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DEFORMATIONS OF TRANSVERSELY
SYMPLECTIC AND TRANSVERSELY

CONTACT FOLIATIONS

By

J. GIRBAU and G. GUasP*

Introduction

The aim of this paper is to give a versality theorem for deformations of
transversely holomorphic foliations on a compact manifold with an additional
transversely symplectic or transversely contact structure and give some examples
of deformations of such structures.

First of all recall the definitions of (holomorphic) symplectic and contact
manifolds. A complex manifold M of even complex dimension ¢=2¢’ admits a
(holomorphic) symplectic structure if there exists a closed holomorphic 2-form @
such that % +#0 at each point. If the complex dimension ¢ of M is odd, g=
2¢’+1, and there is an atlas {(Uj, 2}, -+, 2%)}, a family {w;} of holomorphic 1-
forms on each U; such that w; A(dw;)* #0 at each point and there are holomor-
phic functions ¢;; on U;\U; with w;=e;;w; then M is said to be a (holomorphic)
contact manifold.

In 1960 Kodaira studied the theory of deformations of such structures ([7])
(among some other types of structures.) With the notations of that paper, the
symplectic complex manifolds are the I',(w)-structures with w=dz*Adz*+ --- +
dz?"* A\ dz? and the contact complex manifolds correspond to the I ,(w)-structures
with w=dz'+2z°dz*+ - +297'dz%

A transversely holomorphic foliation of complex codimension ¢ on a manifold
M can be defined as a A!'"-structure, where 4" denotes the pseudogroup of
local diffeomorphisms of R?XC? of the form f=(f%, %) such that

of _ a5 _,
ox*  03*
for u={l, ---, p} and a, b={1, ---, q}. This means that M is endowed with

an atlas with local charts modeled in R?XC? whose coordinate changes belong
to A'". The subbundle F of ‘T M locally generated by the vector fields of the
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form (9/0x%), (0/0z%) characterizes the foliation.

Let & be a transversely holomorphic foliation on a manifold M. If the
complex codimension ¢ of &F is even, ¢=2¢’, we shall say that § admits a
transversely (holomorphic) symplectic structure if there is a complex-valued 2-
form w on M such that:

1. (X, Y)=0if Xel'(F).

2. Lyw=0if X<l'(F).

3. % +#0 at each point.

4. dw=0.

If the codimension ¢ of & is odd, ¢g=2¢'+1, we shall say that ¥ admits a
transversely (holomorphic) contact structure if there exists a complex-valued 1-
form wy on a neighbourdhood U of each point such that

1. wy(X)=0 if Xel'(F).

2. Lywy=0 if XeI'(F).

3. wpA{dwy)? 0 at each point.

4. If UNV =+ one has wy=eyywy on UNV, where ey, is a basic trans-
versely holomorphic function, that is, X(eyy)=0 if XeI'(F).

From the point of view of the pseudogroups a manifold M endowed with
one of the two structures above is nothing but a AY-manifold, where A% is
the pseudogroup of local diffemorphisms of R?XC? of the form f=(f*%, %),
such that

ar° _afr _

x* 0z

0

for ue{l, ---, p} and qa, b= {1, ---, q}, fullfilling f*w=w with w=dz'Adz*+ ---
+dz9"'Adz? in the symplectic case, and f*w=e(z)w with e(z) a non-vanishing
holomorphic function of C? and w=dz'+2z*dz*+ --- +297'd2? in the contact case.
Let us give some examples of these structures. The complex projective
spaces C P?**' of odd dimension are holomorphic contact manifolds in the fol-
lowing way ([6]). Let U; be the open set of CP*"*' of those points with
homogeneous coordinates z!, ---, 2°"** such that z*+#0. Let s; be the map

Ui 3 CZn+2
[21, e 22n+2] 5 (21/21‘, . zi'l/zi, 1, 2i+1/zi, e, 22n+2/2i)

where [z}, ---, 2°**?] means the point of homogenous coordinates z', ---, z*"*2
Let w; be the 1-form on U; given by w;=s*%w, where o is the following 1-form
Of C2n+2

w:(21d22—22d21>+ +(22n+1d22n+2_22n+2d22n+1).



Deformations of transversely 481

One has w;=¢;;w; on U;N\U;, with e;;=(z*/z’)2. By virtue of this construc-
tion the transversely holomorphic foliation on the real sphere S*"*® given by
the Hopf fibration S**+*—C P?*"*! is endowed with a natural transversely contact
structure,

Another natural example is the projective co-tangent bundle M of C P?"+!
(that is, the projectivization of the co-tangent bundle of CP*"*'), As CP?*"*!
admits a holomorphic contact structure, M is endowed with the transversely
contact structure associated to the foliation given by the bundle M—C P%"+!,

Since the complex torus 72"C obtained by the quotient C?**/(Z +:Z)*" admits
a natural holomorphic symplectic structure induced by the 2Z-form of C*"w=
dz*NdzZ*+ - +dz2*" ' Adz®", all the bundles M —T?"C induce transversely holo-
morphic foliations on M with a transversely symplectic structure.

