] and Mustafin [13]. Later, using a similar
idea, Ishida and Kato [6] proved the existence of at least two more. Then, Keum [8]
gave a construction of a fake projective plane with an order 7 automorphism, using
Ishida’s description [5] of an elliptic surface covered by a (blow-up) of Mumford’s fake
projective plane. Recently, Prasad and Yeung [16] classified all possible fundamental
groups of fake projective planes. According to their result, Keum’s fake projective
plane and Mumford’s fake projective plane are different from each other, but belong
to the same class. Furthermore, a group of automorphisms of a fake projective plane
is isomorphic to f1g, Z=3Z, Z=7Z, 7W3 or .Z=3Z/2 , and many fake projective
planes admit a nontrivial automorphism. Here 7W3D .Z=7Z/Ì .Z=3Z/ is the unique
nonabelian group of order 21.

Let G be a group of automorphisms of a fake projective plane X . In this paper we
classify all possible structures of the quotient surface X=G and its minimal resolution.
We first deal with the case where G is of prime order and prove the following:

Published: 8 October 2008 DOI: 10.2140/gt.2008.12.2497

http://www.ams.org/mathscinet/search/mscdoc.html?code=14J29,(14J27)
http://dx.doi.org/10.2140/gt.2008.12.2497


2498 JongHae Keum

Theorem 1.1 Let G be a group of automorphisms of a fake projective plane X . Let
Z DX=G and �W Y !Z be a minimal resolution. Then the following two statements
are true.

(1) If the order of G is 3, then Z has 3 singular points of type 1
3
.1; 2/, and Y is a

minimal surface of general type with K2
Y
D 3; pg D 0.

(2) If the order of G is 7, then Z has 3 singular points of type 1
7
.1; 3/, and Y is a

minimal elliptic surface of Kodaira dimension 1 with 2 multiple fibres. The pair
of the multiplicities is one of the following three cases: .2; 3/, .2; 4/, .3; 3/.

We remark that the fundamental group �1.Y / of Y is given by f1g, Z=2Z, Z=3Z
in the three cases of (2), respectively. (See Dolgachev [3] for fundamental groups
of elliptic surfaces.) The first case of (2), where Y is called a Dolgachev surface, is
supported by the example from Keum [8]. I have learnt from Donald Cartwright and
Tim Steger that according to their computer calculation, there are examples of an order
7 quotient Z of a fake projective plane with �1.Z/ either f1g or Z=2Z. This implies
that the second case of (2) is supported by an example. We do not know if the third
case of (2) actually occurs.

Corollary 1.2 Let X be a fake projective plane with Aut.X /Š .Z=3Z/2 . Let G D

Aut.X /, Z DX=G and �W Y !Z be a minimal resolution. Then Z has 4 singular
points of type 1

3
.1; 2/, and Y is a numerical Godeaux surface, ie a minimal surface of

general type with K2
Y
D 1, pg D 0.

The above corollary proves the existence of a numerical Godeaux surface with a
configuration of 8 smooth rational curves of Dynkin type 4A2 , which was not known
before.

Corollary 1.3 Let X be a fake projective plane with Aut.X /Š 7W3. Let GDAut.X /,
W DX=G and �W V !W be a minimal resolution. Then W has 3 singular points of
type 1

3
.1; 2/ and 1 singular point of type 1

7
.1; 3/. Furthermore, V is a minimal elliptic

surface of Kodaira dimension 1 with 2 multiple fibres and with 4 reducible fibres of
type I3 . The pair of the multiplicities is the same as that of the minimal resolution of
the order 7 quotient of X .

Corollary 1.4 Let X be a fake projective plane with Aut.X /Š7W3. Let GŠZ=7Z<
Aut.X /, ZDX=G and �W Y !Z be a minimal resolution. Then the elliptic fibration
of Y has 3 singular fibres of type I1 and 1 reducible fibre of type I9 .
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Finally, we remark that there is not yet known a geometric construction of a fake
projective plane that does not use the ball quotient construction. A main purpose of
this paper is to provide some useful hints on how to find such a construction.
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4.3. I also thank Igor Dolgachev for his comments, which helped me to improve the
exposition of the paper.
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Notation D1 �D2 : two divisors D1 and D2 are linearly equivalent
D1 �D2 : two Q–divisors D1 and D2 are numerically

equivalent
KX : the canonical divisor of X

pg.X /D dim H 2.X;OX / : the geometric genus of X

q.X /D dim H 1.X;OX / : the irregularity of X

�.X /D 1� q.X /Cpq.X / : the holomorphic Euler characteristic of X

e.X / : the Euler number of X

bi.X / : the i–th Betti number of X

ci.X / : the i–th Chern class of X

c2.X /D e.X / if X is a smooth surface
g.C / : the genus of a curve C

.�n/–curve : a smooth rational curve with self-intersection �n

singularity of type 1
m
.1; a/ : a cyclic quotient singularity given by the

diagonal action of diag.�; �a/ on C2,
where � is a primitive m–th root of 1

Q–homology CP2 : a normal projective surface with the same
Betti numbers as CP2

2 Preliminary results

There have been known many equivalent characterizations of a fake projective plane.

