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CONSTANT NEGATIVE GAUSSIAN CURVATURE TORI

AND THEIR SINGULARITIES

By

Tatsumasa Ura

Abstract. We construct constant negative Gaussian curvature tori

with one family of planar curvature lines in Euclidean 3-space. We

show that these tori are wave fronts. The singularities of these tori

are studied.

1 Introduction

In this paper we construct constant negative Gaussian curvature tori with

singularities in Euclidean 3-space R3.

In contrast, in 1986, Wente [14] discovered constant mean curvature tori. A

constant mean curvature surface, away from its umbilics, possesses an isothermic

coordinate system, that is, a conformal curvature line coordinate system ðx; yÞ.
Using such coordinates, the Gauss-Codazzi equation satisfies the sinh-Gordon

equation

fxx þ fyy þ sinh f ¼ 0; ð1:1Þ

where f is derived from the conformal factor of the first fundamental form I ¼
ðef=4Þðdx2 þ dy2Þ. Wente showed the existence of constant mean curvature tori

by analyzing the doubly periodic solutions of (1.1). After Wente’s discovery,

Abresch [1] found that if one assumes one family of curvature lines to be planar,

then f in (1.1) satisfies

tanh
fðx; yÞ

4
¼ f ðxÞ � gðyÞ; ð1:2Þ

which induces a separation of variables in (1.1). Then he obtained the doubly

periodic solutions of (1.1) explicitly by using Jacobi’s theta functions. In the same
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way, Walter [13] gave an explicit parametrization of constant mean curvature

tori which have one family of planar curvature lines. Furthermore, Spruck [11]

showed that the surfaces obtained by Abresch and Walter are indeed the same as

the ones obtained by Wente.

For a constant mean curvature surface p : M ! R3, where M is a

2-manifold, the parallel surface

p 0 ¼ p� 1

2H
n : M ! R3 ð1:3Þ

gives a constant positive Gaussian curvature surface which possibly has singu-

larities, where H and n are the mean curvature and the unit normal vector field of p,

respectively. Kimura [7] studied the singularities of constant positive Gaussian

curvature tori that are the parallel surfaces of constant mean curvature tori

obtained by Abresch [1] and Walter [13].

On the other hand, for surfaces with constant negative Gaussian curvature,

there exist curvature line coordinate systems ðx; yÞ, and taking these coordinate

systems, the Gauss-Codazzi equation satisfies the sine-Gordon equation

fxx � fyy � sin f ¼ 0; ð1:4Þ

where f is the angle between the asymptotic directions. Surfaces with constant

negative Gaussian curvature have been studied in Enneper [4], Inoguchi [6],

Brander [2], Dorfmeister and Sterling [3], Goulart and Tenenblat [5], and others.

In particular, Melko and Sterling [9] exhibits many such examples, including tori,

by applying soliton theory.

In this paper, as an analogy to the works of Abresch and Walter, we con-

struct constant negative Gaussian curvature tori with singularities which have

one family of planar curvature lines. Even though (1.4) is a hyperbolic partial

di¤erential equation, while (1.1) is an elliptic partial di¤erential equation, the

argument and calculations parallel to [13] do work well for constant nega-

tive Gaussian curvature tori. We also apply the work of Saji, Umehara, and

Yamada [10] to investigate the shape of the singularities for the tori we have

constructed.

This paper is organized as follows. In Section 2, the local theory of constant

negative Gaussian curvature surfaces is given. In Section 3, we study the prop-

erties of f when x-curve is planar. When one family of curvature lines are plane

curves, the other are spherical curves in general. In Section 4, we study the prop-

erties of the planes and spheres in which the curvature lines lie on. In Section 5,
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we give the parametrizations of the surfaces. For surfaces with singularities, a

notion of (wave) fronts has been well-investigated in Saji, Umehara, and Yamada

[10] and elsewhere. In Section 6, we show that the surfaces we construct here are

indeed fronts. In Sections 7 and 8, we give the necessary and su‰cient conditions

for the surfaces to be tori. In Section 9, we give the explicit parametrizations of

these tori in terms of trigonometric functions. In Section 10, we study the singu-

larities of these tori.

2 Preliminaries

Here, we recall the local theory of constant negative Gaussian curvature

surfaces. Let D be a domain in R2ðx; yÞ, and p : D ! R3 a K surface, that is,

an immersion with constant negative Gaussian curvature �1. It is known that a

surface with negative Gaussian curvature always has a curvature line coordinate

system. So throughout this paper, we assume ðx; yÞ is a curvature line coordinate.

Let n : D ! S2 be a unit normal vector field along p, then the first, second, and

third fundamental forms I ¼ hdp; dpi, II ¼ �hdp; dni, III ¼ hdn; dni are given

by

I ¼ cos2
f

2
dx2 þ sin2 f

2
dy2; ð2:1Þ

II ¼ 1

2
sin fðdx2 � dy2Þ; ð2:2Þ

III ¼ sin2 f

2
dx2 þ cos2

f

2
dy2; ð2:3Þ

where f : D ! R is the angle between asymptotic directions and h ; i is the

standard metric of R3. The Gauss-Weingarten formulas are

pxx ¼ � fx
2

tan
f

2
px þ

fy

2
cot

f

2
py þ

1

2
sin fn; ð2:4Þ

pxy ¼ �
fy

2
tan

f

2
px þ

fx
2

cot
f

2
py; ð2:5Þ

pyy ¼ � fx
2

tan
f

2
px þ

fy

2
cot

f

2
py �

1

2
sin fn; ð2:6Þ

nx ¼ �tan
f

2
px; ð2:7Þ

ny ¼ cot
f

2
py: ð2:8Þ
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Under this setting, the Codazzi equation is trivial and the Gauss equation is the

sine-Gordon equation

fxx � fyy ¼ sin f: ð2:9Þ

For later use, we give the following equations which can be verified by direct

computations from the Gauss-Weingarten formulas

detðpx; pxx; pxxxÞ ¼
1þ cos f

16
f�2fxy sin fþ ð1þ cos fÞfxfyg; ð2:10Þ

detðpy; pyy; pyyyÞ ¼
1� cos f

16
f2fxy sin fþ ð1� cos fÞfxfyg: ð2:11Þ

Therefore

x-curve is a plane curve if and only if �2fxy sin fþ ð1þ cos fÞfxfy ¼ 0;

y-curve is a plane curve if and only if 2fxy sin fþ ð1� cos fÞfxfy ¼ 0:

Throughout this paper, we assume that none of fx, fy vanishes identically,

fx 2 0; fy 2 0: ð2:12Þ

Remark 2.1. It is well-known that if f : D ! R in (2.9) depends only on x

or y, then K surface p : D ! R3 is a surface of revolution.

