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ARITHMETIC PROGRESSIONS
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1. Introduction

In 1937 1. M. Vinogradov proved that for every sufficiently large odd
integer N the equation

(1) N=p +p,+p;

has solutions in prime numbers p;, p,, p;. Vinogradov’s estimate for linear
trigonometric sums over primes enabled Chudakov, Estermann and Van der
Corput (for example, see [I]) to prove in 1937 that almost all even integers 2n can
be written as a sum of two primes (Goldbach’s problem):

(2) 2n = p; + ps.

The arguments used in the proof of (2) show that a similar result holds for the
2n-twin primes problem (for example, see [3]):

(3) 2n=p; — p,.

Zulauf [12], obtained asymptotic formulas for the number of the prime
solutions of the equations (1) and (2) with p, =/(modk), (k) =1. Zulauf’s
formulas hold uniformly for k < L?, where L =logN and D > 0 is some fixed

constant. Recently Tolev [9] established the following result. Let us consider
integers k,/ such that (k,/) =1 and denote

Jii(N) = E log p, log p, log p;.
p1+p2+p3=N
p1=I(modk)

Then, for every 4 > 0 there exists B = B(A4) > 0 such that

(4) > max

k<VNL-B"’

N2
Je(N) — 50(0) Sri(N)| <« N*L™.
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In the main tool is the Hardy—Littlewood circle method. Tolev applied the
Bombieri—Vinogradov theorem to estimate the contribution of the major arcs
and some arguments belonging to Mikawa to treat the minor arcs.

In 1992, using a variant of Linnik’s dispersion method, Mikawa proved
the following result on 2n-twin primes in arithmetic progressions, that is on the
equation (3), with p, =/ (modk), (l,k)=1.

Let

(S A(m)A(h) — H(N,k,2n), if 2n+1,k) =1
h<

(5)  EN,k,1,2n) = \ T A(m)A), otherwise

m—h=2n
\ h=1I(modk)

where A is von Mangoldt’s function and
1 p— 1\ N —|2n|
HNk,2n) =211 - —— ( ) :
( ) H( (p—1)2>H p-2) ok

p>2 plnk
p>2

Then, for every 4 > 0 there exists B = B(A) > 0 such that

27r-4
(6) > max, > |E(N,k,1,2n)| « N*L™4,
k<VNL-B 0<2n<N

where the implied constant depends only on A.

Arguing in a standard way, it is easy to see that (4) is implied by (6). In this
paper we establish a short intervals result for the equation (3) with p, =1/
(modk),(l,k) =1, by following the method of [9] and combining some argu-
ments of and in order to treat the minor arcs. More precisely, let

Li2n)= ) logp logp,,
p2<2n
p1—p2=2n
p1 = [ (modk)
1 p—1\ .
271( 1~ ;) I 3=5), if@n-Lk)=1
6k 1(2’1) = p>2 (p - l) plnk b —
’ p>2
0, otherwise.

Our result is the following:
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THEOREM 1. Let A >0, 0 < & < 2/3 be arbitrary constants and let N'/3*¢ <
H < N. There exists a constant B= B(A) > 0 such that

2. 2

k<X (N) N<2n<N+H

Ik,1(2n) — —-2—’:l— 6k11(2n) < HNLwA,

p(k)

where 2 (N) = min(HL=*4-% /NL"5).

The implied constant depends only on 4 and e.
Now let us denote

2n
&= max Y |L(2n) — == S i(2n)],
ks;N) GIO=Y N W= N+H o(k)
Ik*,l(zn) zlk*,l(zn’Nv Y) = Z Ingl lngz,
P1—p2=2n
N<py<N+Y
p2<Y
p1 = [ (modk)
P*(2n) = P*(2n,N,Y)= Y 1.
erlr;lmsz;/i—nY
m<Y

If Y=N and N<2n <N+ H we have I},(2n) = I (2n) + O(HL/k), for
(I,k) =1, and P*(2n) = 2n+ O(H). Moreover, since Sy ;(2n) « log® L (see
below), then, for ¥ = N, we see that

&« Z (f,rllc?i(l Z

k<X (N) N<2n<N+H

P2
I (2n) — ¢((k;1) Sk1(2n)| + HL2.