Theorem 2.1 A smooth compact complex surface X with b1.X /D 0, b2.X /D 1 is
a fake projective plane if one of the following holds true:

(1) X is not isomorphic to CP2 .

Geometry & Topology, Volume 12 (2008)



2500 JongHae Keum

(2) X is not homeomorphic to CP2 .

(3) X is not homotopy equivalent to CP2 .

(4) �1.X / is an infinite group.

(5) The universal cover of X is a 2–dimensional complex ball B �C2 , and X Š

B=�1.X /, where �1.X /� PU.2; 1/.

(6) KX is ample.

(7) KX is ample, pg.X /D q.X /D 0, and K2
X
D 3c2.X /D 9.

We need the following lemma.

Lemma 2.2 Let X be a fake projective plane and C be a smooth curve on X . Then
e.C /� �4, or equivalently g.C /� 3.

Proof Let l be an ample generator of Pic.X / modulo torsions. Then l2 D 1 and
C �Q ml for some positive integer m. Since KX �Q 3l , we have

e.C /D 2� 2g.C /D�C 2
�CKX D�.m

2
C 3m/� �4:

A normal projective complex surface is called a Q–homology CP2 if it has the same
Betti numbers with the complex projective plane CP2 . If a Q–homology CP2 is
nonsingular, then it is either CP2 or a fake projective plane.

Proposition 2.3 Let S be a Q–homology CP2 with quotient singularities only.
Suppose that S admits a finite group G of automorphisms. Then the quotient S=G is
again a Q–homology CP2 with quotient singularities only.

In particular, pg.S=G/D q.S=G/D 0, e.S=G/D 3 and �.S=G/D 1.

Proof Since S has pg D q D 0, so does the quotient S=G . Thus the minimal
resolution of S=G has q D 0, and hence b1 D 0. It follows that b1.S=G/D 0.

Since S has b2 D 1, so does the quotient S=G .

Now we consider fake projective planes with an automorphism, and get the following
preliminary information.

Proposition 2.4 Let X be a fake projective plane with an automorphism � . Assume
that the order of � is a prime number, say, p . Let Z D X=h�i and �W Y ! Z be a
minimal resolution. Then the following holds:
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(1) Z is a Q–homology CP2 with KZ ample.

(2) pg.Y /D q.Y /D 0.

(3) K2
Z
D 9=p .

(4) The fixed point set X � consists of 3 points.

Proof The statements (1) and (2) follow from Proposition 2.3, as X itself is a Q–
homology CP2 with KX ample.

Note that Z is a Q–factorial variety, KZ is a Q–Cartier divisor, and

KX � �
�KZ

where � W X !Z is the quotient map.

Since 9 D K2
X
D .��KZ /

2 D pK2
Z

, (3) follows. Here and hereafter we use the
intersection theory for Q–divisors on Q–factorial varieties (or, for topologists, on
V-manifolds).

It remains to prove (4). Assume that X � contains a curve. Since any two curves on a
fake projective plane intersect, we may assume that X � consists of a smooth curve C

and r isolated points. Then the quotient surface Z has r singular points. Note that
e.X � /D r C e.C /. Using Hurwitz formula, we have

e.X /D p � e.Z/� .p� 1/fr C e.C /g:

Since e.X /D e.Z/D 3, this yields

(2–1) r C e.C /D 3:

This also follows from the topological Lefschetz fixed point formula, as � acts identi-
cally on H�.X;Q/.

From the orbifold Bogomolov–Miyaoka–Yau inequality, one sees that a Q–homology
CP2 with quotient singularities only cannot have more than 5 singular points (see eg
Kollár [9] and Hwang and Keum [4]). Thus r � 5. This bound together with Lemma
2.2 contradicts (2–1). Thus, X � does not contain a curve and consists of 3 isolated
points.

Corollary 2.5 p ¤ 2.

