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ON THE VERSCHIEBUNG MORPHISM FOR %"

By

Mitsuaki YATO

Introduction

In the theory of algebraic and formal groups over a field of positive
characteristic, the Frobenius morphisms and the Verschiebung morphisms play
very important role. The definition of the Frobenius is not difficult, but it is
somewhat subtle to define the Verschiebung morphism. Roughly speaking, the
Verschiebung is dual to the Frobenius. In fact, the Frobenius and the Ver-
schiebung change the places in the Cartier duality for finite flat commutative
group schemes.

In this paper, we consider the Verschiebung morphism for the group scheme

gjl) = Spec A[T,1/(1 + AT)]
and
9" = Spf A[[T]]

the formal completion of gjl) along the unit section (For the definition, see the
section 1).
The main theorem of this paper is stated as follows:

THEOREM (Th. 2.1 and Cor. 2.1.1). Let A be an F,-algebra and A € A. Then
the Verschiebung morphism

V:4") = Spec A[T,1/(1+ A*T)] — 4" = Spec A[T,1/(1 + AT)]
(resp. V: 94" = Spf A[[T]] - 9" = Spf 4[[T]))
is given by the homomorphism
T 7T A[T,1/(1 + AT)] — A[T,1/(1 + APT))

(resp. T +— AT : A[[T]] — A[[T]]).
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Furthermore, we verify a duality between the Frobenius morphism and the
Verschiebung morphism. Sekiguchi and Suwa [3] constructed the isomorphisms

Ker[FW — [A77'] : W (4) — WW(4)] 5 Homa_g (4", 97), 1
Coker[F¥) — 277 : wW(4) - wW(4)] 5 H}EP, 9", W
where A, u € A. Moreover, if 4 is nilpotent, established also the isomorphisms
Ker[F (¥ — [277'] : W (4) — W ¥ (4)] 5 Homy_g (%", 9), ,
Coker[F W — (2771 : WW(4) » wW(4)) S H}%, 9"). ()

Here H2(4",9\") and H2(%",%{") denote the Hochschild cohomology.
The second result is stated as follows:

TueoreM (Th. 3.6 and Cor. 3.7). Let A be an F,-algebra and A,p€ A.
(i) Under the identification (1), the homomorphisms

| 28 HomA—gr(«‘éf),g?é”)) - HomA~gr(g?f§m’€é,§#))a
Ve HYE) 4) - By G 91
(resp. F* : Homy_g (4", 4\") — Homy (4", 4",
F* - Hg(gﬁéi”)’g?;ﬂ)) R Hg(g?éi),@u)))

are given by a— FWa (resp. a— Va),
(i) Assume that A is nilpotent in A. Under the identification (2), the homo-
morphisms

| 2888 HomA_g,(gjl),g;”)) — HomA_gr(g,gﬂ), fﬁ,ﬁ")),
veHA9Y, 9) — HY (9, 9)
(resp. F*: HomA_gr(fﬁ/g“),gj”)) — HomA_gr(gf), j"’),
Fr 28, 9 - HE (9P, 91
are given by a— FWa (resp. a— Va).

In the section 1, we recall the definition of the Verschiebung morphism for an
affine commutative group scheme over a ring of characteristic p > 0, and the
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main theorem is proved in the section 2. After reviewing some result on
extensions of group schemes by Sekiguchi and Suwa [3], we state our second
theorem in the section 3. A proof of the second theorem is given in the section 4.
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NOTATIONS

Throughout this paper, p denotes a fixed prime number.

G, 4 denotes the additive group scheme over 4.

G,, 4+ denotes the multiplicative group scheme over A4.

For any group scheme G,G denotes the formal completion of G along the
unit section.

H}(G,H) =Z?*(G,H)/B*(G,H) denotes the Hochschild cohomology group
consisting of symmetric 2-cocycles of G with coefficients in a trivial G-module H.

If 4 is an F,-algebra, we define a ring homomorphism ¢ : 4 — A4 by a — a?.
We also denote by ¢ the morphism Spec 4 — Spec 4 induced byo: 4 — 4. If X
is a scheme over A, we have the following cartesian diagram:

X XsSpec 4 —— X

l l

SpecA  —2— Spec A.

Therefore, we define a scheme X over 4 by X =X x,Spec 4. If
X = Spec R, we have X(») = Spec(R ®, A). Here R®, A is a commutative ring
satisfying (ax) ®,a = x ®, (¢”a) for all «,ae A, x € R. Moreover, R®, A4 is an
A-algebra with the ring homomorphism

a—1®,a:4— R®,A.

1. Some Preparations

In this section, we review the definition of the Verschiebung morphism for
affine group schemes (cf. Demazure and Gabriel [1, IV, §3, n°4]) and that of the
group scheme %ﬁ).

