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1. Introduction

One of the very basic problems in submanifold theory is to find relations
between extrinsic and intrinsic invariants of submanifolds. Many famous results
in differential geometry, such as isoperimetric inequality, Chern-Lashof’s theorem
among others, are regarded as results in this respect.

Recently, Bang-Yen Chen has introduced new type of Riemannian curvature
invariants and obtained sharp inequalities involving these invariants and the
square mean curvature for arbitrary submanifolds in real and complex space
forms ([5], [6]). Roughly speaking, an isometric immersion of a Riemannian
manifold into a space form satisfying an equality case of the inequalities is an
immersion which produces the least possible amount of tension from the ambient
space at each point of the submanifold. It is natural and interesting to investigate
such submanifolds, from both geometric and physical point of views.

Let M be an n-dimensional Riemannian manifold. Denote by K(7) the
sectional curvature of M associated with a plane section n =« T,M, pe M. For

any orthonormal basis ej,...,e, of the tangent space 7,M, the scalar curvature
T at p is defined to be 7(p) =3, ; K(e; A ¢j). Let L be a subspace of T,M of
dimension r > 2 and {ej,...,e,} an orthonormal basis of L. We define the scalar

curvature 7(L) of the r-plane section L by (L) =3, sK(ex nep), 1 <a,f <.
For an integer k > 0, denote by ¥(n, k) the finite set consisting of unordered

k-tuples (nj,...,n;) of integers > 2 satisfying n; <n and n; + --- + ng < n. De-
note by & (n) the set of k-tuples with kK > 0 for a fixed n.
For each k-tuple (ny,...,n;) € ¥ (n), Chen’s curvature invariant d(ny, ..., n)
introduced in [5, 6] are given by
5(’11’ ) (p) =t(p) — inf{T(Ll) +oot T(Lk)}’ (1°1)
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where Ly, ..., L; run over all k£ mutually orthogonal subspaces of T,M such that
dmL;=n;, j=1,...,k.

In [6] Chen proved that, for every n-dimensional submanifold M" in a real
space form R™(¢) of constant sectional curvature ¢, the invariant d(ny,...,nx) and
the square mean curvature H? of M" satisfy the following sharp inequality:

S(ny,...,nx) <c(ny,...,m)H* +b(ny, ..., me, (1.2)
where c(ny,...,nt) and b(n,...,n;) are positive constants defined by
n*(n+k—1-3n)
c(nyy...,ng) = Gt k—Sn) (1.3)
1 k
b(nl,...,nk)=§(n(n-—l)—an(nj——l)). (1.4)
j=1

It was proved in that the same inequality holds for totally real sub-
manifolds in a complex space form of constant holomorphic sectional curvature
4¢, too.

Let M be a submanifold in a Kaehler manifold M. A subspace V = T,M is
called totally real if JV < TI;LM , Where T[;LM denote the normal space of M at p.
M is called totally real if each tangent space of M is totally real. A submanifold
M of M is called a CR-submanifold if there exists on M a differentiable holo-
morphic distribution s such that its orthogonal complement s#+1 c TM is a
totally real distribution ([2]).

For a (2n+ p)-dimensional CR-submanifolds with 2n-dimensional maximal
holomorphic tangent subspace (i.e, dim s#* = p) in a complex hyperbolic space
CH™(—4) of constant holomorphic sectional curvature —4, we have the following
sharp inequality:

3
2
5(n1,...,nk) < c(nl,...,nk)H —b(nl,...,nk) — 3n+§ E n;. (1.5)

i=1

ILet M be a real 2n-dimensional Kaehler manifold. For a k-tuple

(2ny,...,2n,) € £(2n), Chen has also introduced the complex J-invariants
0°(2ny,...,2n;) by

0°(2ny,...,2n) = v —inf{v(LY) + - -- + ©(L§)},

where L{,...,L; run over all k mutually orthogonal complex subspaces of T,M,
p € M, with dimensions 2n,,...,2n;, respectively.
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For 6, :=6(2,...,2) (2 appears n times) of a 2n-dimensional Kaehler sub-
manifold in the complex Euclidean space, we have the following result from [5].