For the global theory of constant negative Gaussian curvature surfaces, the

following theorem is well-known.

Theorem 2.2 (Hilbert). There is no isometric immersion from a 2 dimensional

complete constant negative Gaussian curvature Riemannian manifold M into R3.

By this theorem, it is natural to consider the class of surfaces for which

certain kinds of singularities occur, and to study global properties of constant

negative Gaussian curvature surfaces within that class.

Definition 2.3. Let M be a smooth 2-manifold and p : M ! R3 a smooth

map. p is called a (wave) front if there exists n : M ! S2 such that

hv; nðqÞi ¼ 0

for any q A M and v A TqM, and

hdp; dpiþ hdn; dni ð2:13Þ

68 Tatsumasa Ura



gives a positive definite metric on M. When p : M ! R3 is a front, we say p is

complete if (2.13) is complete.

Definition 2.4. Let M be a smooth 2-manifold and p : M ! R3 a front. p is

called a K front if there exists an open dense subset W of M such that pjW : W !
R3 is an immersion with constant negative Gaussian curvature �1.

3 K Surfaces for Which x Curves are Planar

In this section, as an analogue of Section 2 in [13], we consider a K surface

with one family of planar curvature lines. Let D be a domain in R2ðx; yÞ and

p : D ! R3 a K surface with curvature line coordinates ðx; yÞ. From now on, we

assume that the x curves are planar. Then by (2.10), we have the following

lemma.

Lemma 3.1. If the x curves are planar, namely detðpx; pxx; pxxxÞ ¼ 0, then

fxy ¼
fxfy

2
cot

f

2
: ð3:1Þ

Lemma 3.2. The integral of (3.1) is

tan
f

4
¼ f ðxÞ � gðyÞ; ð3:2Þ

where f and g are functions of x and y alone, respectively.

Here ‘‘ 0’’ and ‘‘_’’ denote the derivatives with respect to x and y on D,

respectively. Taking derivatives of (3.2), we have

fx ¼
4f 0g

1þ f 2g2
; fy ¼

4f _gg

1þ f 2g2
; ð3:3Þ

fxx ¼
4f 00g

1þ f 2g2
� 8ff 02g3

ð1þ f 2g2Þ2
; fyy ¼

4f €gg

1þ f 2g2
� 8f 3g _gg2

ð1þ f 2g2Þ2
: ð3:4Þ

Furthermore, we get

sin f ¼
4 tan

f

4
1� tan2 f

4

� �

1þ tan2 f

4

� �2 ¼ 4fgð1� f 2g2Þ
ð1þ f 2g2Þ2

: ð3:5Þ
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Thus, substituting (3.4) and (3.5) into (2.9) yields

1

f 2
Aþ f 00

f 3
B ¼ C þD; ð3:6Þ

where

A ¼ €gg

g3
þ 1

g2
; B ¼ � 1

g2
;

C ¼ f 00

f
� 2

f 02

f 2
þ 1

2
; D ¼ � €gg

g
þ 2

_gg2

g2
þ 1

2
:

Two further di¤erentiations of (3.6) with respect to x yield

1

f 2

� �0
Aþ f 00

f 3

� �0
B ¼ C 0; ð3:7Þ

1

f 2

� �00
Aþ f 00

f 3

� �00
B ¼ C 00: ð3:8Þ

Consider (3.7), (3.8) as a system of linear equations for A, B. If its determinant

would not vanish, then A, B would be functions of x, in particular g ¼ const,

contradicting (2.12). Hence,

1

f 2

� �0
f 00

f 3

� �00
� f 00

f 3

� �0
1

f 2

� �00
¼ 0: ð3:9Þ

Integration by quadrature leads to f 02 ¼ c4 f
4 þ c2 f

2 þ c0 with constant coef-

ficients. The same procedure applies to g and leads to _gg2 ¼ d4g
4 þ d2g

2 þ d0.

Entering these in (2.9) yields relations between the constants which are expressed

in

c4 ¼ �d0; d4 ¼ �c0; c2 � d2 � 1 ¼ 0:

Thus we have proved the following theorem.

Theorem 3.3. A function f of the form (3.2) satisfies the Gauss equation (2.9)

if and only if f and g satisfy elliptic di¤erential equations of the form

2f 02 ¼ �bf 4 þ 2lf 2 þ a; ð3:10Þ

2 _gg2 ¼ �ag4 þ 2mg2 þ b; ð3:11Þ

with real constants a, b, l, and m, where

l� m� 1 ¼ 0: ð3:12Þ
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Observe that (3.10) and (3.11) imply

f 00

f
¼ �bf 2 þ l;

€gg

g
¼ �ag2 þ m: ð3:13Þ

From (3.2), we can change f and g to cf and g=c, respectively, for any

c A Rnf0g. Taking a suitable choice of c ðc ¼
ffiffiffiffiffiffiffiffi
a=b4

p
Þ, we may assume that a ¼ b

in (3.10) and (3.11). That is, f and g satisfy

2f 02 ¼ �af 4 þ 2lf 2 þ a; ð3:14Þ

2 _gg2 ¼ �ag4 þ 2ðl� 1Þg2 þ a; ð3:15Þ

with real constants a and l.

4 The Generating Planes

In this section, as an analogue of Section 3 in [13], we study the properties

of the planes of the x-curves. We call these planes the ‘‘generating planes’’. Let

L : R ! R3 be normal vector fields of generating planes.

Proposition 4.1. The family of generating planes has a common

1-dimensional subspace.

Proof. px � pxx is a normal vector of the generating plane. It would be

better to use the multiple of this by 1=hpx; pxi.

L ¼ ðpx � pxxÞ
1

cos2 f
2

¼ �py þ
fy

2
n: ð4:1Þ

Let x0 A R be a point satisfying f ðx0Þ0 0. The direction of L is independent of x.

We di¤erentiate (4.1), and use (2.6), (2.8), (2.5), to obtain

Ly ¼
fx
2

tan
f

2
px þ

fxx
2

n; ð4:2Þ

Lyy ¼
1

4
2fxy tan

f

2
þ fxfy

� �
px þ

f2
x

4
þ fxx

2
cot

f

2

 !
py þ

1

2
fxxyn: ð4:3Þ

Moreover, the cross product of L and Ly is

L� Ly ¼ � fxx
2

tan
f

2
px þ

fxfy

4
py þ

fx
2

sin2 f

2
n: ð4:4Þ
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Also, when we multiply fx to (3.1) and di¤erentiate, we get

fxxyfx � fxxfxy þ
f3
xfy

4
¼ 0: ð4:5Þ

Thus, we get detðL;Ly;LyyÞ ¼ 0.