1.1. Let 4 be an F,-algebra and G = Spec R an affine flat commutative
group scheme over 4. We denote by A the comultiplication of R.
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The A-module R®” consisting of the tensors of rank n is an A4-algebra with
the multiplication of each component. We denote by S”R the sub-A-algebra
consisting of symmetric tensors of rank n.

We define a homomorphism s, : R®" — S"R of A-modules by

X1® - ®x,+ ZXT(1)®"‘®XT(n)a
1€,

where &, denotes the symmetric group of degree n. Then s5,(R®") is an ideal of
S"R. Especially, consider the case of n = p. Then the correspondence

X®,a— [a(x® - ®x)]: R®, A — SPR/s,(R®?)
is an A-isomorphism ([1, IV, §3, 4.1]). We denote by iz the surjection
SPR — R®, A induced by the isomorphism R®, 4 ~ SPR/s,(R®?).
For any n > 2, we define an A-homomorphism A, : R — R®" inductively by
Ay = A,
Ani1 = (A®id®" D)o A,
Since G is a commutative group scheme, A, passes through S”R, that is, we have

the following commutative diagram:

R®" — > S"R

Consider the case of n = p. Putting Vg =igoA,, we have the following com-
mutative diagram:
R®» > SR *, R®,A

NT%:@J,
R

Put G” = Spec(R®?), S?G = Spec(SPR) and G(P) = Spec(R®, 4). We de-
note by V¢ the homomorphism G(») — G of group schemes defined by Vi, which
is called the Verschiebung morphism for G.

ExaMpLE 1.1.1. (i) Consider the multiplicative group scheme G, 4 =
Spec A[T,1/T]. Put R= A[T,1/T]. Since A, is given by T — T® we have
_ VR(T) = iro Ap(T) = ir(T®) = T ®, 1.
Hence Vg, , = idg,, ,, identifying R to R®, A4 by aT — T ®,a.
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(if) Consider the additive group scheme G, 4 = Spec A[T]. Put R = A[T].
Then A, is given by

14 i
T — Zl@---@l@ TRI® 1.
i=1

Noting that
P ! 1
Zl®...®1® T®1®“.®1:(—;——1)'SP(T®1®.”®1)
i=1 :

=-55(T®I® ---®1) mod p,
we have
Vr(T) = ig OZ—SP(T) =ip(-5,(T®1®---®1)) =0.

Hence Vg, , =0, identifying R to R®, A by aT — T ®, a.

1.2. Let 4 be a ring and 4 € A. We define an affine flat commutative group
scheme .‘4() over 4 by {4 = Spec A[T,1/(1 + AT)] with
() the comultiplication: A: T —» AT T+T®1+1® T,
(ii) the counit: ¢: T +— 0,
(iii) the coinverse: S: T — —T/(1+ AT).
If 4 is invertible in A, the correspondence
U 1+AT : A[U,1/U] — A[T,1/(1 + AT)]

i1s an isomorphism of A4-algebras, and hence 54/5'1) is isomorphic to the multi-
plicative group scheme G,, 4. On the other hand, if 1 =0, {ﬁﬁ) is nothing but the
additive group scheme G, 4.

Let 4 be an F,-algebra and A€ 4. Since the correspondence a7 — T ®,a
gives rise to an A-isomorphism

A[T /(14 27T)] 5 A[T, 1/(1 + AT)] ®, 4,
we have the isomorphism of group A-schemes
(GNP = Spec(A[T, 1/(1 + AT)] ®, ) > 4" = Spec A[T,1/(1 + 2PT)).
Moreover, the Frobenius morphism
F: {4 = Spec A[T,1/(1 + AT)] — gA = Spec A[T,1/(1 + APT)]

is given by
T TP AT, 1/(14+iT)) — A[T,1/(1 + AT)).
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2. The Verschiebung Morphism for {4/5’1)

THEOREM 2.1. Let A be an F,-algebra and A€ A. Then the Verschiebung
morphism

V: 9" = Spec A[T,1/(1 + i*T)] — 4" = Spec A[T,1/(1 + AT))
is given by T — AP7'T : A[T,1/(1 4+ AT)] — A[T,1/(1 + AP T)].

CoRrOLLARY 2.1.1. Let A be an F,-algebra and 1 € A. Then the Verschiebung
morphism

v: 4" = spf 4[[T)] - 9;" = Spf 4[[T]]

is given by T — A*~'T : A[[T]] — A[[T]].

REMARK 2.2. Applying 2.1 to A=1 (resp. 4 =0), we obtain immediately
Ve, =idg,, , (resp. Vg, , =0).