Proof Suppose p D 2. Then Z has rational double points only, hence KY � �
�KZ

and K2
Y
DK2

Z
D 9=2, which is not an integer, a contradiction.
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Prasad and Yeung [16] have provided precise possible values for the order p . According
to their result, p D 3 or 7. In each case we will determine the types of singularities of
the quotient surface Z , using the holomorphic Lefschetz fixed point formula.

Lemma 2.6 Let S be a complex manifold of dimension 2 with pg D q D 0. Assume
that S admits an automorphism � of prime order p . Let ri .1 � i � p � 1/ be the
number of isolated fixed points of � which give singularities of type 1

p
.1; i/ on the

quotient surface. Let C1; : : : ;Ck be 1–dimensional components of the fixed locus S� .
Then

1D

kX
jD1

n1�g.Cj /

2
C
.pC 1/C 2

j

12

o
C

p�1X
iD1

airi ;

ai D
1

p� 1

p�1X
jD1

1

.1� �j /.1� �ij /
where

with � a primitive p–th root of 1, eg a1 D .5�p/=12, a2 D .11�p/=24.

Proof This formula easily follows from the original holomorphic Lefschetz fixed
point formula of Atiyah and Singer [1, p 567]. See, eg Zhang [17, Lemma 1.6], whose
proof works for all complex manifolds of dimension 2 with pg D q D 0, not just for
rational surfaces.

3 The case G contains a normal subgroup of order 3

In this section we prove the following:

Proposition 3.1 Let � be an automorphism of order 3 of a fake projective plane X .
Let Z DX=h�i and �W Y !Z be a minimal resolution. Then Z has 3 singularities
of type 1

3
.1; 2/, and Y is a minimal surface of general type with K2

Y
D 3; pg D 0.

Proof From Proposition 2.4, we see that pg.Y /D q.Y /D 0 and K2
Z
D 3. Also we

know that the fixed locus X � consists of 3 points. Assume that Z has ri singular
points of type 1

3
.1; i/. By Lemma 2.6 we have

1D a1r1C a2r2 D
1

6
r1C

1

3
r2:

Since r1C r2 D 3, we see that r1 D 0 and r2 D 3. This proves that Z has 3 singular
points of type 1

3
.1; 2/. In particular, KY � �

�KZ . Since KZ is ample, KY is nef.
Thus Y is minimal.
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Corollary 3.2 Let X be a fake projective plane with Aut.X /Š .Z=3Z/2 . Let G D

Aut.X /, Z DX=G and �W Y !Z be a minimal resolution. Then Z has 4 singular
points of type 1

3
.1; 2/, and Y is a minimal surface of general type with K2

Y
D1, pgD0.

Proof The group G has 4 subgroups isomorphic to Z=3Z. Each fixes 3 isolated points
of type 1

3
.1; 2/. No stabilizer of a nonsingular point can be isomorphic to .Z=3Z/2 ,

thus there are 12 points, each of whose stabilizers is isomorphic to Z=3Z. It follows
that Z has 4 singular points of type 1

3
.1; 2/. Note that the canonical divisor KZ of

Z is Q–Cartier and

KX � �
�KZ

where � W X !Z is the quotient map. Thus

K2
Z DK2

X =9D 1:

Since Z has only rational double points and KZ is ample, we see that KY is nef,
K2

Y
D 1 and hence the assertion on Y follows.

According to [16], many fake projective planes admit an automorphism of order 3,
thus by taking a quotient one can obtain many new examples of a minimal surface of
general type with K2

Y
D 3; pg D 0.

Question Does there exist a fake projective plane X with an automorphism � of
order 3 such that the minimal resolution Y of Z DX=h�i is simply connected?

Remark 3.3 (1) Since Z has rational singularities only, �1.Y /Š �1.Z/. Thus the
question is whether there is a fake projective plane X with an automorphism � of
order 3 such that the augmented fundamental group h�1.X /; z�i, where z� is a lift of
� to the ball, is the normal closure of the subgroup generated by elements of order 3.

(2) In the case of order 7, there is a fake projective plane X with an automorphism �

of order 7 such that the minimal resolution Y of the quotient is simply connected [8].
In this case Y is not of general type.

(3) A simply connected surface of general type with K2 D 3; pg D 0 has been
recently constructed by H Park, J Park and D Shin [15]. They use the method of Lee
and Park [11], which produces examples of simply connected surfaces of general type
with K2 D 2; pg D 0. An affirmative answer to the question would give yet another
interesting example of a simply connected surface of general type with K2D3; pgD0.
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4 The case G contains a normal subgroup of order 7

In this section we first prove the following:

Proposition 4.1 Let � be an automorphism of order 7 of a fake projective plane X .
Let ZDX=h�i and �W Y !Z be a minimal resolution. Then Z has 3 singular points
of type 1

7
.1; 3/, and K2

Y
D 0.