6 <0. (1.6)

In [9] the author investigated CR-submanifolds with dim #* =1 in a com-
plex hyperbolic space satisfying the equality case of (1.5) with §(2,...,2) (2
appears k times) and established the explicit representation of such submanifolds
in an anti-de Sitter space-time via Hopf’s fibration, in terms of Kaehler sub-
manifolds of the complex Euclidean (m — 1)-space which satisfying the equality
case of [1.6). This result is a generalization of Chen and Vrancken’s result with
n=1and k=1 (7).

CR-submanifolds we constructed in have the following properties:

(1) The shape operator A, with respect to the unit vector field n € #* has two
constant principal curvatures.

(2) The mean curvature vector field is parallel.

A submanifold is said to be linearly full in CH™(—4) if it does not lie in
any totally geodesic complex hypersurface of CH™(—4).

The purpose of this paper is to determine linearly full CR-submanifolds with
dim #* =1 in CH™(—4) (m > n+ 1) satisfying the equality case of (1.5) with a
general k-tuple (ny,...,n;), under the condition that the shape operator 4, with
respect to # € #* has constant principal curvatures.
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2. Preliminaries

For a submanifold M" of a complex space form M"(4¢), we denote by V
and V the Levi-Civita connection on M and M"(4¢), respectively. The formulas
of Gauss and Weingarten are given respectively by

VxY =VyY +h(X,Y), (2.1)
Vx& = —A:X + Dy¢, (2.2)

where h,4 and D are the second fundamental form, the shape operator and
the normal connection. Denote by R and R the Riemann curvature tensors of
M" and M"(4¢). Then the equations of Gauss, Codazzi and Ricci are given
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respectively by
(R(X,Y)Z, W) = Apy, )X, W) = {Awx,2) Y, W
+e{{Y,ZXX — X, Z)Y + (JY,ZYJX — (JX,ZYJY +2{X,JY)»JZ}, (2.3)
(R(X,Y)Z)" = (Vxh)(Y,Z) - (Vyh)(X, Z), (24)
RP(X,Y;¢&,n) = R(X, Y;&,n) + {[4e, 4,)(X), Y, (2.5)

where X, Y,Z, W (respectively, n and &) are vector tangent (respectively, normal)
to M, RP(X,Y) = [Dx,Dy] — Dix,y], and Vh is defined by

(Veh)(Y,Z) = Dyh(Y,Z) — h(Vx Y,Z) — h(Y,VxZ). (2.6)

Let M be a CR-submanifold. Denote by T+ M = J#* @ v the orthogonal
decomposition of the normal bundle, where #* is the totally real distribution
and v a complex subbundle of 7-M. We have from [4]

AW = AjwZ, AjX = —A:JX, (2.7)

for vector fields Z, W in #*, £ in v, U in TM and vector field X in the hol-
omorphic distribution #.

3. Main Results

Consider the complex number (m + 1)-space C7""! endowed with the pseudo-
Euclidean metric g given by (for the details, cf.[8]) go = —dzodZo + Z}Zl dzjdz;, where
Z; denotes the complex conjugate of z. On CI"!' we define (z,w)=
—2oWo + Yoty zkWk. Put HX™(—1) = {z = (20.2).....2m) € C"" : (2,2) = —1}.
Then H?"*'(—1) is a real hypersurface of C m+l whose tangent space at ze
H¥™1(~1) is given by T,H?™*!(—1) = {we C""' : Re(z,w) = 0}. It is known
that H 12'”“ (—1) together with the induced metric g is a pseudo-Riemannian mani-
fold of constant sectional curvature —1, which is known as an anti-de Sitter space
time.

We put H! = {Ae C: 1A =1}. Then we have an H}-action on H>"*!(-1)
given by z+ 1z. At each point z in H?"t!(—1), the vector iz is tangent to
the flow of the action. Since (,) is Hermitian, we have (iz,iz) = —1. Note that
the orbit is given by x(f) = ez and dx(¢)/dt = ix(t). Thus the orbit lies in the
negative definite plane spanned by z and iz. The quotient space H{"!(—1)/~,
under the identification induced from the action, is the complex hyperbolic
space CH™(—4) with constant holomorphic sectional curvature —4. The almost
complex structure J on CH™(—4) is induced from the canonical almost com-
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plex structure J on C f"“, the multiplication by i, via the totally geodesic fibration:
n: H¥(-1) » CH™(-4).
The main result is the following.