Hereafter we prove the theorem. We may assume that 4 = F,[A] and
A=A

LemMMA 2.3. Let R=F,[A,T,1/(1+ AT)]. Then we have equalities

(A ®id®" ) (s”(T® 1®(n_l))>

(n—1)!

s (T®1®) TT® s, 1(T® 190
n! (n—1)!

in R®"1) for all n with 2 <n < p— 1. Moreover, we have equalities

lsn(T®i ® 1®(n~i)))

(A®id2" 1) (Ai‘

i'(n —i)!
_ A 5T @190HD) TR T ®s,1(T®0) @ 190D
N il(n—i+1)! (-2l (n—i+ 1)

TR T ® s, (TOD @ 190-0)
+A EICED]

in R®"+Y) for gll n with 2<n<p—1 and all i with 2<i<n.
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PrROOF. We have

A® idf(”‘l)) (Ail sn(T® ® 1®(n—i))>

i'(n =)

At ATRTHTRI+1®T) @501 (T80 @ 19071)

- A(n — i)

Al 1®1®s, 1(T® ® 18¢=i-1)
tm=dA i'(n—iQ)!
— Al-l (TR®1+1®T)® s,_1(T®) ® 190-1)
- (= Dl(n— 1)
4 1 ® 1 ®Sn_1(T®i ® 1®(n—i—1))

in—i—-1)!

i T®T ®s,,_1(T®(i—1) ® 1®(n—i))
A i—1Dl(n—10)!

for all i with 1 < i < n. Substituting 1 for i, we easily obtain the first formula. If
i > 2, noting that

sl (T @ 1804y TR T ® 5, 1(T®0) @ 180—i+1)

ifn—i+ 1! (i—2)(n—i+1)
(TR1+1®T) ® s,_1(T®(D @ 1®n=1)
+ . .
(i — 1)(n—i)!
N 1® 1 ® 5,1 (T® ® 1®r=i-1))
in—i-1)! ’
we obtain the second formula. O

LemMa 24. Let R=F,[A,T,1/(1+ AT)]. Then we have equalities

n—1 : _:
_ i—1 sn(T®t ® 1®(n l)) n—17Q®n
AnlT) = ZI:A im—or N T

in R®" for all n with 2 <n < p.

ProOF. We prove the assertion by induction on x. It is easily seen that the
case for n =2. Assume that the case for n (< p —1). Since
1 52(T®")

A"—l T®n — An—
n!
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for all n» with 2 <n < p—1, we have

®i ®(n—i)
An(T ZAI lsn T ®1 )

i'(n —i)!

Then, by 2.3,
_ @) [ = aio1 (T @ 1®01)
Ari(T) = (A®idg )(ZA i(n — )]

i=1

5n(T®1%) TR®T®s (T ®1%"Y)
= +A
n! (n—1)!

T®i ® 1®(n—i+l))

+ lz;: {AM { 5n+1(i!(n S

T® T ® sp_1(T®02) @ 1®(=i+1))
(= 2)i(r =7+ 1)

A’T® T ® sp_1 (T®0-1) @ 18(=1)
(i— )i(n— 9
ZA’ 1Sn+1(T® ®1®n H—l))
n—i+1)!

1T®T®sn 1(T® ®1®"’)
+ZA (i—DYn-i)

ZAI 1T®T®Sn 1(T® ®1®nt+l)
-2 (n—-i+1)!

Z/\' 1521 (T2 @ 190 l+1))+AnT® T ® sp-1(T®"1)
- Mn—i+1)! (n—1)!

_ ZA’ lsn+1 T@t ® 1®(n— 1+1)) N AnT®(n+1)-
i(n—i+1)!

This completes the proof of 2.4. O

2.5. Now we finish the proof of 2.1. Let R = F,[A,T,1/(1 + AT)]. By 2.4,
we have

-1 ; _
ZP‘L:A"‘ISP(TQ9 ® 1% ))+AP—1T®P.
i'(p—i)!
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Since
-1 ®i ®(p—i)
. 7' ® 1
i-1%( ) esp(R®1’),

AT

i=1

we have
VR(T) = igo Ay(T)

. lsp T®’® 1®(p— ')) p—1 o ®p
= ig (ZA -y +APIT
=T®,AP".
Hence Vp(T)=AP"'T, identifying F,[A,T,1/(14+ A’T)] to R®,F,[A] by
aT — T ®,a. This completes the proof of 2.1.

3. A Duality between The Frobenius and The Verschiebung
First, we review the main result of Sekiguchi and Suwa [2] and [3]. We start

with reviewing necessary facts on Witt vectors and some formal power series.