Now, if gðy0Þ0 0, then, from (3.2), tanðfðx0; yÞ=4Þ0 0 in a neighborhood

of y0, so, from (4.1), (4.2), Lðx0; yÞ and Lyðx0; yÞ are linearly independent. By

detðL;Ly;LyyÞ ¼ 0, the span of Lðx0; yÞ, Lyðx0; yÞ is independent of y. Hence,

for all y, there is a fixed vector e A R3nf0g with unique direction such that

hLðx0; yÞ; ei ¼ 0. This direction spanned by e is the 1-dimensional subspace.

r

Remark 4.2. Proposition 4.1 is an analogue of Proposition 3.A of [13], but

for a constant mean curvature surface, the generating planes are just parallel to a

fixed 1-dimensional subspace, so they have no common 1-dimensional subspace as

claimed in Proposition 4.1.

Proposition 4.3. The y-curves are spherical curves where the centers are on

the 1-dimensional subspace of Proposition 4:1. We call these spheres the ‘‘gen-

erating spheres’’, and the 1-dimensional subspace of Proposition 4:1 the ‘‘axis’’ of

surface.

Proof. We look for a point l common to the normal planes of a fixed

y-curve. We set lðxÞ ¼ pþ Bðx; yÞpx þ Cðx; yÞn. From ly ¼ 0,

ly ¼ �
Bfy

2
tan

f

2
þ By

� �
px þ 1þ Bfx

2
cot

f

2
þ C cot

f

2

� �
py þ Cyn ¼ 0: ð4:6Þ

Hence, we get B ¼ X1ðxÞ=cosðf=2Þ, C ¼ X2ðxÞ with suitable functions X1 and X2

of one variable. Substituting them into the second terms of the right hand side of

(4.6), we have

sin
f

2
þ fx

2
X1 þ X2 cos

f

2
¼ 0: ð4:7Þ

From (3.3), we obtain

ð4:7Þ , 1þ f 0

f
X1 þ X2 cot

f

2
¼ 0:
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On the other hand, if f depends on y, then X2 ¼ 0, and X1 ¼ �f =f 0. Hence,

l ¼ p� f

f 0 cos f
2

px: ð4:8Þ

For the function t :¼ kl� pk2, we deduce ty ¼ 0. So every y-curve lies on a

sphere with center lðxÞ and radius RðxÞ, where

R2 ¼ kl� pk2 ¼ f 2

f 02 cos2 f
2

� cos2 f

2
¼ f 2

f 02 : ð4:9Þ

Moreover, from (4.1), (4.2),

hlx;Li ¼ hlx;Lyi ¼ 0; ð4:10Þ

so, l is on the straight line that is parallel to L� Ly. We can easily verify

hl� p;Li ¼ 0, so, l� p is included in the generating plane when we fix y. The

generating plane of x-curve depends only on y, and l depends only on x, so, l is

included in the 1-dimensional subspace of Proposition 4:1. r

From now on, we set this 1-dimensional subspace to be the x3-axis in R3.

5 Parametrization of the Surface

In this section, as an analogue of Section 4 in [13], we give a parametrization

of the position vector p.

Proposition 5.1. The unit normal vector field n satisfies

nxx � nyy ¼ cos fn: ð5:1Þ

Proof. By direct calculations from (2.7), (2.8), we have

nxx ¼ � fx
2

px �
fy

2
py � sin2 f

2
n; nyy ¼ � fx

2
px �

fy

2
py � cos2

f

2
n:

This completes the proof. r

We set p ¼ ðp1; p2; p3Þ, n ¼ ðn1; n2; n3Þ, L ¼ ðL1;L2;L3Þ. Then, by L3 ¼
hL; e3i ¼ 0 and (4.1), we have

0 ¼ hL; e3i ¼ �p3y þ
fy

2
n3 ¼ �tan

f

2
n3y þ

fy

2
n3: ð5:2Þ
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Observe that n3 cannot vanish identically, otherwise, by (2.7) and (2.8), we would

have p3 ¼ const. Combining (5.2) with (3.1) yields n3y=n3 ¼ fxy=fx, and this can

be integrated to

n3 ¼ BðxÞfx ð5:3Þ

with B depending only on x. Also, we can easily calculate n3xx ¼ B 00fx þ 2B 0fxx þ
Bfxxx, n3yy ¼ Bfxyy. Substituting these into (5.1), we have

B 00fx þ 2B 0fxx þ Bðfxxx � fxyyÞ ¼ Bfx cos f: ð5:4Þ

By the sine-Gordon equation (2.9), we get fxxx � fxyy ¼ fx cos f, so,

B 00fx þ 2B 0fxx ¼ 0; ð5:5Þ

which integrates to B 0 ¼ CðyÞ=f2
x. If B 0ðxÞ2 0, i.e. B is not constant, then

CðyÞ2 0 and f2
x ¼ CðyÞ=B 0ðxÞ, hence

2fxfxy ¼
_CCðyÞ
B 0ðxÞ ;

thus 2fxy=fx ¼ _CCðyÞ=CðyÞ. From this follows, by (3.1), 2fxy=fx ¼ fy cotðf=2Þ,

fy cot
f

2

� �
x

¼
2fxy
fx

� �
x

¼
_CCðyÞ
CðyÞ

 !
x

¼ 0;

hence,

fxy cot
f

2
�

fy

sin2 f
2

fx
2

¼ 0; ð5:6Þ

and using (3.1) again,

fxfy 1 0;

contradicting (2.12). Thus

B ¼ B0 0 0 : const; n3 ¼ B0fx: ð5:7Þ

With this, (2.7) and (2.8) imply

p3x ¼ �B0fxx cot
f

2
; ð5:8Þ

p3y ¼ B0fxy tan
f

2
: ð5:9Þ

The right-hand sides can be explicitly expressed, using (3.2) and its second

derivatives. In addition, it is useful to write the last quotient in (5.8) using
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ðfx cot f=2Þx. This results in:

p3x ¼ �2B0
f 0ð1� f 2g2Þ
f ð1þ f 2g2Þ

� �
x

þ f 02

f 2

� �
ð5:10Þ

¼ �2B0
�2ff 0g2

1þ f 2g2

� �
x

þ f 00

f

� �
; ð5:11Þ

p3y ¼ 8B0
ff 0g _gg

ð1þ f 2g2Þ2
: ð5:12Þ

Note that (5.10) and (5.11) are equivalent by ð f 0=f Þ0 ¼ f 00=f � f 02=f 2. Hence, we

get

p3 ¼ �2B0
�2ff 0g2

1þ f 2g2
þ
ð x f 00

f
dx

� �
: ð5:13Þ

In Section 7, we will see that f is elliptic. So, there exists a zero x0 of f 0 where

the sign of f may be arranged such that f0 ¼ f ðx0Þ > 0.