This follows from the following three lemmas.

Lemma 4.2 Let � be an automorphism of order 7 of a fake projective plane X . Let
Z D X=h�i and �W Y ! Z be a minimal resolution. Then Z has either 3 singular
points of type 1

7
.1; 3/, or 2 singular points of type 1

7
.1; 4/, and 1 singular point of type

1
7
.1; 6/.

Proof From Proposition 2.4, we know that the fixed locus X � consists of 3 points.
Assume that Z has ri singular points of type 1

7
.1; i/. By Lemma 2.6 we have

�r1C r2C 2r3C r4C 2r5C 4r6 D 6:

Adding this to
P

ri D 3, we get

2.r2C r4/C 3.r3C r5/C 5r6 D 9:

If r6 D 0, then r3C r5 D 3, hence we get 3 points of type 1
7
.1; 3/D 1

7
.1; 5/.

If r6 D 1, then r2C r4 D 2, hence we get 1 point of type 1
7
.1; 6/ and 2 points of type

1
7
.1; 2/D 1

7
.1; 4/. This proves the assertion.

Lemma 4.3 Let � be an automorphism of order 7 of a fake projective plane X . Then
� cannot have a fixed point of type 1

7
.1; 4/.

Proof Assume that � has a fixed point of type 1
7
.1; 4/. Then the group acting on the

complex ball B �C2 must contain a matrix 2 PU.2; 1/ which diagonalizes as:

M D

0@ ˛ 0 0

0 ˛� 0

0 0 ˛�4

1A
where � D �7 D e2� i=7 is the 7–th root of unity and ˛ a complex number.

Using the notation of [16], we can choose this matrix to be in x� , which is contained in
a rank 3 division algebra over the field denoted by `. Therefore

tr.M /D ˛.1C �C �4/ and det.M /D ˛3�5
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both must belong to `. Thus ` contains tr.M /3= det.M /, which is equal to

.1C �C �4/3=�5
D 6.�C ��1/3C .�C ��1/2� 15.�C ��1/C 5:

The field which this generates over Q, namely QŒ�C ��1�, must be contained in `.
None of the cases on Prasad–Yeung’s final list has such an `. There is exactly one
possibility listed, but later excluded, which does have such an `, namely C31 .

Definition 4.4 When Z has 3 singularities of type 1
7
.1; 3/, we denote by

A1;A2;A3;B1;B2;B3;C1;C2;C3

the exceptional curves of �W Y !Z whose Dynkin diagram is given by

.�2/—.�2/—.�3/ .�2/—.�2/—.�3/ .�2/—.�2/—.�3/

Lemma 4.5 Assume that Z has 3 singularities of type 1
7
.1; 3/. Then

KY � �
�KZ �

1

7
.A1C 2A2C 3A3/�

1

7
.B1C 2B2C 3B3/�

1

7
.C1C 2C2C 3C3/:

In particular, K2
Y
D 0.

Proof This follows from the adjunction formula

KY � �
�KZ �D;

where D is a Q–linear combination of the exceptional curves Ai ; Bi ; Ci with coef-
ficients in the interval Œ0; 1/. These coefficients can be uniquely determined by the
system of 9 linear equations

�2�E2
DKY �E D�D �E for E DAi ; Bi ; Ci.i D 1; 2; 3/:

Finally note that K2
Z
D 9=7 by Proposition 2.4. Also note thatn1

7
.A1C 2A2C 3A3/

o2
D�KY �

n1

7
.A1C 2A2C 3A3/

o
D�

3

7
:

Hence the last assertion follows.

This completes the proof of Proposition 4.1.
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To complete the proof of Theorem 1.1, it suffices to prove the following:

Proposition 4.6 Assume that Z has 3 singular points of type 1
7
.1; 3/. Then there are

three cases :

(i) Y is a minimal elliptic surface of Kodaira dimension 1 with 2 multiple fibres
with multiplicity 2 and 3, respectively.

(ii) Y is a minimal elliptic surface of Kodaira dimension 1 with 2 multiple fibres
with multiplicity 2 and 4, respectively.

(iii) Y is a minimal elliptic surface of Kodaira dimension 1 with 2 multiple fibres
with multiplicity 3 and 3, respectively.

The proof of Proposition 4.6 consists of several lemmas.

Lemma 4.7 Assume that Z has 3 singularities of type 1
7
.1; 3/.