THEOREM 1. Let M be a linearly full (2n + 1)-dimensional CR-submanifolds
with dim #+ =1 in CH™(—4) (m > n+ 1) satisfying the equality case of (1.5).
Then the shape operator A, with respect to the unit vector field n € H* has con-
stant principal curvatures if and only if up to rigid motions, the immersion is the
composition w o z, where z is locally, one of the following.

(1) z: M =R*>x U — C™ is given by

Z(Uy t, W1,y W) = e”(—l —%|‘1’|2 + iu, —%|‘I’|2 + iu, ‘P), (3.1)

where U is a domain of C" and ¥ : U — C™ ! is a holomorphic isometric im-
mersion in C™ ! satisfying the equality case of [1.6).
(2) z: R*™2 5 U — CI'! is given by

Z(S, t,x1,x2,---7y1, J’Z)

— (g(x7 y)e—(l-—az)is,a 1(1 ;zdz) e((l—a2)/ot)it,¢(x’ y)e—(l—az)is) , (32)
where o= \/k/2n—k), —|g|*+|4|>=—1/(1 —a?) and z, = (g(x, y)e (1=,
0, d(x, y)e~1=2) js q CR-submanifold with pseudo-Riemannian metric in C™
which satisfies the following conditions:

There exists an orthonormal basis {El,...,Ez,,,Ez,,H} such that Ey = iEy_
(I=1,...,n), Exyy = (1/V1—a2)d/ds and the second fundamental form h takes
the following form.

h(Ey_1, Ezr_1) = V1 — 02iEani1 + 6,4, (3.3)

h(Ez, Eyy) = V1 — a2iEpnyy — $,&,, (3.4)

h(Ey-1,Ey) = i¢,, h(Xi, X)) = h(Xi, Ezuy1) =0, (i #)) (3.5)

h(Eap1, Ezns1) = —V1 — a2iEpyy (3.6)

where Xje L; = Span{E, +..in_1+15- -, Emogn} (G=1,...,m), mp=---=n, =

2n/k, ¢, are functions and &, are unit normal vector fields perpendicular to iEoi1.

Another purpose is to prove the following general property.
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THEOREM 2. Let M be a (2n+ p)-dimensional CR-submanifolds with
dim #*+ =p in CH™(—4) satisfying the equality case of (1.5). Then M has
parallel mean curvature vector fields H ie., DH =0 and, moreover, M is foliated
by geodesics or circles of CH™(—4). In particular, if m>n+1, p=1and M is
linearly full, then M is non-minimal and foliated by circles of CH™(—4). If
p > 1, then M is minimal and foliated by geodesics of CH™(—4).

4. Proof of

For a subspace L e T,M of dimension r we put ¥(L) =Zi<j (Jui,vj>2,
1 <i,j<r, where {v),...,0,} is an orthonormal basis of L.
We have the following general inequalities from [6].

LEMMA 3. Let x: M — CH™(—4) be a (2n + p)-dimensional CR-submanifold
with dim s#* = p. Then

3k
2
o(ny,....mg) <c(ny,...,ng)H* —b(ny,...,n) —3n+§i_5_=l n; (4.1)

Equality sign of (4.1) holds for some (ny,...,nx) € ¥(2n+ p) if and only if, there
exists an orthonormal basis e,,...,ey, at p, such that

(@) Lj := Span{en - tn_,+1s- s n+-+n} satisfy ¥(L;) = n;/2,

(b) the shape operators of M in CH™(—4) at p take the following forms:

(A{ .- 0 0 ... 0\

o a0 o
A, = 0o --. ()k g - 0

Lo . 0 0 - u)

r=2n+2,...,2m,
where A, := A., and each A is a symmetric n; X n; submatrix such that
trace(A]) = - -- = trace(A4y) = y,. (4.2)

In the rest of this paper we shall assume that M is a (2n + 1)-dimensional
CR-submanifolds with dim #* =1 in a complex hyperbolic space satisfying the
equality case of (4.1). Under the hypothesis, we have H € J2' in the same way
as [9]. Let {e),...,esn} be an orthonormal frame field on M mentioned in



On Chen invariant of CR-submanifolds 125

such that e, is parallel to the mean curvature vector field and
{e1,...,em1} diagonalize the shape operator A4,,,,. Without loss of generality
we may assume that Jes,,| = ey,4,. In the same way as [9] we have Je,,,; is a
parallel normal vector field, i.e., D(Jey,41) = 0. Then we get

2{PX,Y) + 2{Am+2PAon12X, Y ) = (X iy, 5)<€2n41, ¥
— (Ytgni2)Keoms1, XD + toyia{PAwms2X, YD — py o {PA2n2 Y, XD, (4.3)

where PX is tangential components of JX.
From now on we shall assume that all principal curvatures of A,,,, are
constant. Then we have the following lemmas.