3.1. Sekiguchi and Suwa [3] define polynomials ®*)(T) in Z[M][Ty, ..., T;]

by

1
oM (T) = 27 On(MTo, MTy,..., MT,)

_ Mpr_lTOpr + pMpr—l_lTlpr—l 44 pr—lMp—lTrp_l + prTr

paraphrasing Witt’s argument. Furthermore, the polynomials

SM(X,Y) =S (Xo,..., X, Yo,..., ;) € ZIM]|[Xo,..., X, Yo,..., Y},

M(X,Y)=PM(X,,....X,, Yo,..., Y,) € ZIM|[Xo,..., X, Yo,..., Y],

FEM(T) = FMX(Ty,...,Tyy) € ZIM|[Ty, ..., Tri]

are defined by

1
— S, (MXy, ..., MX,, MY,,... MY,),

1
PM (X Y) = —-MP,(XO, X, MYy, ... MY,),

1
Fr(M)(T)ZH r(MTO,...,MTr_’_l),
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respectively ([3, 1.4]). Substituting M for 1, we obtain the Witt polynomials
O(T) =T +pT?" +--+p'T, e Z[Ty,..., T,
and
S,(X,Y) =S,(Xo,.... Xn, Yo,..., Y,) € Z[Xo,..., X, Yo,..., Y}],
P(X,Y)=P(Xo,.... X, Yo,..., Y,;) € Z[Xo,..., Xy, Yo,..., Y],

Fr(T) :Fr(T(),""Tr-f-l)EZ[TOa"'aTr-H]

for the Witt vectors.
A commutative group scheme W M) over Z[M] is defined by

w M) = Spec Z[M][To, Ty, Ta, - . ]
with the addition
To SMIT®1,1QT), Ti—S"(T®L1T),
T SMT®1,1eT),....

Furthermore, W™ is a Wz -module with a morphism Wz X z(a) wM) _,
W M) defined by

To— PMU®1,10T), T1— PP U®1,1®T),
T, PMU®1,1QT),...
(3, 1.5]). We define a morphism o™ : W*) — Wy, by

TOHMT(), T1P—>MT1, T2P—>MT2,....

3.2. Sekiguchi and Suwa [2, 2.3] define a formal power series E,(U,A;T) €
O[A, U][[T]] by

s k k-1
E,(U,A;T) = (1+AT)YA ] + APE TP WPHU/NT (UMY

k=1

Recall now the definition of the Artin-Hasse exponential series

r

Ep(T) = exp (Z ]I;—p) € Zp[[T1).

r=0

Then it is proved in [2, 2.5] that E,(U,A;T) € Z(,[A, U][[T]].
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Let U = (Uy, Uy, Uy, . ..). Sekiguchi and Suwa [2, 2.7] define a formal power
series

E,(U,\;T) e Z )\, Uy, Uy, Uy, .. JIT]]
by
% k k
E,(UNA;T) =[] E,(Ur, A7 T).
k=0

Then the equality

E/(U,AST) = (1+ AT) WA T[(1 + AP T4 18 ou)-a o)
k=1

is verified ([2, 2.8]). Furthermore, Sekiguchi and Suwa [3, 2.3] define a formal
power series

EM(U,A;T) € Z()[A, M, Uy, Uy, Us, .. J[T]]
by

1
EMU,AT) = [E (@™ U A T) — 1],
where oMU = (MUy, MU, MU,,...).

33. Let U= (U, U;,U,...). A formal power series F,(U,A;X,Y) in
Q[A, U(), Ul, Uz, .. ][[X, Y]] is defined by

o ko ok ko k q)k—l(U)/pk/\pk

(1+ AP XP )1 +AP YP)

F(UA X, Y)=]] _ =
i 1+ AP (X + Y + AXY)

(2, 2.15]). Then it is proved in [2, 2.16] that F,(UA;X,Y)e
Z A, Uy, Uy, Uy, .. ][[X, Y]]. Furthermore, Sekiguchi and Suwa [3, 2.7] define a
formal power series

FI,(M)(U,A; X, Y)eZ A M, Uy, Uy, Us,.. [X, Y]]
by

1
FM(U,A X, Y) = 7 [F,(«™U A; X, Y) - 1].

34. Let A be a Z,)[A, M]-algebra. There are defined homomorphisms &0
W (4) - A[[T]]* and &': WO (4) - 224N, 4M) by a EM(a,A;T)
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and a — F ( A; X, Y), respectively ([3, 3.5]). On the other hand, we define a
boundary map 8 : A[[T]* — Z%(&™,4™) by

7(1) o LIS + MIX)F(Y) = f(X + ¥ + AXY)
L+ Mf(X +Y + AXY)

Then the diagram

WW@JL A[[T)"

| )

¢! 2(A) &
W () —— z2(gM, M)

commutes, where [A”_l] = (A"71,0,0,...) € W(A). Moreover, £° and ¢! induce
homomorphisms

&0 . Ker[F(M) _ [AP—I] . W(M)(A) — W(M)(A)] — HomA_g,(féjA),?jM))
(3)
a— EP(M)(a,A; T)

and

&l Coker[F™ — AP~ wM(4) - wM)(4)] - Hg(g?A(A)’g?ng))
(4)
a— FP(M)(a, A X, Y).