(1) �mKY is not effective for any positive integer m.

(2) The Kodaira dimension of Y is at least 1.

Proof (1) Note that for m� 1

.��KZ / � .�mKY /D�m.��KZ /
2
D
�9m

7
< 0:

Since ��KZ is nef, �mKY cannot be effective.

(2) By Proposition 2.4, pg.Y /D q.Y /D 0. By Proposition 4.1, K2
Y
D 0. Thus if Y

is of Kodaira dimension � 0, then by the classification theory of surfaces Y is either a
rational surface or an Enriques surface.

From the Riemann–Roch theorem and (1) we see that for any integer k � 2

h0.kKY /D 1C h1.kKY /� 1:

Thus Y is not rational.

Since .��KZ / � .KY /D .�
�KZ /

2 DK2
Z
D 9=7 > 0, KY is not numerically trivial,

hence Y is not an Enriques surface. This proves (2).

Note that Pic.Y /ŠH 2.Y;Z/. Let Pic.Y /f WD Pic.Y /=torsion. With the intersection
pairing Pic.Y /f becomes a lattice.
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Lemma 4.8 Assume that Z has 3 singularities of type 1
7
.1; 3/. Then one can choose

two Q–divisors

LD
1

7
.A1C 2A2C 3A3/C

2

7
.B1C 2B2C 3B3/C

4

7
.C1C 2C2C 3C3/;

M D
1

3
��KZ �

2

7
.B1C 2B2C 3B3/C

1

7
.C1C 2C2C 3C3/;

such that the lattice Pic.Y /f is generated over the integers by the numerical equivalence
classes of M , L and the 8 curves A2;A3;B1;B2;B3;C1;C2;C3:

Proof Note first that in this case K2
Y
D0, hence by Noether formula rankPic.Y /f D10.

Since Pic.Y /f contains an element of self-intersection �3, eg A3 , it is odd unimodular
and of signature .1; 9/.

Let R be the sublattice of Pic.Y /f generated by the numerical equivalence classes
of the 9 curves A1;A2;A3;B1;B2;B3;C1;C2;C3 . Let xR and R? be its primitive
closure and its orthogonal complement, respectively, in the lattice Pic.Y /f . Note that
R? is of rank 1.

For an integral lattice N , let disc.N / denote the discriminant group of N

disc.N / WD Hom.N;Z/=N:

It is easy to see that disc.R/Š .Z=7Z/3 , more precisely

disc.R/D
D1
7
.A1C 2A2C 3A3/;

1

7
.B1C 2B2C 3B3/;

1

7
.C1C 2C2C 3C3/

E
:

Note that the length (the minimum number of generators) of disc.R/ is 3. Since the
lattice Pic.Y /f is unimodular, disc. xR/ is isomorphic to disc.R?/ which is of length
1. Hence R must be of index 7 in xR, and the generator of xR=R is of the form

LD
1

7
.A1C 2A2C 3A3/C

a

7
.B1C 2B2C 3B3/C

b

7
.C1C 2C2C 3C3/:

Since both L �KY and L2 must be integers, we see that .a; b/ D .2; 4/ or .4; 2/
modulo 7. Thus up to interchanging the curves Bi ’s and Ci ’s, we have determined the
divisor L uniquely modulo R.

Now we have disc. xR/ Š disc.R?/ Š Z=7Z. Note that the integral divisor 7��KZ

belongs to R? and .7��KZ /
2 D 7 � 32 . Thus R? is generated by 7

3
��KZ , hence

disc.R?/D
D1
3
��KZ

E
:

Geometry & Topology, Volume 12 (2008)
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On the other hand,

disc. xR/D hLi?=hLi D
D3
7
.B1C 2B2C 3B3/C

2

7
.C1C 2C2C 3C3/

E
;

where hLi D xR=R is the isotropic subgroup of disc.R/ generated by L.mod R/

and hLi? is its orthogonal complement in disc.R/ with respect to the discriminant
quadratic form on disc.R/. (See, eg Nikulin [14] for discriminant quadratic forms
for integral lattices.) Thus the index 7 extension xR˚R? � Pic.Y /f is given by the
element of the form

M D
1

3
��KZ C a

n3

7
.B1C 2B2C 3B3/C

2

7
.C1C 2C2C 3C3/

o
:

Since M �KY is an integer, we see that aD 4 modulo 7. This determines the divisor
M uniquely modulo R.