LemMma 4. Let {e),...,ex,} be an orthonormal frame field of # with
Aani26; = Aie; as above. Then for any i€ {1,...,2n} we get,

2n 1+ AiA;
( A t,l L(1 +2(Pei, ;)" +l —l Z(h,, i (h,;)z)> =0. (44)

J=LAi#4 J 2n+3

where hi’j = {A,e;,¢;).

Proor. The proof is given in the same way as the proof of lemma 2 in
3} O

LEMMA 5. If 42, +2 = 4, then Ay, has exactly two distinct principal curvatures.

PrOOF. Let a(#) be the spectrum of Az,42|5#. For A€ o(#) we denote by
T, the sub-bundle of # formed by the eigenspaces corresponding to the
eigenvalue A. By using (4.3) for A e o(#), X € T) we have

(2'1 - :u2n+2)A2n+2PX = (_2 + iﬂ2n+2)PX' (45)

Assume that there exists A€ o(s#) with A # a/2. We obtain from that
Aon2PX = (¢/2)PX for X € T). Hence o/2 is an eigenvalue. Let E; be the
eigenvectors corresponding to A; 5 o/2.

By the way, we have R(X,7Y; Jewmi1, &) = RP(X, Y;Jeyns1, &) =0 for any
£ ev by virtue of D(Jey,.2) =0. Hence, Ricci equation implies

[A2ns2, 4] = 0. (4.6)

It follows from (2.7) and that <A4,E;, E;»{A4,X,X) — {(A,E;, X>* =0, for
eigenvector X € T,/,. Hence we have
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2n _ ) 2n
S @D G By = -2 Y (142X, EDY) £0,
. a/2 — /1]' 2 .
j=1,Ai#a/2 J=1,A;#a/2
4.7)
which contradicts (4.4). Therefore we obtain that o(#) = {a/2}. O

LEMMA 6. If p3,., # 4, Aany2 has at most three distinct principal curvatures.

Proor. If fo(s#) > 2, then we have the following orthogonal decomposition:
H = Tal @ J]:}tl SRR Td: ® JT“.: ® Tl ® T#2n+2"}~’ (48)

where A = (,u,, o+ ,uz- 2= 4/2), T, and T, ,_, are J-invariant, and A # ;
from [4.5). We may assume that we can choose the eigenvalue f e g(#) with
B > 0 and that there are no further eigenvalues between f and 1/8. Hence, for all
eigenvalues y € g(#), we have

:_L_t& <0.
B—v
On the other hand by virtue of (2.7) and [4.6), we have (d,e;,e;> =0 for
r>2n+2 and (e, ¢)¢ T, DT, ,-a x TH ®T,, , . Hence we obtain

(4.9)

2n+2

2n m 1

Z ——/1(<ArXaX><Arej, ej> - <Arej, X>2) = O (410)
Jj=1,4;#0 r=2n+3 A= 4y

for each eigenvector X corresponding to «; (/ = 1,...,s). Further, for each eigen-
vector Y corresponding to A, we have

2n m

1
Z y e (<Ar Y, Y)(A,ej, ej> — <Ar Y, ej>2)
J=L#Ar=2n+3 J

_ XM: (—1—<A,Y, Y> Xt: <A,E,~,E,->)=0, (4.11)

r=2n+3 24 = Wynia J=1,4;#4
where E; are eigenvectors corresponding to fp,., —4 and t=dim T, ,_;. It
follows from (4.4), [4.9), and (4.11) that —1 + By = 0. Hence we obtain
that ) =¢, T, ,-»=¢ and s = 2. Therefore fo(s#) = 2. O
LEeMMA 7. If m > n+ 1 and M is linearly full, then ny = --- =ng, nj + --- +

ny = 2n and, moreover, with respect to some suitable orthonormal frame field
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{e1,...,emm}, the second fundamental form of M in CH™(—4) satisfies

|k
h(ezr—l,ezr—l) = m«’@nﬂ + ¢rfr, (4-12)
[k
h(ezr,ezr) = mJ‘?ZnH - ¢rfn ’ (4-13)