From (4.9), the y-curve will be planar where f 0 ¼ 0. First, we consider the

plane y-curve corresponding x ¼ x0 and take its plane as the ðx1; x2Þ-plane of the

coordinate system in R3. The restrictions of p; n; . . . onto x ¼ x0 will be marked

subsequently by a bar (i.e. p, n, and so on). We orient this plane by n, py and find

the norm w of the tangent vector py and plane curvature k ¼ detðpy; pyyÞ=w3 of

the y-curve via

detðpy; pyyÞ ¼ det py;
fy

2
cot

f

2
py �

1

2
sin fn

 !
¼ � 1

2
sin f detðpy; nÞ;

py=w and n are unit vectors and orthogonal each other, so, detðpy=w; nÞ ¼ �1.

Hence,

w ¼ kpyk ¼ sin
f

2
; k ¼ 1

w2
det

py

w
; n

� �
¼ cot

f

2
: ð5:14Þ

Let s be an arc length parameter of the planar curve p. There exists a function

o ¼ oðsÞ so that dp=ds ¼ ðcos oðsÞ; sin oðsÞÞ, n ¼ ð�sin oðsÞ; cos oðsÞÞ. So, k ¼
detðdp=ds; d2p=ds2Þ ¼ do=ds. Also, since ds=dy ¼ kpyk ¼ w, the angle change

rate of n is given by

do

dy
¼ do

ds

ds

dy
¼ kw ¼ cos

f

2
: ð5:15Þ
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By (3.2),

o ¼
ð y
0

1� f 20 g
2

1þ f 20 g
2
dy: ð5:16Þ

We set L0 :¼ L=kLk, then there exists a function h ¼ hðyÞ such that it can

be expressed as L0 ¼ ðcos hðyÞ; sin hðyÞ; 0Þ. Also, we denote by i ¼ iðyÞ the angle

between n and L0. By definition,

i ¼ h� o: ð5:17Þ

From (4.1) and cos i ¼ hn;L=kLki,

cos i ¼ _ggffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2 þ _gg2

p ; sin i ¼ e1
gffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

g2 þ _gg2
p ; ð5:18Þ

where e1 ¼G1. The three angles, o, i, and h are completely determined by (5.16),

(5.18), (5.17), and an initial condition for o. The coordinate representations of n

and the unit normal vectors L0, L0?, positively proportional to L, L?, are

n ¼
cos o

sin o

0

0
B@

1
CA; L0 ¼

cos h

sin h

0

0
B@

1
CA; L0? ¼

�sin h

cos h

0

0
B@

1
CA; ð5:19Þ

where the operator ? meaning rotation in the positive sense by p=2. We also

determine the constant B0 in (5.7). From (5.11),

p3x ¼ �2B0
f 00
0

f0
� 2f0 f

00
0 g

2

1þ f 20 g
2

� �
: ð5:20Þ

Also, px ¼ ð0; 0; p3xÞ, so by kpxk
2 ¼ p3

2
x and (5.20),

1� f 20 g
2

1þ f 20 g
2
¼ 4B2

0

f 00
0

f0
� 2f0 f

00
0 g

2

1þ f 20 g
2

� �2

: ð5:21Þ

Since _gg2 0, this is an identity in g, and setting g ¼ 0 gives the following

equation, using (3.14),

B2
0 ¼ 1

4ðl2 þ a2Þ
: ð5:22Þ

We determine the first and second components p1 and p2. We denote the

plane PðcÞ by

PðcÞ ¼ fðx1; x2; cÞ A R3 j x1; x2 A Rg: ð5:23Þ
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We fix the generating plane and the generating sphere, and set the intersection

between Pðp3Þ and generating plane as

z ¼ ZL0? þ p3e3; Z A R:

The point z is on the generating sphere, so z satisfies kz� lk2 ¼ R2, and l ¼
ð0; 0; l3Þ,

Z2 � R2 þ ðp3 � l3Þ2 ¼ 0: ð5:24Þ

Hence

Z ¼G
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 � ðp3 � l3Þ2

q
: ð5:25Þ

The calculation for the part inside the root is, from (4.8), (4.9), (3.2), and

(5.10),

R2 � ðp3 � l3Þ2 ¼
f 2

f 02 �
f 2

f 02 cos2 f
2

p3
2
x

¼ 4

l2 þ a2

f 2ðaþ 2lg2 � ag4Þ
ð1þ f 2g2Þ2

:

So, (5.25) takes the form

Z ¼ e2W ; ð5:26Þ

where e2 ¼G1 and

W :¼ 2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ a2

p f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ 2lg2 � ag4

p
1þ f 2g2

: ð5:27Þ

We thus have the following theorem:

Theorem 5.2. If there is a zero x0 of f 0 with f ðx0Þ > 0, then the position

vector function p : R2 ! R3 with planar x-curves can be brought to the explicit

form

p ¼ ZL0? þ p3e3; ð5:28Þ

where Z, L0?, p3 are given by (5.19), (5.26), (5.27), and (5.13).

By (5.26) and (5.28), we may set e2 ¼ �1.
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Remark 5.3. The turning angle h of the generating planes is determined

by (5.16), (5.18), (5.17). We have also proven a direct formula for h which is

generally available from (4.1), (4.2). In the setting for f 0ðx0Þ ¼ 0, f0 :¼ f ðx0Þ,
f 00
0 :¼ f 00ðx0Þ, described above, the result is

dh

dy
¼ � f 00

0

f0
sin2 i: ð5:29Þ

In fact, by (4.1), we have

L? ¼ �
fy

2 sin f
2

py � sin
f

2
n: ð5:30Þ

Also, we have

dh

dy
¼ hðL0Þy;L0?i: ð5:31Þ

Hence, we get (5.29) from (5.19).

6 Fronts

Now we extend the domain D to the entire ðx; yÞ-plane R2. The purpose

of this section is to show that this extension p : R2 ! R3 in (5.28) gives a front.