Remark 4.9 The proof of Lemma 4.8 shows that the two Q–divisors M and L are
indeed integral divisors modulo torsion. The intersection matrix of the 10-divisors
M;L;A2;A3;B1;B2;B3;C1;C2;C3 is given by:0BBBBBBBBBBBBBBB@

�2 0 0 0 0 0 2 0 0 �1

0 �9 0 �1 0 0 �2 0 0 �4

0 0 �2 1 0 0 0 0 0 0

0 �1 1 �3 0 0 0 0 0 0

0 0 0 0 �2 1 0 0 0 0

0 0 0 0 1 �2 1 0 0 0

2 �2 0 0 0 1 �3 0 0 0

0 0 0 0 0 0 0 �2 1 0

0 0 0 0 0 0 0 1 �2 1

�1 �4 0 0 0 0 0 0 1 �3

1CCCCCCCCCCCCCCCA
It is easy to see that this matrix has determinant �1. This double checks that our choice
of M , L and 8 curves was correct. But the unimodularity of the matrix only is not
enough to prove Lemma 4.8, as it does not imply the integrality (modulo torsion) of M

and L. There are many possible choices of nonintegral Q–divisors M and L making
the matrix unimodular.

Lemma 4.10 Assume that Z has 3 singularities of type 1
7
.1; 3/. Then Y does

not contain a .�1/–curve .a smooth rational curve of self-intersection �1/ E with
0<E � ��KZ < 9=7.
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Proof Assume that Y contains such a .�1/–curve E . Write

E �mM � dLC a2A2C a3A3C b1B1C b2B2C b3B3C c1C1C c2C2C c3C3

with integer coefficients. Since E � ��KZ D mM � ��KZ D 3m=7, the condition
0<E � ��KZ < 9=7 is equivalent to 1�m� 2.

(1) Assume that mD 1, ie

E �M � dLC a2A2C a3A3C b1B1C b2B2C b3B3C c1C1C c2C2C c3C3:

Then the coefficients in the above satisfy the following system of 9 inequalities and
one equality:

0�E �A1 D a2

0�E �A2 D�2a2C a3

0�E �A3 D d C a2� 3a3

0�E �B1 D�2b1C b2

0�E �B2 D b1� 2b2C b3

0�E �B3 D 2C 2d C b2� 3b3

0�E �C1 D�2c1C c2

0�E �C2 D c1� 2c2C c3

0�E �C3 D�1C 4d C c2� 3c3

�1DE �KY D�3d C a3C b3C c3

From the 9 inequalities of the system, we obtain that

(4–1) a3 �
2

5
d; b3 �

3

7
.2C 2d/; c3 �

3

7
.�1C 4d/:

Indeed, eliminating a2 from the second and the third inequality of the system, we
get the first inequality of (4–1). Eliminating b1 and b2 from the fourth, the fifth and
the sixth inequality of the system, we get the second inequality of (4–1). The third
inequality of (4–1) can be proved similarly.

Also, we obtain the following bound for d :

(4–2) 0� d � 50:

Indeed, from the first three inequalities of the system, we have

d � �a2C 3a3 D 3.�2a2C a3/C 5a2 � 5a2 � 0:
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Applying the three inequalities of (4–1) to the equality of the system, we get

3d � 1D a3C b3C c3 �
2

5
d C

3

7
.2C 2d/C

3

7
.�1C 4d/;

hence d � 50.

We know that E2 D�1. Expanding E2 using the intersection matrix from Remark
4.9 and then applying the equality of the system, we get

1C 3d2
C 2d

D .4C 2d/b3C .6d � 2/c3C .a2A2C a3A3/
2
C

� 3X
iD1

biBi

�2
C

� 3X
iD1

ciCi

�2
:

Note that

.a2A2C a3A3/
2
D� 2a2

2C 2a2a3� 3a2
3 D�2.a2�

1

2
a3/

2
�

5

2
a2

3 � �
5

2
a2

3;� 3X
iD1

biBi

�2
D� 2.b1�

1

2
b2/

2
�

3

2
.b2�

2

3
b3/

2
�

7

3
b2

3 � �
7

3
b2

3 ;

� 3X
iD1

ciCi

�2
D� 2.c1�

1

2
c2/

2
�

3

2
.c2�

2

3
c3/

2
�

7

3
c2

3 � �
7

3
c2

3 ;

forcing the above equality to give the following inequality:

(4–3) 1C 3d2
C 2d � �

5

2
a2

3�
7

3
b2

3 �
7

3
c2

3 C .4C 2d/b3C .6d � 2/c3:

We claim that there is no integer solution satisfying (4–1)–(4–3) and the equality of the
system, hence no solution satisfying the system.