2n
h(ey—1,ex) = $,JE,  h(emr, = Je, 4.14
(e2r-1,€2r) = $,JE (€2n+1, €2n+1) o ! (4.14)
h(fis ;) = h(fiseanrr) =0 (i # j), (4.15)
where r=1,...,n,¢, are functions, &, €v and f;e L; := Span{en t..sn_ 41,

en1+---+nj }

PrRoOF. If nj+---+m <2n, then we have Ay2e-1= Uy, 221,
Azny2Jern—1 = py, 2Jern—1. We obtain from (4.3) that 2+ 2,u§n 2= 2,u§n - Itisa
contradiction. Therefore n; + --- + nx = 2n.

Suppose that A4,,., has exactly three distinct principal curvatures, u,,.,,
(,u,,+2 + 4 uE, — 4) /2 and (u,,+2 — /M2, - 4)/2. If each submatrix 4}, , has
only one eigenvalue /;, then we have n;A; = n;//n; — 1 = p,,, for any i. Hence
tia(#) = 1. But it is a contradiction. If there exists a submatrix 43, ., which has
two eigenvalues ( p,,, + 1/#2,, — 4) /2 and (un+2 — /- 4) /2 whose multi-
plicities are / and m (I > m) respectively. Then we get (I —m)y\/p2, ., —4=
(2 -1 —m)uy, . But it does not hold, since I,m > 2. If # =T, @ JT,,, where
a1 # Hopios (#n+2 + A/, 4)/2, then it follows from (2.7) and that M is
contained in a totally geodesic complex hyperbolic space CH"'!(—4), since
Jey,.1 is parallel. This is a contradiction. Therefore, A,,» has exactly two
distinct eigenvalues.

Let X be the eigenvector corresponding to the second eigenvalue o # u,,, .
From we obtain that PX is also an eigenvector corresponding to the
eigenvalue f = (=2 + apy,.,)/ (20 — py,,5). Since Aznir has exactly two distinct
eigenvalues, we have f =, , or f=a.

Suppose that A, has two distinct eigenvalues p,,,, and (—2+43,.,)/
Uonyas 1.€. Hon,n = B. Then, using (2.7) and [4.6), we obtain that M is contained in
a totally geodesic complex hyperbolic space CH"*1(—4). This is a contradiction.

Hence A,,,, has two distinct eigenvalues u,,,, and a = f. Then from (4.3)
we obtain that a? — u,, . ,a = —1. Moreover, using [4.5), we obtain that T, is
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J-invariant. Further, let us suppose that the multiplicity of u,,., is greater
than one. Let X e T, , and (X,ex1)»=0. Then it follows from that
A2 PX = ((—2+ p2,.5)/Hons2) PX = aPX. Hence, PX € T,. Therefore we ob-
tain that A4,,.,P2X = aP?X, i.e. Axn2X = oX. But it is a contradiction, since
Honi2 # . Therefore, the multiplicity of u,,, is one. Moreover n; = --- = ng by
virtue of lemma 3.

Consequently, from lemma 3, replace ez, by —ezs41 if necessary, we obtain

that « = 1/4/n; — 1 and Honid =n1/\/n1 - 1. O

Let M =n'(M) denote the inverse image of M via the Hopf fibration
n: H¥+' — CH™(—4). Then M is a principal circle bundle over M with time-
like totally geodesic fibers. Let z: M — HX™'(-1) = C m+l denote the immer-
sion of M in C"*'. Let V and V denote the metric connections of C"*! and M,

respectively. We denote by X* the horizontal lift of a tangent vector X of
CH™(—4). Then we have (cf. [8])

V- Y* = (Ve )+ (h(X,Y))* + JX, YDV + (X, Y)z, (4.16)
VeV =VpX* = (JX)*, (4.17)
VvV = —z, (4.18)

for vector fields X, Y tangent to M, where z is the position vector of M in C¥m+!
and V =iz e T,H™(-1).