Another non-trivial example of such structures is the suspension of an
isomorphism of the symplectic structure of 7°2"C constructed in the following
way. Given A<=Sp(2n, Z), take the quotient manifold M of RXT?*"C by the
equivalence relation identifying (¢, z) with ({41, A(z)). Take the transversely
holomorphic foliation & on M whose leaves are induced by the lines R Xx{z}.
As A preserves w then & is transversely symplectic.

The theory of deformations of holomorphic foliations was initiated by Ko-
daira and Spencer in 1961. Go6mez-Mont and Duchamp-Kalka gave
a weak version of the versality theorem (often called Kuranishi’s theorem) for
deformations of a transversely holomorphic foliation on a compact manifold.
Girbau, Haefliger and Sundaraman [4], using the original ideas of Kodaira and
Spencer as well as a version of the classical Kuranishi’s theorem for complex
structures given by Douady [1], obtained a strong versality theorem for defor-
mations of transversely holomorphic foliations.

One of the aims of this paper is to give such a versality theorem for de-
formations of transversely holomorphic foliations endowed with an additional
transversely (holomorphic) symplectic or contact structure. The sheaf of in-
finitesimal transformations of these stuctures is the sheaf @Y of germs of C~
local vector fields X whose expression in a local chart (U, x¥%, z%) adapted to
the foliation is

0

/YZZX a(zi> an'

_. 0
+Xu(xl) Ziy zi)”ﬂ;y

where the X¢ are holomorphic functions and X fulfils, moreover, the condition
L yw=0 in the symplectic case or Lxw;=A;0; in the contact case, where 4; is
a basic transversely holomorphic function.
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As Kodaira and Spencer say in the introduction of their “Multifoliate struc-
tures” [8], the following pattern is needed to study the deformations of a given
structure :

1. A fine resolution of the sheaf of germs of infinitesimal transformations
of the structure such that its space of sections is an elliptic complex.

2. A Lie algebra structure in this resolution compatible with its differential
operator.

3. A procedure associating a family of deformations of the structure to
each family of degree 1 sections of the resolution, fulfilling a suitable integra-
bility condition which depends on the Lie algebra product of point 2.

The fine resolutions of @Y we give here (point 1) (in the symplectic as
well as the contact cases) are a combination of the resolutions of “Multifoliate
structures” and those given by Kodaira in [7]. Once the above plan is accom-
plished we are able to prove a versality theorem for these structures using the
same construction that in [4].

In this paper we put special emphasis on computing the versal space and
the versal family of deformations for the natural examples described above.
For the Hopf fibration S*"+*—C P?*"*! with its transversely contact structure we
prove that the versal space is smooth, that is, a neighbourhood of the origin
in the vector space H(S*"**, @H=H°(C P***!, O,), where O, is the sheaf of
germs of holomorphic vector fields X on CP?"*' fulfilling Lyw;=2A;w;. This
is a vector space of complex dimension (2n+2)*—(1+24 --- +(2n+41)). Remark
that the versal space of the same foliation without the contact structure ([3],
[4]) is also smooth and its dimension is (2n+2)*—1.

For the projectivization of the contangent bundle of C P?"*! with its natural
transversely contact structure we find that this structure is rigid.

An example of transversely contact structure with non-smooth versal space
is the product T"RXC P*® with the trivial transversely holomorphic foliation
whose leaves are T"RX {p}.

For the transversely symplectic structures described above we obtain the
following results. When M is the quotient manifold RXT?**C by the equiv-
alence relation (¢, 2)~(+1, A(2)) with A=Sp(2n, Z) we find that the versal
space is smooth and its dimension is the sum of dimensions of the three vector
spaces HYT?*"C, ®,), P, and Q,, where H*T?*"C, @,) is the space of holomor-
phic vector fields on T?"C invariant by A, P4 is the space of those 2nX2n
matrices commuting with A and Q4 is the vector space of those 2z x2n antisym-
metric matrices ¢ such that ‘A¢sA=A. For example, if n=1 and
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)

then the versal space has dimension 3 when a+d+#2 and dimension 4 when
a+d=2.

Finally we give an example of transversely symplectic structure with non-
smooth versal space. For this purpose we take a S'-principal bundle over the
torus T*"C=C*"/(Z+iZ)*", M—-T*"C, with Euler class eM)=sH*Y(T?*C). In
this case the space of infinitesimal deformations, H'(M, @), has dimension

(2n)2+( 22n>—|—dim Ego, where Ep is the space of holomorphic vector fields X on

T?"C fulfilling @ N\iyw=0, where w is the symplectic form of T*"C and 2 is
the harmonic representative of Euler class (that is, a 2-form). So the dimension
of H'(M, @) devends on 2. We compute the versal space giving its equation
and showing that for many 2-forms £ this space is not smooth.