By (5.26), (5.27),

Zx ¼ Z
f 0

f
cos

f

2
; ð6:1Þ

Zy ¼ Z
_ggU

f ðaþ 2lg2 � ag4Þ sin
f

2
; ð6:2Þ

where

U ¼ Uðx; yÞ ¼ l� lf 2g2 � af 2 � ag2:

Also, by (5.17), (5.18),

Z _hh ¼ Zð1þ f 2g2Þ
2f

gU

ð1þ f 20 Þðg2 þ _gg2Þ
sin

f

2
: ð6:3Þ

Hence, by (5.10), (5.12), (5.28),

hpx; pxi ¼ Z2
x þ p3

2
x ¼ Z2 f 02

f 2
þ B2

0f
2
xx

1

sin2 f
2

 !
cos2

f

2
; ð6:4Þ
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hpy; pyi ¼ Z2
y þ Z2 _hh2 þ p3

2
y

¼
 
Z2ð1þ f 2g2Þ2

4f 2

g2U 2

ð1þ f 2
0 Þ

2ðg2 þ _gg2Þ2

þ Z2 _gg2U 2

f 2ðaþ 2lg2 � ag4Þ2
þ B2

0f
2
xy

1

cos2 f
2

!
sin2 f

2
: ð6:5Þ

From (3.4), we see jfxx=sinðf=2Þj < y, and also jfxy=cosðf=2Þj < y as well.

Hence, we set

e1 :¼
px

cos f
2

; e2 :¼
py

sin f
2

; ð6:6Þ

and then e1, e2 are smooth vector fields which are defined on R2, and hei; eji ¼
dij . Thus, we establish

n ¼ e1 � e2; ð6:7Þ

and then n is defined on R2, and hw; ni ¼ 0 for all tangent vectors w.

Since

nx ¼ �sin
f

2
e1; ny ¼ cos

f

2
e2; ð6:8Þ

we have

px ¼ 0 ) nx 0 0; py ¼ 0 ) ny 0 0; ð6:9Þ

therefore p is a front.

By the above arguments, hereafter we consider the domain of p to be the

entire ðx; yÞ-plane R2, and p : R2 ! R3 to be a front. Note that sin fn with n

in (6.7) coincides with sin fn defined in the beginning of Section 2 whenever p is

an immersion. Hence, using this n in (6.7), the Gauss-Weingarten formulas (2.4)–

(2.8) can be extended to the entire R2.

7 Necessary Conditions for Double Periodicity of the

Position Vector Function

As analogues of Section 5 in [13], we give here necessary conditions for the

position vector p to become doubly periodic. The symbols cnk and snk denote the

cosine and sine amplitude of Jacobi with modulus k A ð0; 1Þ:
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Proposition 7.1. If p : R2 ! R3 in (5.28) is doubly periodic with respect to

some fundamental parallelogram D � R2, then:

(1) p : R2 ! R3 is in fact doubly periodic with respect to x and y (so f and g

are both periodic).

(2) f has at least one zero.

(3) a in (3.14) is positive.

Proof. (1) Let ~pp denote the canonical projection from R2 to the torus

T ¼ R2=D and ~pp : T ! R3 the induced immersion from ~pp, so p ¼ ~pp � ~pp.

First, we show that p is periodic in x. In fact, any mapping x 7! ~ppðx; y0Þ
has either a dense image in T or is periodic with a common period for

all y0 A R. If it is dense, by ~ppðR� y0Þ ¼ T,

~ppðTÞ ¼ ~ppð~ppðR� y0ÞÞ � ~ppð~ppðR� y0ÞÞ ¼ pðR� y0Þ:

Since pðR� y0Þ is assumed to be contained in a generating plane E0, we

would have ~ppðTÞ � E0. But this is not possible because the Gaussian

curvature of E0 is 0. Thus, p is periodic in x. The same argument applies

with respect to y. From the periodicity of p in x and y, we obtain the

periodicity of f and g using (3.2).

(2) Assume f has no zero. Then the function

� 1

2B0
p3 �

f 0ð1� f 2g2Þ
f ð1þ f 2g2Þ

is Co and periodic in x and, by (5.10), has nonnegative derivative f 02=f 2

for x. This is only possible if f 0 1 0, which contradicts (2.12).

(3) Evaluation of (3.14) at a zero x1 of f gives ab 0, and if we have a ¼ 0

then f ðx1Þ ¼ f 0ðx1Þ ¼ 0, hence f 1 0. Thus a > 0. r

From periodicity of f and g, we obtain a > 0. This follows from the next

proposition.

Proposition 7.2. The set of solutions of (3.14) and (3.15) with a > 0 can be

described by

f ðxÞ ¼ g cnkðaxÞ; gðyÞ ¼ g cn
k
ðayÞ; ð7:1Þ

where 0 < k < 1, 0 < k < 1, and constants g, g, a, a, k, k satisfy

80 Tatsumasa Ura



g2 ¼ l

a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
l2

a2
þ 1

s
; g2 ¼ l� 1

a
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðl� 1Þ2

a2
þ 1

s
; ð7:2Þ

a2 ¼ a

2
g2 þ 1

g2

� �
; a2 ¼ a

2
g2 þ 1

g2

� �
; ð7:3Þ

k2 ¼ g4

g4 þ 1
; k2 ¼ g4

g4 þ 1
: ð7:4Þ

Moreover, if we set k ¼ sin y, k ¼ sin y, then

y� y <
p

2
; ð7:5Þ

g2 ¼ tan y; g2 ¼ tan y; ð7:6Þ

a2 ¼ sin 2y

sin 2ðy� yÞ
; a2 ¼ sin 2y

sin 2ðy� yÞ
: ð7:7Þ

Proof. Since f and g satisfy (3.14) and (3.15) with a > 0 (see Proposition

7.1), it is known that f and g can be described by (7.1) for some constants g, g,

a, a, k, k. In fact, f and g in (7.1) satisfy

f 02 ¼ � a2k2

g2
f 4 þ a2ð2k2 � 1Þ f 2 þ a2g2;

_gg2 ¼ � a2k2

g2
g4 þ a2ð2k2 � 1Þg2 þ a2g2:

Then by (3.14), we have the evaluations in the left-hand sides of (7.2)–(7.4).