Let Ey, ..., Exnq1, &) be the horizontal lifts of ey, ..., exn11,&,, respectively and
let Eny2 = iz, and let {w/} be connection forms of M. Then, in the same way as
[7, 9], from lemma 7, [4.16), (4.17) and [4.18), we obtain

2n
Ve, Ezo1 =Y 0} (Ey-1)Ej + 0iBsns1 + $,&F — iEania,  (4.19)
=1
~ 2" .
Ve, Bz =Y @3 (Ezr-1)Ej — 0Bt + i) + Ezna, (4.20)
=
_ 2n )
Ve, Bzt = Y @3, (Ez)Ej + 0Eani1 + &) ~ Ennsa, (4.21)
N j=1

2n
Ve, Bar = Y 0}, (Ex)E;j + iaEsns1 — $,&; — iEzns2, (4.22)
=1
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Ve, Emi1 = 0Eyy, (4.23)

Ve, Eany1 = —aEp,_y, (4.24)

Vs, Eans1 = o aiEsnin ~ iEans, (4.25)
Ve, Eontz = Vi, Ez—1 = Eay, (4.26)
Ve, Eni2 = Vi, ,Esy = —Es1, (4.27)
VEs Eonv2 = Vi, Eang1 = iEany1, (4.28)
VEsss Eantz = iEans2, (4.29)

Vx,X; € Span{E,,...,Ex} (i #j), (4.30)

where r=1,...,n, a=+/k/(2n—k) and X;eL;:=Span{En.1n_+1,---,

Eptotm }-
By using the above equations, we obtain the following lemmas.

LEmMma 8. @EZn+l_aE2n+2 (E2n+1 — O(Ez,,+2) = 0, ﬁx! Y'e 2 for X’, Y'e 91,
where 2, := Span{E,,E,,...,Ey,,0Ey.1 — Eyi2}.

LemMA 9. Let X' € 9. Then Vi, k., X' € D1, Vx'(Eans1 — 0Esni2) = 0.

Lemma 10. Z:= Ej,y — aEy,y2 is a constant vector in C{”'H along each
integral manifold of 9.

Proor. If follows from (4.23), (4.24), (4.26) and (4.27) that

VEz,_l(Esz — 0En2) = Vi, (Eany1 — @E2qi2) = 0. Using (4.25), and (4.29),
we get Vig, . —Ep.r (Eontl — @F2y2) = ((2n/k)rx2 — a2 — 1)iEy+1 = 0. il

If « = 1, we have k =n and n; = --- = n, = 2. In this case, M is represented
by (1) of by virtue of main theorem in [9]

Suppose that a # 1. Then from lemma 8, 9, there exist coordinates
{s,t,x1, y1,...,Xn, yn} such that 0/ds,0/0x,,...,0/dy, are tangent to integral
manifolds of 2,, 0/0s = aFE,41 — Ezpa and 0/0t = Epy — 0Ep,ys. Then M is
locally a Riemannian product M; x M,, where M is a integral manifold of 2,
and M, is a integral curve of Ey,;1 — 0Esn.2. Moreover, z: M — C{”“ is a prod-
uct immersion. We put Zj := Z|,_,.

We may assume Zp = (0, V1 — «2,0,...,0), up to rigid motions. In the same
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way as [7, 9], since (z,Zp) is constant, we have
Z(S,O,XI>J’1a~--axn,J’n) = (f,C,lP],...,le_l), (431)

where ¢ is a constant determined by the initial conditions and f,%¥;,...,¥y-1
are functions.

Since z; + (1 — a?)iz = aEypr1 — Eana + (1 — 02) Egpiz = a(Egpy1 — Eppy2) =
«Z, we have

A + (1 — a?)if =0, %, + (1 —a?)i¥; =0, (4.32)
0s s
c(l—ad)i=avVl —a2, (1—ad)iz; = a-aaitz (4.33)

where, z; is a position vector of M, in C {"*1. By solving differential equations

and (4.33), we have
Z(Syt,xl,'--,yn)

- (1-a?)is “___"1‘;‘2 el

= (g(xh s ,J’n)e ! . ’ o2 — _aZ)/a)i” ¢(X1, R yn)e—(l_aZ)i? . (434)

Since (z,z) = —1, we have

—|g/? + 5+ 19> = (4.35)

We put E2n+1 = 1/\/ 1 - az(chz,H.] - E2n+2) and E2n+2 = (l/v | 062) .
(Eyps1 — aFayy2). It follows from (4.19)-(4.29) that the second fundamental
form of M, in C" satisfies (3.3)—(3.6).