Hence Theorem 1 will be implied by the following:

THEOREM 2. Let A >0,0<e<2/5, 7/12 < 0 <1 be arbitrary constants and
let' Y =NY Y3 < H<Y. There exist some positive constants 5, B = B(A)
such that

P*(2n)
(k)

2 HYL A
Z (?}f)ﬁliil Z Sk,1(2n)| < ;

k<A (Y) N<2n<N+H

where A (Y) = min(HL 4%, (Y)) and
YN-12L-B if3/5+e<6<1,

H(Y)=H(Y,A,¢e0) = s
YN/ if 7/12 < 6.
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Here the implied constant depends only on 4, ¢ for 3/5+ &< 6 <1, while it
depends on A4, ¢, 6 and 6 for 7/12 < 6. The values of s#(Y) are due to the short
intervals version of the Bombieri-Vinogradov theorem (see [8]) we use to estimate
the contribution of the major arcs. Note that 2#(Y) = #(Y), whenever 6§ < 3/4.

The author is very grateful to H. Mikawa for his invaluable help in the
treatment of the minor arcs and to D. I. Tolev for useful and interesting dis-
cussions. He would like also to thank the referee for careful reading of the
manuscript.

2. Notation

Let N be a sufficiently large integer and ¢ > 0 be a sufficiently small real
number. Let 4 >0 be an arbitrary constant and B= A4 + 5C + 68 with C =
3/e(84 + 47). Suppose that K is a positive real number such that K < #°(Y).

The lowercase letter p, with or without subscript, will always denote prime
numbers. Let (m,n) denote the greatest common divisor and let [m, n| denote the
least common multiple of m and n. We shall use the convention that a con-
gruence, m = n (modk), will be written as m = n (k). As usual u(n) is Mobius’
function, ¢(n) is Euler’s function and 7(n) denotes the number of positive divisors
of n. Moreover e(x) = exp(2nix) and ||f|| is the distance of the real number g
from the nearest integer.

Let ¢ denote a positive real constant, which will not be necessarily the same
in all instances. For example, this convention allows us to write

(logx)e™ logx  g¢Vlogx
We denote

1 .
E;, = <—1,1 — —) \El, minor arcs,
T T

Ski(@)= > (logple(ap), S(x)=_(logp)e(—ap),

N<p<N+Y p<Y
p=l(k)
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M(a) = Z e(am), M,(a) = Z e(am),

N<m<N+Y m<Y

r—x
A h) = 1 — .
(x, y,h) = max max X;}_;r 8P =
p=m(h)

3. Outline of the Proof of Theorem 2
We have

1-1/z

It ,(2n) = J Sk, 1(2) S(a)e(~2na) do = 1) (2n) + 1) (2n),

-1/t

where

I,Ef),(.?n):J Sk /(@)S(a)e(—2na) da, i=1,2.

Consequently, if we denote

P*(2n)

(7) EF = 2 (?}ca)zl N<2§N+H I (2n) — —(p—(k)——@k,l(Zn) ,
then
(8) EF <61+ &,
where

P*(2n
®) 1= k<K ({’r}‘?i(l N<2;N+H I,E},)(Zn) - (/’((k) ) Sxr2n)
(10) & = max > [|I)(2n).

i<k O=1 yenhen
will follow from (7)—(10) and from the inequalities

(11) & « HYL™, &, « HYL™.

4. The Estimate of &,

It is clear that

q

(12) 1en) =55 ", g),
q<Qa

=1
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where

1/(4q7) a a a
(13) I i(a, q) :J Skyl(——i—a)S(—%—a)e(—2n<-+a))drx.
—1/(g7) q q q

Let us consider Sy ;(a/q+ o) for a,q,a satisfying

1
(14> qg=< Q’ (a’q) - 1’ |a| < E

For (k,l) =1, arguing as in [9], we have

a, ) =9 2
(15) Sea (54 8) = 2D () + 0(Q2L),

where

ce.i(a, q) = Xq: (——) and A=A(N,Y, [k q)).

m=l (( ')

Under the condition we see that

(16) S(g+a) E; M,(~a) + O(Ye VD),

(see [10], Lemma 3.1).
Formulas (15), and the trivial estimate

s 2)
(2 42)s(2 e (24

#(q) ckilaq) (. a ol
5@—) (p([k,q])e( 2nq>M(a)Mo( a)e(—2na)

re(eent) e (G)

Therefore, from we find

YL
&K —

k

imply that
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_u(g) exala,q) [ 2na) [V o
Ix,i(a,q) = o(q) o(lk,q]) e( . )J_I/W M ()M, (—o)e(—2na) du

+ 0 (% e—cﬁ> + 0(g 2 QL?A).