It is proved that the homomorphisms &° and &' are bijective ([3, Th. 3.5.1)).
Moreover, if A is nilpotent in 4, homomorphisms

&0 Ker[FM — [AP71] . WM (4) — WM (4)] - Hom_g (4N, 9M)

(5)
a— E Na,A; T)
and
&'z Coker[FM) — [AP71]: WOD(4) — W (4)] — H (4P, 67")
(6)
| aHFp(M)(a,A;X, Y)
are bijective ([3, 3.12]). Here W) (4) denotes the functor defined by
A Ma; is nilpotent for all i and
WM (4) = L)ewMg), :
(4) {(ao,al,az, )€ ( )’a,- =0 for all but a finite number of i
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REMARK 3.5. We now apply the result of 3.4 to M = 1. Notice that
U 1+T:A[[U]] - A[[T]] (resp. U— 14+T:A[U,1/U] — A[T,1/(1 + T)))
gives an isomorphism

93" = Spf A[[T)] > G4 = SPf AU — 1]]
(resp. %\") = Spec A[T,1/(1 + AT)] > Gyn.1 = Spec A[U, 1/U)).
Then it follows by the equation
EMN(U,A;T) = E,(U,A;T) — 1
that the homomorphisms

& : Ker[F — [AP7'] : W(4) — W(A)] — Homy_ (™, G 4);

(7)
a— E,(a,A;T)
and
¢! Coker[F — [AP'] : W(A) — W(A)] — HXEG™, G 4); .

a— F,(a,\;X,Y)

are bijective ([2, Th. 2.19.1]). Moreover, if A is nilpotent in A4, the homo-
morphisms

&v. Ker[F — [AP*I] : W(A) - W(4)] — HomA_gr(g,gA), G, 4); ©)
a— Ep(a, A; T)

and

&' Coker[F — [AP7'] : W(A) — W(A)] = HXGY, G ); (10)
a— Fp(a,A; X, Y)

are bijective ([2, Th. 2.19.1}]).

Now we can state the second main result.

THEOREM 3.6. Let A be an F,[A]-algebra.
(i) Under the identifications (7) and (8), the homomorphisms

A~ ~ A~ P A~
V* : Homy_g (9, Gy 4) — Homy_gr(9"), G,y ),

V' HYGN, G a) - HYGM, G a)
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(resp. F*: HomA_gr(%(Ap), GAm’A) — HomA_gr({f/fA), Gm,A),
~ P ~ A~ A
F*: HX(G™) G s) — HAD, G, )

are given by a— Fa (resp. a— Va).
(ii) Assume that A is nilpotent in A. Under the identifications (9) and (10), the

homomorphisms
| 28 HomA_gr(ng), G a) — HomA—gr(g/gA ), G, 4)
v HY(G™ G ) = HX(EN) G 4)
(resp. F*: HomA_g,(ngp), G 4) — HomA—gr(g,gA), G 4),
F*: HXG™, G a) — HEENM, G 4))
are given by a— Fa (resp. a— Va).

CoOROLLARY 3.7. Let A be an F,[A, M]-algebra.
(i) Under the identifications (3) and (4), the homomorphisms

| 2 HomA_gr(ngA),?;M)) — HomA_gr(?,gAp), ?,}M))a
v HyGN, 4M) - 134, 4
(resp. F*: Hom,,_gr(?,ﬁ""), g?jM)) — HomA_gr(?,;A), %M)%
By (G, 4 — B (97, 4M)

are given by ar— FMa (resp. a— Va).
(i) Assume that A is nilpotent in A. Under the identifications (5) and (6), the

homomorphisms

V* : Homy_g(4Y, 4M)) — Homy_g (4", 4™,
v 1N, 9M) - 19", 9.)
(resp. F*: HomA_gr(ngp), ?jM)) — HomA—gr(gng)a ng))a
F: By (™, 9") — H3 (9", 9,"))

are given by a+— FMa (resp. a — Va).
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4. Proof of The

First, we give a proof of 3.6. We devote 4.1, 4.2, 4.5 and 4.6 to giving some
formulas on the formal power series E,(U,A;T) and F,(U,A;X,Y), and then
complete the proof by 4.3, 4.4, 4.7 and 4.8.