Inversely, given ða; g; kÞ with (7.2), (7.3), (7.4), there exists ða; lÞ with a > 0,

namely

l ¼ a2
g4 � 1

g4 þ 1
; a ¼ 2a2g2

g4 þ 1
: ð7:8Þ

Similar equations are available for a, g, k. Since a is common to both equations,

and by observing (3.12), we have two further couplings.

a2kk 0 ¼ a2kk 0; ð7:9Þ

a2ðk2 � k 02Þ � a2ðk2 � k 02Þ � 1 ¼ 0; ð7:10Þ

where, as usual,

k 0 :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
; k 0 :¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2

p
: ð7:11Þ
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The system (7.9), (7.10) can be uniquely solved for a2, a2, which produces (7.6),

(7.7). The positiveness of a2, a2 is just expressed by (7.5). r

Together with the corresponding equations for a, g, k we obtain in

addition

l ¼ � cos 2y sin 2y

sin 2ðy� yÞ
; m ¼ � sin 2y cos 2y

sin 2ðy� yÞ
; ð7:12Þ

a ¼ sin 2y sin 2y

sin 2ðy� yÞ
: ð7:13Þ

Proposition 7.3. If a > 0, then e1 ¼ �1.

Proof. By (4.1), L0 is a negative multiple of py, so ffðn;LÞ1�p=2

ðmod 2pÞ, hence from the continuity of i, e1 ¼ �1. r

To verify the necessary condition that p3 is periodic, from (5.13) we see that

only f 00=f has to be handled. We use following equation:

ð
sn2

k v dv ¼ 1

k2
1� E

K

� �
v� 1

2K

Q 0
4

v

2K

� �

Q4
v

2K

� �
2
664

3
775; ð7:14Þ

where K, E are the first and second complete elliptic integrals with modulus

k,

KðkÞ ¼
ð p=2
0

djffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 j

q ; EðkÞ ¼
ð p=2
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 j

q
dj; ð7:15Þ

and Q4 is one of the elliptic Q functions,

Q4ðvÞ ¼ q0
Yy
n¼1

ð1� 2q2n�1 cos 2pvþ 24n�2Þ;

q0 ¼
Yy
n¼1

ð1� q2nÞ; q ¼ e�pK 0=K: ð7:16Þ
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See [12, p. 257]. Inserting this into (5.13) gives

p3 ¼ 2B0
2ff 0g2

1þ f 2g2
� a2 1� 2

E

K

� �
xþ a

K

Q 0
4

ax

2K

� �

Q4
ax

2K

� �
8>><
>>:

9>>=
>>;þ const: ð7:17Þ

8 Necessary and Su‰cient Conditions for Double Periodicity

of the Position Vector Function

In this section, as an analogue of Section 6 in [13], we consider the closedness

conditions for the position vector p. In Proposition 7.1, we saw that the condition

a > 0 is necessary for the double periodicity of the position vector function p.

In Proposition 7.2, we saw that the condition a > 0 is su‰cient for the periodicity

of the first fundamental form. In order to establish the necessary and su‰cient

conditions for the double periodicity of p, it only remains to discuss the pe-

riodicity behavior of the functions p3 and o. This will be done here, assuming of

course a > 0.

In the case of p3, the periodicity is fulfilled if and only if

K

E
¼ 2: ð8:1Þ

Since KðkÞ=EðkÞ A ð1;yÞ is strictly increasing, there is exactly one modulus k

satisfying (8.1). Numeric computation gives

yA65:354 955 354�A1:140 659 153; ð8:2Þ

k ¼ sin yA0:908 908 557 55: ð8:3Þ

As for o, p will become periodic in the parameter y when a repeated period

increment of o is a multiple of 2p. The reason is that only cos o, sin o,

cosðoþ iÞ, sinðoþ iÞ enter into the representation of p in (5.28), and cos i, sin i

are expressed by g in (5.18). The period increment o0 of o can be calculated

from (5.16).

o0 ¼ 4

ðK=a
0

1� g2g2 cn2
k
ðayÞ

1þ g2g2 cn2
k
ðayÞ

dy

¼ 4

a

ð p=2
0

1� g2g2 cos2 j

1þ g2g2 cos2 j

djffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 j

q ;
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where K ¼ KðkÞ. For o to be increased after n periods of y to 2p � l (l, n are

integers), we must have �n � o0 ¼ l � 2p, which is equivalent to

ð p=2
0

1� tan y tan y cos2 j

1þ tan y tan y cos2 j

djffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 y sin2 j

q ¼ l

n

p

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
sin 2y

sin 2ðy� yÞ

s
: ð8:4Þ

In equation (8.4), y is known by (8.2) and we have, for given l=n, to solve it

for y. We set

JðyÞ :¼
ð p=2
0

1� tan y tan y cos2 j

1þ tan y tan y cos2 j

djffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� sin2 y sin2 j

q ; SðyÞ :¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

sin 2y

sin 2ðy� yÞ

s
;

and we consider the quotient

xðyÞ :¼ JðyÞ=SðyÞ; ð8:5Þ

which is Co on 0 < y < y. Clearly, xð0Þ ¼ p=2, and an elementary calculation

shows

x 0ð0Þ ¼ � p

2
ðtan yþ cot 2yÞ < 0: ð8:6Þ

Lemma 8.1. For any l=n A ð0; 1Þ, there is exactly one solution y A ð0; yÞ of

(8.4), and for any l=n B ð0; 1Þ, there is no solution y A ð0; yÞ of (8.4).

Proof. From (5.17) and (5.18),

1

4
o0 ¼

ðK=a
0

_oo dy ¼
ðK=a
0

_hh dy�
ðK=a
0

_ii dy ¼
ðK=a
0

_hh dy� p

2
: ð8:7Þ

Note that _ii ¼ di=dy, not the ninth Latin alphabet. By �n � o0 ¼ l � 2p,ðK=a
0

_hh dy ¼ � l

n
þ 1

� �
p

2
: ð8:8Þ

Also, from (5.29) and (5.18), we get

_hh ¼ a2 sin2 i ¼ a2
g2

_gg2 þ g2
¼ a2

T 2 þ 1
; T ¼ _gg

g
: ð8:9Þ

Obviously, T is elliptic, so it must satisfy a corresponding di¤erential equation

_TT 2 ¼ T 4 � 2mT 2 þ a4: ð8:10Þ
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Moreover, T is strictly decreasing on ½0;K=a� from 0 to �y, and thus can

replace y as parameter on this interval.

From this and (8.9),ðK=a
0

_hh dy ¼ �
ð�y

0

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=a4ÞT 4 � 2ðm=a4ÞT 2 þ ða=aÞ4

q dT

T 2 þ 1
: ð8:11Þ

By (7.7) and (7.12), the integrand of the right hand side depends only on y. It is

easy to verify that ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1=a4ÞT 4 � 2ðm=a4ÞT 2 þ ða=aÞ4

q
has limits y when y ! 0, and 1 when y ! y respectively, and is monotonically

decreasing in y A ð0; yÞ. Thus

0 <

ðK=a
0

_hh dy < �
ð�y

0

dT

T 2 þ 1
¼ p

2
: ð8:12Þ

Hence, exactly for l=n A ð0; 1Þ, (8.8) has a solution y A ð0; yÞ, which is then

unique. r

9 Expression of the Surface by Trigonometric Functions

To draw the graphics of the surfaces, as an analogue of (6.B 0) in [13], here

we change variables so that the surfaces are described by trigonometric functions.