Hence
a 1 @bx,i(q,2n) [V —ae(—n
(17) ; Ii.i(a,q) = (. aDo(@) J—l/sz(a)Mo( a)e(—2na) do
+0 (% e—“/f> +0(qg7 Q*LA),
where

q, a
br,1(q,2n) = Z ck,i(a, q)e(—an).

a=1

Now we show that bkyl(q,2n') is a multiplicative function of g. Let us suppose
that ¢ = q14», with (g1,92) = 1. Then, writing a = a>q; + a1q2 and m = myq; +
miq,, we have

(18) bk,z(q,2n)=g* i e(?)e(—ZnZ—)

q1 . q2 . _2 qqu*
_ Z e< n(axq + alQZ)) Z e((aqu +0142)m>
9192 , 9192

4., &, (—2na1) (—Znaz)
— e e
a|:1 ar 1 ql q2

q1 q2
Z*Z* e<a1m1QZ>e(a2mqu>
q1 q2

m1=1 m2=l
magqi+miga =1 ((k,q1)(k,q2))

L i ( 2na1> < 2na2) i* e(almlqz)
Py q2 = 91

m1—1
L., amaqn
D DR

X

)

I
“ M

miq2=1((k,q1))
m2=1

maq1 =1 ((k,q2))
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q2
* army
<2 ()

m2=l
my=1((k,q2))

= bk,[(ql 3 zn)bk,l(an 2n)

Moreover, let us suppose that ¢ = p is a prime. Then we have
(1 if pJ2nk,

1—p if pyk, p|2n,

19 bi,i(p,2n) = 4
(1% P2 =N i ik pp2n—,

L p—1 if plk, p|2n—1.

In fact, if ptk then ¢t (a,p) = —1 and

p=1 1 if py2n
2na i p )
bk./(P,zn)=—Ze< > )z{l s i

prt if p|2n.

If plk then ¢k (a, p) = e(al/p) and

p-1 — -1 if pt2n—1
al 2na i p ,
bei(p,2n) = e(—)e( ) = { :
=1 \P P p—1 if p|2n—1.

Consequently, from (18) and (19) we see that

lu(q)bk,1(q,2n)| < 9(q).

Since

Jl/qr M () M, (—a)e(—2na) do = P*(2n) + O(qr),
~1/q7

from [12], [17] and ¢((k,9))e([k.q)) = o(k)p(g) we write

(1) 2n) ©(q) bkzq,2n)¢((q, k)) Y ot
o) Aden =" o(q)? +‘9(k )

14 (% Z(k, q)) +© (Q“L2 Z q"A) :

q<Q g<Q
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Now observe that I;7,(2n) < L? whenever (2n—1,k) > 1. Hence, by the
definition of &g ;(2m), the contribution of 2r’s such that (2n—1,k) > 1 to &*
is « #°(Y)HL?, which is admissible for [11]. Consequently, we will assume that
(2n—1,k) = 1. From (19), we get

’1 u(q)br.i1(g,2n)p((q, k)) <S4 L |bx,i(g,2n)|
2D lequQZ v(q)° <§,k: QE%:)S% o(q)
s

_ idlbk,l(d, 2n)| = |br(g,2n))|

7} 2
alk o(d) 0/d<g=0ya 94
(qak)zl

. |br,i(h, 2m))| -~ 1
_Z Z (p(h)2 Z 2

dlk ‘P h|2n Q1/dh<q<Q,/dh (0(Q)
(h,k)=1 (q,k)=1
(g,2n)=1
d 1 . (dh )
< —_— —— min|—,1),
%,;(p(d)z ﬁ‘; o(h) )
(h,k)=1

using the elementary inequality

>

5 < zZ 1
=z v(q)

Hence

= 1(9)br,1(g, 2n)p((, k)
q‘\; o(q)’

is absolutely convergent for (2n — I, k) = 1. Moreover, from we see that

(22) 3 1(@)br,1(q,2n)o((g,k)) =k  2n

< log L « log® L.
o 0(q)° (k) p(2n)

By Euler’s identity ([2], Th. 286) and by we find

(23) Zﬂ(q bk I(q’ 2n3¢((qa )) = Sy (271) if (2n _ l,k) - 1.
p= ?(q)

Since Y « P*(2n) < Y, from and we write
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(k) =0 v(q)*

+(9<{~e—cﬁ> +(0(TkLZ(k g > ( 42 Eq‘lA>

q9<0Q 9<@Q

1) 2m) = Pamy 1) | ((,,( )Z'” bkzq,znw«q,k»)

Then we obtain

(24) & « YLE, + HtLS, + HQ*L?S; + HYe VL,

where

)b ,2n ,
5= Y Zk() 5~ @bii(a, 20)ol(g. )

2
N<2n<N+H k<K nl)=1 7 9(q)

23 = Z Zq_lA(N, Y, [kaq])

k<K q<Q

Let us estimate X,. From [21) we have

1 dh
@) m= > 2 Z(p(d) Z(p(h)mm(Q 1)