LEMMA 4.1. Let U= (Uy, Uy, Us,...) and put V = (AP~'Uy, APP~ Dy,
A”Z(”‘l)Uz,...). Then we have the equation
E,(U,A;AP7IT) = E,(V,AP; T).
Proor. Noting
O (V) = OL(AP Uy, APP D Uy, AP*(P-1) AP D) = AP"(P—l)q)k(U)
for all k > 0, we see easily that

Dy (V) _ @y (V)
AP A

and
1
PrAP
for all kK > 1. Hence we obtain

E,(U,A;AP7'T)

e {O(V) - AP“P-”cbk_l(V)}— k{ W(U) — A7 D, ()}

= (1+APT)®W/A ﬁ(l + AP TP")(l/p"A"k){¢k(U)—AP""<P—‘>d>k-1(U)}
k=1

= (1 + APT) /A ﬁ(l + AP Tpk)(l/P"A"k“){d>k(V)—AP"<p*‘>d>k_1(V)}
k=1

= P(V’AP;T)' D

LEMMA 4.2. Let U = (Uo, Uy, Us,.. ) and put V = (0, Up, Uy, Uy, .. ) Then
we have the equation
E,(U,A?;T?)=E,(V,A\;T).
Proor. Noting
O (V) = @(0, Up, Uy, Us, ..., Ug_1) = p@s-1(U)
for all kK > 1, we see easily that

Q,(V) _ Do(U)
pA? A?
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and

1
k+1 AP P!
p

for all k > 1. Hence we obtain

EP(Uv Ap; Tp)

k=1

X k k-t
= (1 + AP Pty P B AR (1)
k=1

I

E,(V,\;T).

1 k(p_
A D1 (V) = AN (V) = pkA—{(Dk(U) — AP Ve, ()}

(1 + APTP) DWI/A ﬁ(l + AP TRy AT 0)-AT e ()

U

4.3. Let 4 be an F,[A]-algebra, where A is an arbitrary element (resp. a
nilpotent element) in A4, and let a = (a,ay,a,...) € Ker[F — [AP7']: W(4) —
W(A)] (resp. Ker[F — [AP']: W(4) — W(A)]). Noting a” = A”'?"Vg; for all

k >0, we see that

F’a= (aé’z,af’z,afz,...) = (A”(”_l)ag,Apz(p_l)alp,Ap3(p_l)af, ...) = [APP7D]Fq,

so we have

Fa=(al,al,a’,...) e Ker[F — [APP7V] . w(4) —» W(4)]

(resp. Ker[F — [APP~D]: W(4) - W(4)]).

Since we have

E,(a,A;AP7'T) = E,(Fa,A"; T)

by 4.1, we conclude that the homomorphism

V*: Ker[F — [AP7!]: W(4) —» W(A)] — Ker[F — [APP~D]: W(4) —» W(A4))

(resp. V* : Ker[F — [A?7]: W(4) — W(A)]
— Ker[F — [APP~D]: W(4) — W(4)])

is given by a — Fa.
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44. Let 4 be an F,[Al]-algebra, where A is an arbitrary element (resp.
a nilpotent element) in A4, and let a= (ap,a;,a,...) € Ker[F — [APP7D] .
W(A) — W(A)] (resp. Ker[F — [A??P~D]: W(4) — W(A4)]). Noting al =
A”k+l(""1)ak for all k > 0, we see that

FVa=(0,af,af,a},...)= (0, A”(p‘l)ao,Apz(”_l)al,A”3(”_1)a2, )= [A”_I]Va,
so we have

Va=(0,a0,a1,a,...) € Ker[F — [AP7']: W(4) —» W(A4)]

(resp. Ker[F — [AP71]: W(4) - W(4))).
Since we have
E,(a,A?;T?) = E,(Va,A\;T)
by 4.2, we conclude that the homomorphism
F* : Ker[F — [A?P7D]: W(4) —» W(A)] — Ker[F — [A?7}]: W(4) —» W(A)]
(resp. F* : Ker[F — [A”P7D]: W(4) — W(4))

— Ker[F — [AP7]: W(4) - W(A4)])

i1s given by a— Va.
LEMMA 4.5. Let U= (Uy, Uy, Us,...) and put V = (APP~Vy,, APV,
APS(”‘I)Uz,...). Then we have the equation
Fy(U, A AP X APTY) = F (VAP X, Y).

Proor. Noting

k+1

O (V) = D(APP DUy, AP Dy, AP D, AP D 1)

k+1(

= AP PN (D)
for all £k > 0, we see easily that

(Dk_l(V) _(I)k_l(U)
pkApk+1 - pkA‘Dk

for all £k > 1. Hence we obtain



-11{

k=1

=11);

k=2

1+ AP XPY(1 + AP YPY)
1+ AP (X + Y + AXY)?"