The proof is cumbersome and goes as follows. First we obtain the list of solutions
.d; a3; b3; c3/ of the equality of the system under the constraints given by (4–2) and
(4–1); for each value of d from (4–2), we solve the equation 3d � 1D a3C b3C c3

in the range (4–1).

The following list is generated by a computer program.

.40; 16; 35; 68/; .33; 13; 29; 56/; .30; 12; 26; 51/; .26; 10; 23; 44/; .25; 10; 22; 42/;

.23; 9; 20; 39/; .20; 8; 18; 33/; .19; 7; 17; 32/; .18; 7; 16; 30/; .16; 6; 14; 27/;

.15; 6; 13; 25/; .13; 5; 12; 21/; .12; 4; 11; 20/; .11; 4; 10; 18/; .10; 4; 9; 16/;

.9; 3; 8; 15/; .8; 3; 7; 13/; .6; 2; 6; 9/; .5; 2; 5; 7/; .5; 2; 4; 8/; .5; 1; 5; 8/;

.4; 1; 4; 6/; .3; 1; 3; 4/; .2; 0; 2; 3/; .1; 0; 1; 1/; .0; 0; 0;�1/
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Next, it is easy to check that none of these satisfies (4–3).

(2) Assume that mD 2, ie

E � 2M � dLC a2A2C a3A3C b1B1C b2B2C b3B3C c1C1C c2C2C c3C3:

In this case the coefficients satisfy the following system of 9 inequalities and one
equality:

0�E �A1 D a2

0�E �A2 D�2a2C a3

0�E �A3 D d C a2� 3a3

0�E �B1 D�2b1C b2

0�E �B2 D b1� 2b2C b3

0�E �B3 D 4C 2d C b2� 3b3

0�E �C1 D�2c1C c2

0�E �C2 D c1� 2c2C c3

0�E �C3 D�2C 4d C c2� 3c3

�1DE �KY D�3d C a3C b3C c3

Also in this case, (4–1)–(4–3) are replaced by

a3 �
2

5
d; b3 �

3

7
.4C 2d/; c3 �

3

7
.�2C 4d/:(4–4)

0� d � 65:(4–5)

7C 3d2
C 2d � �

5

2
a2

3�
7

3
b2

3 �
7

3
c2

3 C .8C 2d/b3C .6d � 4/c3:(4–6)

The same argument as in the case m D 1 shows that there is no solution satisfying
(4–4)–(4–6) and the equality of the system, hence no solution satisfying the system.

Lemma 4.11 Assume that Z has 3 singularities of type 1
7
.1; 3/. Then Y is minimal.

Proof From Proposition 4.1 we know that K2
Y
D 0.

Suppose Y is not minimal. Then by Lemma 4.7 (2), Y is of general type. Let
�W Y ! Y 0 be a birational morphism to the minimal model Y 0 . Then

KY � �
�KY 0 C

X
Ei ;
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where Ei ’s are effective divisors, not necessarily irreducible, with E2
i D�1, Ei �Ej D0

for i ¤ j . Note that a positive multiple of ��KY 0 �KY �
P

Ei is effective. Since
��KZ is nef, we have

.KY �

X
Ei/ � �

�KZ � 0:

Furthermore, ��KY 0 has positive self-intersection, thus by Hodge index theorem

.KY �

X
Ei/ � �

�KZ ¤ 0:

Summarizing these, we have

(4–7) .KY �

X
Ei/ � �

�KZ > 0:

Let E be a .�1/–curve on Y . Since ��KZ is nef and E is not contracted by � , we
have

E � ��KZ > 0:

On the other hand, by (4–7) we have

E � ��KZ <KY � �
�KZ D 9=7:

Thus, the assertion follows from Lemma 4.10.

Proof of Proposition 4.6 By Lemma 4.7 and Lemma 4.11, Y is a minimal elliptic
surface of Kodaira dimension 1. It remains to prove the assertion on multiplicities of
multiple fibres.

Let jF j be the elliptic pencil on Y . By the canonical bundle formula for elliptic
fibrations (see eg Barth et al [2, Chapter V]),

F � nKY

for some positive rational number n. We claim that n must be an integer. To see this,
we first note that Y contains a .�3/–curve, eg the curve A3 (Definition 4.4), hence
A3 �KY D 1. Thus nDA3 �F is an integer.