Conversely, suppose that M satisfies the conditions in (2) of Theorem 1.
Let E,,.» be a unit vector field of M,. We put Exyyg = (avV1 —a2/(a? — 1)) -
Eni1 — (V1—a?/(a® - 1))E2n+2 and Eppyz = (V1 —a2/(a? — 1))E2n+1 -
(av'1 — a2/(a? — 1))Eznya. Then, {Ei,...,Ey, Esni1,Esniz} is an orthonormal
basis M and the second fundamental form of M in C!*! satisfies

h(Ez—1, Ey—1) = 0iEgny1 — iEpniz + ¢,&,, (4.36)
i‘(EZr, EZr) = O”‘E2n+1 - iE2n+2 - ¢r§r, (437)
il(EZr—l)EZr) = i¢r€r) iI(Xi’ X}) = h(Afla E2n+l) = 0) (l ¢ .]), (438)

= 2n . .
h(Ezns1, Epny1) = 'k—“lE2n+l — iEpny2, (4.39)
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XieL;, ¢, are functions and &, are unit normal vector fields perpendicular to
iEy41,iE2,.>. Therefore, we obtain that e; = n.(E}),...,en = 27.(E2), €m+1 =
n.(Esny1) satisfy (4.12)—(4.15). This completes the proof of Theorem 1.

In the rest of this section we shall determine normal CR-submanifolds with
dim #* =1 in a complex hyperbolic space satisfying the equality case of (1.7).

(P,exi1,w', g) defines an almost contact metric structure on (M,g), where
w!(X) := {ems1,X) and g is an induced metric ([10]). M is said to be normal
if the tensor field S defined by

S(X,Y) = [PX,PY]+ P}X,Y] - PX, PY]
— P[PX,Y]+2dw;(X,Y)ems1 (4.40)
vanishes ([1]).

THEOREM 11. Let M be a linearly full (2n + 1)-dimensional CR-submanifolds
with dim #* =1 in CH™(—4) (m > n+ 1) satisfying the equality case of (15).
Then M is normal if and only if M is represented by (1) or (2) of Theorem 1.

Proor. It is known that M is normal if and only if PA2,2 = A2x42P ([10]).
From (4.3) we obtain that the shape operator A4,;> has at most three distinct

constant eigenvalues ,,,,, (u,,+2 + Ui, —4 :/2 and (u,,+2 —\H2, - 4)/2.
O

The assertion follows immediately from

5. Proof of

Case 1. p = 1. In this case, in the same way as we obtain that Jey,.; is
a parallel normal vector field, i.e., D(Jey,+1) = 0. Putting ¥ = e;,41 in (4.3), we

get X,y = @' (X)eant1nia-
Differentiating this relation covariantly and using relation (Vyw!)(X) =

{PA>,,2Y,X), we obtain

Y (ean+1H2n42)@" (X) — X (€2ns1H2ny2) 0" (Y)
+ 32n+11u2n+2<(PA2n+2 + A2n+2P) Y, X>=0. (51)

Putting Y = ez,11 in (5.1), we get X(eant1laniz) = €n+1(€2nt+1Moms2)0! (X). Com-
bining this and yields (€2n+1,u2,,+2)<(PA2n+2 + A2n+2P) Y, X>=0.

Putting X = Z,’:{"/ 2Jey-1 and Y = Z,’:{"/ 2 6,1 in this relation, we have
€nt1lays trace(A? 1) =0. If M is nonminimal, then ez if,,, =0, since
trace(4?"*!) # 0 from Lemma 3. Since Xu,,,; =0 for any vector X perpen-
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dicular to ey;1, we obtain that u,,,, is constant and hence DH=0.1If M is
minimal, then M is is contained in a totally geodesic complex hyperbolic space

CH"*'(—4) by (2.7), (4.3) and [4.6).

Case 2. p>2. In this case, by applying (2.7) we have uy,, €42 =
Aje,,. €2n+2 = Ajer,,,€2n41 = 0. Therefore, in this case M is minimal.

Finally, we obtain from and that

Veri €1 = fopioteni1,  Vey J€ni1 = —Hyyi2€2n+1- (5.2)

Hence the integral curve of #* are geodesic or circle of CH™(—4). This com-
pletes the proof of Theorem 2. O
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