Ne<mniH i<k K dlk h|2n
(h,k)=1

St S, (), 2,

k<k * “ak o(d)’ h<NTH ¢ N<2n<N+H
(h k)= 2n=0(h)
1
< HQ™
k; %;w(d) hgg/d o(h)
1
+H —
I;( %‘/’(d) /d<h2s:N+H ho(h)
1 d’ 172 -17r4
« HQ~ LZ Z <HQLZ « HQ™'L*,
k<K dlk (P(d) k<K
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where we have used the elementary inequality

Z %@ «log’ Z.

k<Z

For the sum X, we get

(26) ¥ < ZdZ%Z 1

d<Q k<K' g<
(k,q)=d
1 1 2
<<; Z};ZI«QLZE«QL‘
<Q k<K/d " q<Q/d d<Q

‘Now we estimate Z3:

(27) 3= Y o(WAWN,Y,h), with oh)=> > ¢

h<QK k<K q<Q

It is easy to see that w(h) « L2. Using the short intervals version of Bombieri—
Vinogradov’s theorem given by the Corollary in [8], from (27) and the definitions
of K and Q, we obtain

(28) - X3« YQLSB,
By [(24), (25), [26), [28), the definitions of Q,  and B we find
& « HYL ™.

5. The Estimate of &>

Clearly, for every k < K there exist an integer /, such that (/t,k) =1 and

D>

k<K N<2n<N+H

J S(ot) Sk, 1, (o)e(—2no) dot
E;

We use Cauchy’s inequality to get

(29) é”%s(HZ%)(Zk Z'

k<K k<K N<2n<N+H

JE S(oc)Ska (a)e(—2na) do

)

By the well-known estimates Z e(ha) « min(U, ||af| ") and ab « a2 + b2
V<h<V+U

< HLD, say.

we have
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2

(30) 9 = k J S(a) Sk, (a)e(—2na) do
k<K N<2n<N+H!JE:
- . 1

< k |S (o) Sk 1, () S(&) Sk, 1, (£)| min (H,——) dod¢
k<k JE2YE “é_a”

« k| [ 05@)Seu@P + 1Sk (2)S©)?) min (H, 1
i<k JBJE 1€ — all

<Yk [ [ 1Sk, (£)S(a) 2min(H,”é—1a—“) dadé

k<K JEy, JE;

-1

- 1/2
<> kUEz 1S()|? (J , |Sk.1. (o 4 #)|* min (Hﬁlfl) dn) da.

Let us denote

we(h)= Y. logplogp,
N<p,p2<N+Y
pir=pr =i (k)
p1—p2=h
and observe that
(31) wi(h) < L3(Y /k +1).

Then we write

ISk (e +mP =Y wi(m)e((x+n)h).
<Y

k|h
Hence from (30), and the estimate
1/2 1 H
J e(hn) min (H,—) dn « min (log H,—)
-1/2 n ld
we obtain

) 1/2 1
32) 2« > k> wi(h) L 1S(a)|*e(har) da L/z e(hn) min(H,m) dn

k<K |h<Y
k|h

. H
« KY*L> 4+ YL? Z min (log H,——)
0<h<Y h

J 15(o) e (har) do
E, k<K
ki

) dod&

>
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Now we write

33 3 min (10g H%)

O<h<Y

J |S(a)|Pe(hot)do
E;

21
k<K
klh

< Z Z 7(h) min (log H,L)

1<r<Y/H r—1<h/H<r r—1

J |1S(2) |2e(hat) dax
E;

« L max Z 7(h)

<t<
O—Z—Yt<h5t+H

<<L01Sntasxy( Z ‘c(h)2 Z

t<h<t+H t<h<t+H

J 1S () 2e () dx
E;

2) 1/2
by Cauchy’s inequality.
Arguing as in §5 of (see the definition of the constant C) we have that

(34) >

t<h<t+H

2
« HY?[—#4-11

J 1S(a0)|2e(hot) dox

E;

Moreover, we see that

max Z 1(h)? « max Z t(h)* + max Z t(h)?

<t<
O—I—Yt<hSt+H OSISHt<h5t+H t<h<t+H

< Z t(h)? + max Z t(h)?

h<2H HSISYt<h5t+H

Hence, using the estimate

Z 1(d)? « Zlog Z
d<Z

for the first sum and Lemma 1 in for the second one, we get

2 3
(35) Jmax Z 7(h)” <« HL".
t<h<t+H

The second inequality of follows from (29) and (32)-(35), provided K «
HL 2476, is completely proved.
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