We change variables as follows.

cnkðaxÞ ¼ cos u; snkðaxÞ ¼ sin u; ð9:1Þ

cn
k
ðayÞ ¼ cos v; sn

k
ðayÞ ¼ sin v: ð9:2Þ

We set ðl; nÞ to be integers which satisfy l=n A ð0; 1Þ. Then, we get the expression

p : R2 ! R3.

pðu; vÞ ¼ Zðu; vÞ �
cosðoðvÞ � jðvÞÞ
sinðoðvÞ � jðvÞÞ

0

0
B@

1
CAþ

0

0

p3ðu; vÞ

0
B@

1
CA; ð9:3Þ

where G :¼ gg, and

Zðu; vÞ ¼ �2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2 þ a2

p g cos u
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aþ 2lg2 cos2 v� ag4 cos4 v

p
1þ G2 cos2 u cos2 v

; ð9:4Þ

oðvÞ ¼ 1

a

ð v
0

1� G2 cos2 t

1þ G2 cos2 t

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 t

p ; ð9:5Þ

85Constant negative Gaussian curvature tori and their singularities



tan jðvÞ ¼ a tan v �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 v

p
; ð9:6Þ

p3ðu; vÞ ¼
1

a
2G2 cos u sin u cos2 v

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 u

p
1þ G2 cos2 u cos2 v

�
ð u
0

1� 2k2 sin2 tffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� k2 sin2 t

p dt

( )
; ð9:7Þ

where k and y are given by (8.2), (8.3), respectively, and k is the solution of

(8.4), and other coe‰cients are given by (7.5)–(7.7), (7.12), and (7.13). Also,

jðvÞ ¼ �iðvÞ � p=2.

Figures 1–5 show the graphics of the surfaces for several values of l=n. In

each figure, the left hand side is the whole surface (0a ua 2p, 0a va np), and

the right hand side is its intersection with the ðx1; x2Þ-plane.

Figure 1: l=n ¼ 1=2:

Figure 2: l=n ¼ 1=3:
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10 Singularities

In this section we study the singularities of the K fronts given in (9.3).

We call a point where p is not an immersion a singularity of p. Moreover we

consider

Lðu; vÞ :¼ detðpu; pv; nÞ : R2 ! R; ð10:1Þ

where n : R2 ! S2 is defined in (6.7). Then, q A R2 is a singular point if and only

if L ¼ 0 at q.

Figure 3: l=n ¼ 2=3:

Figure 4: l=n ¼ 1=4:
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The singularity q A R2 of a wave front p : R2 ! R3 is called non-degenerate

if the di¤erential dL ¼ Lu duþLv dv of Lðu; vÞ does not vanish at q. We see

that a connected component of the non-degenerate singular set is a regular curve

on R2, by the implicit function theorem. We call this curve a singular curve.

Furthermore, the direction of its tangent vector is called a singular direction.

In addition, the direction of x A TqR
2 ðx0 0Þ with dpðxÞ ¼ 0 is called a null

direction.

Definition 10.1 (cuspidal edges and swallowtails).

(1) The map pc : R
2 C ðu; vÞ 7! ðu2; u3; vÞ has singularities on the v-axis. We

call the singularity q A D of a wave front p : D ! R3 a cuspidal edge if

there exist U1 � R2 with 0 A U1, U2 � D with q A U2, j : U1 ! U2,

W1 � R3 with pcð0Þ A W1, W2 � R3 with pðqÞ A W2 and F : W1 ! W2 such

that j and F are di¤eomorphisms in R2 and R3, respectively, and jð0Þ ¼ q

and

F � pc ¼ p � j: ð10:2Þ

(2) The map ps : R
2 C ðu; vÞ 7! ð3u4 þ u2v; 2u3 þ uv; vÞ has singularities on the

set fðu; vÞ A R2 j v ¼ �6u2g. We call the singularity q A D of a wave front

p : D ! R3 a swallowtail if there exist U1 � R2 with 0 A U1, U2 � D with

q A U2, j : U1 ! U2, W1 � R3 with psð0Þ A W1, W2 � R3 with pðqÞ A W2

and F : W1 ! W2 such that j and F are di¤eomorphisms in R2 and R3,

respectively, and jð0Þ ¼ q and

F � ps ¼ p � j: ð10:3Þ

Figure 5: l=n ¼ 3=4:
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Proposition 10.2. Let I � R be an interval. Let D � R2 be a domain.

Suppose that g : I ! D is a (non-degenerate) singular curve of a wave front

p : D ! R3.

(1) gðt0Þ is a cuspidal edge if and only if its singular direction and null direc-

tion are linearly independent at gðt0Þ.
(2) gðt0Þ is a swallowtail if and only if its singular direction _ggðt0Þ and null

direction xðt0Þ are linearly dependent at gðt0Þ, and

d

dt

����
t¼t0

detð _ggðtÞ; xðtÞÞ0 0:

Remark 10.3. The singularity set of ps is fðu; vÞ A R2 j v ¼ �6u2g. ðu; vÞ ¼
ð0; 0Þ is the swallowtail, and others are cuspidal edges.

We denote the set of singularities of p by S.

Lemma 10.4. The singular set S of the K fronts p defined by (9.3)–(9.7) is

written as follows:

S ¼ ðu; vÞ A R2

���� cos u cos v ¼ 0; cos u cos v ¼G
1

G

� �
: ð10:4Þ

Proof. By (6.6) and (10.1), we have

Lðu; vÞ ¼ det pu; pv;
1

cos f
2 sin f

2

pu � pv

 !

¼ 2G cos u cos vð1� G2 cos2 u cos2 vÞ
ð1þ G2 cos2 u cos2 vÞ2

:

Hence, L ¼ 0 when G cos u cos v ¼ 0;G1. r

We set Sc ¼ fðu; vÞ A R2 j cos u cos v ¼ cg, then

S ¼ S0 [ S1=G [ S�1=G; ð10:5Þ

and we have pv ¼ 0 on S0, pu ¼ 0 on SG1=G. Also, we have SG1=G ¼ q if and

only if G < 1. By definition of SG1=G and (7.6), we have the following lemma.