(1+ AP XP)(1 + AP YP")
1+ AP (X + Y + AXY)P"
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- o+ . O (U) /AP
= [(1+ AP X (1 + AP YY) ]
Fy(U, A AP X, A y) = [ A 20 H).
sl [1+ AP (X + Y +APXY)?
_ . " 2D (V kApk+l
_ﬁ (1+Aplepk)(l+ApAlka) k-1 (V)/p
1+ AP (X + Y + APXY)P
= FP(V’ AP;X, Y). D
LEMMA 4.6. Let U = (U, Uy, Uy,...) and put ¥V = (0, Uy, Uy, Uy, ...). Then
we have
F,(U,A?; XP,YP) = F,(V, A X, Y) mod p.
Proor. Noting ®y(¥) =0 and @ (V) = p®i_;(U) for all k > 1, we obtain
. D1 (U)/pA AP
0 1 pk l k+l 1 Ap pk+l
FP(UaAp§Xpa Yp) = H ( +1}+1 )( ha Y k)+l
i |1+ AP (XP + YP + APXPYP)P

} @5 (U)/p ' AP

] Oy (V)/pE AP

(]

F,(V,A;X,Y) mod p.
4.7. Let A be an F,[A]-algebra, where A is an arbitrary element (resp. a

nilpotent element) in A4, and let a = (ao,a1,a,...) € W(A) (resp. W(A)). Noting

Fa— [AP?P Vg e Im[F — [APP~D] . W(4) - W(A4))]
(resp. Im[F — [APP7D]: W(4) - W(4))),
we see that
Fy(Fa,A”; X, Y) = F,((A"*D]a,A?; X, Y) mod BX(G\"", Gy 4)

(resp. BX(G"", G 4))-
Since we have

Fy(a, A; AP X, AP Y) = F,([A?P"D]a,A?; X, Y)
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by 4.5, we see that
Fy(a,A; AP X, AP"'Y) = F,(Fa,A”; X,Y) mod B*(4*", G, 1)
(resp. Bz(gj’\p), G 4))-
Hence we conclude that the homomorphism
V* : Coker[F — [A?7']: W(4) — W(4)]
— Coker[F — [APP~D]: w(4) — W(A4))]
(resp. V* : Coker[F — [AP7']: W(4) — W(A4)]
— Coker[F — [APP~D] . W(4) — W(A4)])

is given by a— Fa.

48. Let 4 be an F,[A]-algebra, where A is an arbitrary element (resp.
a nilpotent element) in A, and let a = (ap,a;,a,...) € W(A) (resp. W(A)).
We see easily that if aeIm[F—[APP V] W(4) - W(4)] (resp.
Im[F — [APP~D] . W(4) — W(A4)]) then VaeIm[F —[AP7']: W(4) - W(A)]
(resp. Im[F — [A?7!]: W(4) — W(A4)]). Since we have

Fy(a,A?; XP, Y?)=F,(Va,A\; X, Y)
by 4.6, we conclude that the homomorphism
F* : Coker[F — [A”'P7V]: W(4) — W(4)]
— Coker[F — [AP7]: W(4) —» W(4)]
(resp. F* : Coker[F — [APP~V]: W(4) — W(4)]
— Coker[F — [A?P7]: W(4) — W(A4)])
i1s given by a— Va.

Now we give a proof of 3.7.

4.9. Let 4 be an F,[A, M|]-algebra and B = A[t]/(t> — Mt), and let ¢ denote
the image of 7 in B. Then we have &> = Mt Then the correspondence
(ao,a1,az,...) — (eap,eay, eay,...) gives rise to a W(A)-isomorphism

¢: WM (4) 5 Kerle— 0: W(B) — W(A)).
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Moreover, F : W(B) — W(B) (tesp. V : W(B) — W(B)) induces F M) (resp. V)
on WM)(4) ([3, 1.21]). Hence we see readily that the isomorphism ¢ induces

injections

Ker[F™) — AP~ : WM(4) —» WM (4)] — Ker[F — [A?"'] : W(B) — W(B)]

and
Coker[FM — [AP7']: W (4) — WM (4)]

< Coker[F — [A*"1]: W(B) — W(B)).
Furthermore, we see that the homomorphisms

a— Fa:Ker[F — [A”"']: W(B) — W(B)]
— Ker[F — [A?*#7V] : W(B) — W(B)),

a— Va:Ker[F — [APP7V]: W(B) — W(B)]
— Ker[F — [AP"'] : W(B) — W(B)),

a— Fa : Coker[F — [AP"'] : W(B) — W(B)]
— Coker[F — [AP"P~V] . W(B) — W(B)],

a— Va: Coker[F — [A??"~D]: W(B) — W(B))

— Coker[F — [A?"!]: W(B) — W(B)]
induce homomorphisms
a— FMg . Ker[F™ — [AP71: wM)(4) - wH)(4)]