Let m1F1;m2F2; : : : ;mr Fr be the multiple fibres of the elliptic fibration with mul-
tiplicity m1;m2; : : : ;mr , respectively. Since Y is not rational, r � 2. Again by the
canonical bundle formula for elliptic fibrations,

KY ��F C

rX
iD1

.mi � 1/Fi � .r � 1/F �

rX
iD1

Fi ;
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hence

(4–8)
1

n
D r � 1�

rX
iD1

1

mi
:

Since
Pr

iD1 1=mi � r=2, (4–8) implies that r � 3 if nD 2 ; r D 2 if n � 3. Since
nDA3 �F DmiA3 �Fi , all mi divide n. With these, a further analysis of (4–8) shows
that if n D 2, then .m1;m2;m3/ D .2; 2; 2/ ; if n D 3, then .m1;m2/ D .3; 3/ ; if
nD 4, then .m1;m2/D .2; 4/ ; if nD 6, then .m1;m2/D .2; 3/ ; if nD 5 or n� 7,
then there is no solution for mi ’s. The first case would imply that there is a degree 2
map W A3! P1 , ramified at 3 points, which is impossible. This completes the proof
of Proposition 4.6.

Corollary 4.12 Let X be a fake projective plane with Aut.X / Š 7W3. Let G D

Aut.X /, W DX=G and �W V !W be a minimal resolution. Then W has 3 singular
points of type 1

3
.1; 2/ and 1 singular point of type 1

7
.1; 3/. Furthermore, V is a

minimal elliptic surface of Kodaira dimension 1 with 2 multiple fibres and with 4

reducible fibres of type I3 . The pair of the multiplicities is the same as that of the
minimal resolution of the order 7 quotient of X .

Proof Write
G D h�; � j �7

D �3
D 1; ����1

D �2
i:

Let Z D X=h�i be the order 7 quotient of X and Y be a minimal resolution of Z .
Then by Proposition 4.6, Z has Kodaira dimension 1 and has 3 singular points of type
1
7
.1; 3/, which form a single orbit of the induced automorphism x� . By Proposition

3.1, every element of order 3 of G fixes 3 points of type 1
3
.1; 2/. No stabilizer of a

nonsingular point can be isomorphic to 7W3, thus W DZ=hx�i has 3 singular points
of type 1

3
.1; 2/ and 1 singular point of type 1

7
.1; 3/.

Note that the canonical divisor KW of W is an ample Q–Cartier divisor and

K2
W D

K2
X

21
D

3

7
:

Thus by adjunction formula K2
V
D0. Since Y has Kodaira dimension 1, V has Kodaira

dimension � 1. Note that the action of x� on Z lifts to Y . Let W 0 D Y=hx�i. By
Proposition 4.6, we know that KY is nef. Thus KW 0 is nef. Since W 0 has 3 singular
points of type 1

3
.1; 2/, and since V is the minimal resolution of W 0 , we see that KV

is nef. This proves that V is minimal and of Kodaira dimension � 0. Note that

.��KW / � .KV /DK2
W D

3

7
> 0;
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thus KV is not numerically trivial. This proves that V has Kodaira dimension 1. The
elliptic fibration on V is given by a multiple of KV .

Now V has 9 smooth rational curves coming from the resolution �W V !W . The
eight .�2/–curves among them must be contained in fibres of the elliptic fibration.
This is possible only if the fibres are the union of 4 reducible fibres of type I3 , since
V has Picard number 10.

Note that Y is the degree 3 cover of W 0 branched along the 3 singular points of W 0 ,
and W 0 has an elliptic fibration structure with a .�3/–curve that is a multisection. The
.�3/–curve on W 0 splits in Y giving three .�3/–curves, thus the elliptic fibres of W 0

do not split in Y . The fibre containing one of the singular point of W 0 gives a fibre
of type I1 , the fibre of type I3 gives a fibre of type I9 , and the multiple fibres give
multiple fibres of the same multiplicities.

Remark 4.13 (1) By Proposition 4.6, the elliptic fibration on V has multiplicities
(2,3) or (2,4) or (3,3). Such an elliptic surface with multiplicities (2,3) was constructed
by Ishida [5]. His construction was based on the description of Mumford surface as a
ball quotient. From his elliptic surface we constructed a fake projective plane [8].

(2) By Cartwright and Steger such an elliptic surface with multiplicities (2,4) exists.
From such an elliptic surface one can give a similar construction of a fake projective
plane [7].

From the proof of Corollary 4.12, we also have the following:

Corollary 4.14 Let X be a fake projective plane with Aut.X / Š 7W3. Let G Š

Z=7Z<Aut.X /, ZDX=G and �W Y !Z be a minimal resolution. Then the elliptic
fibration of Y has 3 singular fibres of type I1 and 1 reducible fibre of type I9 .
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