Lemma 10.5. SG1=G ¼ q if and only if y satisfies

tan y < cot y: ð10:6Þ
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Remark 10.6. By Lemma 10.5, (8.1), and (8.2), we can find the condition

of y for SG1=G ¼ q. Then we can find the condition of l and n in (8.4) for

SG1=G ¼ q, since xðyÞ ¼ ðp=2Þðl=nÞ in (8.5) is monotonically decreasing in y A

ð0; yÞ. Numerically, SG1=G ¼ q if and only if

l

n
> 0:509896 � � � : ð10:7Þ

Lemma 10.7. If G > 1, then the singularities on S1=G are non-degenerate,

and when u ¼ np, singularities are swallowtails, and the others are cuspidal edges

(see Figure 7).

Proof. We set zðu; vÞ ¼ cos u cos v� 1=G, and then S1=G ¼ fðu; vÞ A R2 j
zðu; vÞ ¼ 0g. At each point on S1=G, we have

zu duþ zu dv0 0; ð10:8Þ

so, we have

Lu duþLu dv0 0 ð10:9Þ

on S1=G. Hence, at each point on S1=G is a non-degenerate singularity. The

null direction is x ¼ ð1; 0Þ ¼ q=qu, and the singular direction on ðu; vÞ A S1=G is

zv � q=qu� zu � q=qv. We set F :¼ detð _gg; xÞ, and then

F ¼ det
zv 1

�zu 0

� �
¼ zu:

If z ¼ 0 and F 0 0, then ðu; vÞ is a cuspidal edge, and if z ¼ 0, F ¼ 0, and

dF 0 0, then ðu; vÞ is a swallowtail. So, since

ðu; vÞ is a cuspidal edge if and only if cos u cos v ¼ 1

G
and sin u0 0;

ðu; vÞ is a swallowtail if and only if sin u ¼ 0;

we get the conclusion. The same argument works for S�1=G as well. r

Remark 10.8. By (2.1), we have

pu 0 0; pv ¼ 0; ð10:10Þ

on S0, and

pu ¼ 0; pv 0 0 ð10:11Þ

on SG1=G.
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We define

gmðtÞ :¼
1

2
þm

� �
p; t

� �
; ~gg ~mmðtÞ :¼ t;

1

2
þ ~mm

� �
p

� �
; m; ~mm A Z ð10:12Þ

Also, we set

S0
1 ¼ fgmðtÞ j t A Rgm AZ; S0

2 ¼ f~gg ~mmðtÞ j t A Rg ~mm AZ: ð10:13Þ

Then,

S0 ¼ S0
1 [ S0

2 :

See Figure 6.

Lemma 10.9. The singularities degenerate on

S0
1 \ S0

2 ¼ 1

2
þm

� �
p;

1

2
þ ~mm

� �
p

� �
A R2

����m ~mm A Z

� �
;

where S0
1 and S0

2 are defined in (10.13).

Proof. For any t A R,

q iz

qvi
¼ 0; i A N; ð10:14Þ

on S0
1 , since zðgmðtÞÞ ¼ 0. On the other hand, for any t A R,

q iz

qui
¼ 0; i A N; ð10:15Þ

on S0
2 , since zð~ggmðtÞÞ ¼ 0. Hence,

zu ¼ zv ¼ 0 ð10:16Þ

on S0
1 \ S0

2 . Namely, the singularity degenerates on S0
1 \ S0

2 . r

Lemma 10.10. The singularities are non-degenerate on S0nðS0
1 \ S0

2Þ.

Proof. We have zu ¼ 0 on S0
2 . Moreover, sin2ðf=2Þ ¼ 0 on the singularities.

Hence, zv ¼ 0 is equivalent to fy ¼ 0. This is equivalent to f ðxÞ � _ggðyÞ ¼ 0 by

(3.2). Now, using f ¼ g cos u, g ¼ g cos v,

_ggðyÞ ¼ dg

dv
� dv
dy

¼ � dv

dy
g sin v:
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Thus, if zv ¼ 0 we see sin u cos v ¼ 0, since dv=dy0 0. Since sin v ¼G1 on S0
1 , if

zv ¼ 0 we have cos u ¼ 0. Thus, the singularities are non-degenerate on S0
2nS0

1 .

Similarly, we see that the singularities are also non-degenerate on S0
1nS0

2 . r

Proposition 10.11. The singularities on S0
2nS0

1 form cuspidal edges.

Figure 6: The singular set S of p for l=n ¼ 1=4. The thick curves or the thick lines indicate S1=G

(upper-left), S�1=G (upper-right), S0
1 (lower-left), S0

2 (lower-right).
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Proof. The singularities on S0
2nS0

1 are non-degenerate by Lemma 10.10.

Moreover, the singular direction is ~gg 0 ¼ ð1; 0Þ ¼ q=qu by (10.12), and null direc-

tion is xðtÞ ¼ ð0; 1Þ ¼ q=qv by (10.10). Hence, the singular direction and null direc-

tion are linearly independent. Therefore, the singularities on S0
2nS0

1 are cuspidal

edges, by Proposition 10.2. r

Proposition 10.12. The image of p on S0
1 is a single point (see Figure 8).

Proof. By Proposition 4.3, a y-curve of p lies on the sphere with center l

and radius R ¼ j f =f 0j. Since f ¼ g cos u,

f 0 ¼ df

dx
¼ df

du
� du
dx

¼ �g
du

dx
sin u:

Hence,

R2 ¼ cos u

� du
dx sin u

 !2
: ð10:17Þ

Thus, if u ¼ ð1=2þmÞp, we see that R2 ¼ 0. Therefore, the image of p in

fðð1=2þmÞp; tÞ j t A Rg is a single point for each m A Z.

Next, we will show that this single point does not depend on m. By (9.4),

(9.7),

Zðuþ 2p; vÞ ¼ Zðu; vÞ ¼ Zð�u; vÞ; p3ðuþ 2p; vÞ ¼ p3ðu; vÞ ¼ p3ð�u; vÞ: ð10:18Þ

Thus, we see that

� � � ¼ p � 3

2
p; v

� �
¼ p � 1

2
p; v

� �
¼ p

1

2
p; v

� �
¼ p

3

2
p; v

� �
¼ � � � :

Hence we get the conclusion. r

We have seen that the singularities are degenerate on S0
1 \ S0

2 in Lemma 10:9.

Therefore, we cannot apply any known criteria of singularities on S0
1 \ S0

2 . In

addition, the shape of the singularities on S0
1 \ S0

2 look like cone-like singularities,

but nearby horizontal slices of the surfaces give curves that have a finite number

of cusp points (see Figure 8).
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