— Ker[FM) — [APP~D] . wM)(4) — w M) (4)],

a— Va:Ker[FM — (AP0 wM)(4) - wM)(4)]
— Ker[F™M) — [AP71] . wM)(4) — wPM)(4)],

a—s FMg . Coker[FM) — [AP71]: wM(4) — w ) (4)]
— Coker[FM) — [APP=D]. ) (4) — wHM(4)],

a— Va: Coker[FM) — [APP-D] . wM(4) - wM(4)]

— Coker[F™ — [AP7]: wM)(4) — wM)(4)],

respectively. This completes the proof of 3.7.
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We have already attained our goal, but we finish this paper after determining
corresponding vectors for Vo, W w), Fyn and i via identifications (3), (4), (5)
b “A YA A
and (6) in 3.4. ’
LEMMA 4.10. We have the equation

E,(V'AP'|,A;T) =1+ AP’ TP,

Proor. We will first prove in case by case the equation

1
pkApk

1 (k=r),
0 (otherwise).

[OL(VTIAP]) = AP D (AP} = {

Case 1 <k<r:

1 r - - r r
it (O VTIAT]) APV (VTIAP))) = 0.
Case k=r:
1 r k-1 r 1 r
"TAPY — AP (1) "AP Y — AP —
G {@:(V'[A”]) — A O (VA D}_prAP'pA = 1.
Case k> r:
1 r — _ r r
i VA = APy (V7 [A])}
= k,l\p" {pr(AP’)p"*’ _ Ap"“(p—l)pr(Ap’)p""”}
p
1 r k r k
=pkApk{p APT—p'A”} =0.

Hence
E,(V'[AP],A;T)
= (1+ AT) ™A D/A ﬁ(l + A TP")ﬂ/pkA"k){cbk(V'[Ap'l)—A"*“”P-“cnk_l(V'W’m
k=1
=1+A"'T". O
COROLLARY 4.11. We have the following equations:

() ESV(AP"), A7 T) = APIT,
i) E27((0,1,0,0,...),A;T) = T®.



114 Mitsuaki YAaTO

ProOOF. (i) Applying 4.10 to r =0 and A = A?, we have E,([A?],A";T) =
1 + APT. Hence

EMN(AP\ AP T) = % [E,([AP],A?;T) — 1] = %[(1 +APT) — 1] = AP'T.

(ii) Applying 4.10 to r =1, we have E,(V[A?],A;T) =1+ APT?. Hence

» 1 1
E(N((0,1,0,0,..),A,T) = 5 [Ep (VAL A T) = 1] = 5 [(1 + APT?) — 1] = T,
O

LeMMA 4.12. Let A be an F,[Al-algebra. Then we have the followings:
() (A7), € Ketr[FN) — [APPD]: wN) () — WN(a)],
(i) (0,1,0,0,...) e Ker[F(A") — [AP71]: WA (4) — wA)(4)].

Proor. (i) We see easily that F(M([a],) = [AP"'a”], for all a€ 4. In fact,
for r > 0,
M (FN(T],)) = O (T1a) = A7 TP = AP AP T
= (DSA)([AP—I T?]p)-
Hence we have
(FO — [A7P=I])([AP71],)
= (APN(APT),0,0,..) — (AP, = (AP, — (AP,
= (0,0,0,...).
(i) We see easily that
FM)(Ty, Ty, Tz,...) = MP7'T? mod p
for all r > 0. Hence we have
(FA) —[AP711)((0,1,0,0,...))
= (0,A”?=1 0,0,...) — (0,A?"7D0,0,...) = (0,0,0,...). 0

COROLLARY 4.13. Let A be an F,[A]-algebra such that A is nilpotent in A.

Then we have the followings:
() [AP7Y, € Ker[FN — [APPD] N (4) — WM (4)],
(i) (0,1,0,0,...) e Ker[F(A") — [AP7']: WA (4) — WA (4)].

Proor. Note that A? is nilpotent in A. O
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4.14. Let A be an F,[A]-algebra, where A is an arbitrary element (resp. a
nilpotent element) in A. By 4.11 and 4.12 (resp. 4.11 and 4.13), we see that the
Verschiebung morphism for ?jl\) (resp. %EA)), which is defined by T — A?~'T,
corresponds to the vector [A?~!], via the isomorphism

Ker[FY) — [AZ0-D]: W (4) - W) (4)] ~ Homy_g (9", 4V)
(resp. Ker[F™ — [APP~D] . ™) (4) — W™ (4)] ~ Homy (9", 4™)).

Similarly, the Frobenius morphism for ?;A) (resp. %A)), which is defined by
T — T?, corresponds to the vector (0,1,0,0,...) via the isomorphism

Ker[FA) — [AP"1]: W) (4) — WA (4)] ~ Homy_g(4Y, 40

(resp. Ker[FA) — [A?7!]: WA (4) - WA)(4)] > Homy_g: (45", 9*")).
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