1. Resolutions of the sheaves O

Let & be a transversely holomorphic foliation on a manifold M endowed
with an additional transversely contact or symplectic structure. Let (:)f,f be the
sheaf of germs of C~ local vector fields X which in local coordinates (x*, z%)
adapted to & are of the form

8 .9 ..
5e "X e T X 5

X=3X%2)

where the components X* are transversely holomorphic functions and X fulfils,
moreover, the condition Lyw=0 in the symplectic case and Lyw;=A;»; in the
contact case, where A; are transversely holomorphic functions. We shall give
a resolution of O instead of the sheaf ©Y defined in the introduction. Remark
that @ is the quotient of @Y by a fine subsheaf, thus the cohomology of M
with values in these two sheaves is the same, except in degree 0.

Let A*(M) be the graded Lie algebra of C> complex-valued differential
forms on M. Kodaira and Spencer [8] show that every degree k derivation &
of A*(M) is determined in a local chart (x¥, z%) by a couple (¢, &) of vector forms
of degrees k£ and k-1,

0 0 . 0
gD-:ESDu axu +g0a aza +90a aéa

N
=
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where ¢*=0d(x*), p* =0(z%), ¢* =0(2%), &* =(—1*d(dx%), §* = (—1)*d(dz?), &=
(—=1)*3(dz*). The vector k-forms ¢; on each local chart U; glue together giving
a global vector k-form. If we denote by d¢; the vector (£+1)-form on U;
given by

0 0
+d90?—+d90?—a—§7;

0z%

0

then the do;—&: give a global vector (k+1)-form denoted by d¢—§. Denote
by 7 the vector (k+1)-form p=(—1)*(é—d¢). Then the derivation J is deter-
mined by the couple (¢, ). If o= A"(M) then the action of 4 on ¢ is given
in terms of ¢ and % by the following expression :

3o)=(—1*d(pAao)+oNdo+nAa, (1)

where the product A is defined in [8]. Recall that (a®@X)Aoc=aAixc when
a and ¢ are ordinary differential forms and X is vector field.

Denote by 9% the vector space of all the derivations of degree 2 of A*(M).
D% is endowed with a natural Lie bracket defined by [d, 8’J=d80'—(—1)**d'0,
where 2 and %’ are the respective degrees of d and ¢’. If d=(¢, ») and 0'=
(¢’, n’) then

19, 1=, ¢'1+0' Ae+nA¢’, —[1, ¢'1—[7", o1+ An+nAY), (2)

where the brackets in the right hand side are those of vector forms and the
product A means here the product of vector forms fulfilling goX(,B@Y):(go'/(‘B)
QY, where B is an ordinary form.

We have a differential D: 92— 2%+ defined by D(0)=[d, 6], where d is the
exterior derivative. If d=(¢p, ») then Dd=((—1)*7, 0).

Let I be the ideal of A*(M) of those forms w such that w(X,, -+, X;)=0
when X,, ---, X, are sections of F. (Recall that F is the subbundle of ‘T M
locally generated by {(d/dx*), (3/02%)}.) Ir is locally generated by {dz*}. Let
D* be the subspace of 9% of those derivations d such that d(/r)CIr. Since
d(Ip)clr, D maps 9% into D**.

1.1. The symplectic case
Denote by S%,, the subbundle of A*(‘TM)* of those ¢ which can be written
in local coordinates
o=0as Nd2z° Nd2Z°
with ga,s A*2CTM)*. Let S%, be the sheaf of germs of sections of S%,.
Denote by &* the sheaf of germs of elements of 9*. Set @?3=39, and P4=
D*PStE when k=1, Define the following maps:
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(1@ —> P3=3° by «X)=Lyx
D,: @) —> DL=9'DS%, by D,(0)=(DJ, dw))
D,: @f —> @5 when £>0 by D.@, ¢)=(Dd, é(w)—do)

In this way we have a sequence
” ¢ D, D,
0— O —> D, —> D;, —> - (3)
Let us prove its exactness. In fact a simple computation shows that DZ=0.
To prove the exactness at @% when k=0 let s=(J, ¢) be such that D,s=0.
This is equivalent to the fact

{ Dé=0
ow)—da=0

From the first equation one sees that there exist ¢’ with D¢’=4d. Then second
equation is now d(0’(w)—c)=0, so there is a section ¢’ of S%, with ¢’(w)—o=
do’. Then ;

D,(0’, ¢")=(Dd’, 0'(w)—da’)=(0, a).

An analogous argument shows the exactness of (3) at @J.

1.2. The contact case

Suppose now that the contact structure is defined by a family {w:} of 1-
forms on each local chart U; in such a way that w;=e¢;;w; on U;N\U,. Let A¥
be the quotient A*(M)/Ir. Let E be the line bundle over M defined by the
transition functions {e;;}. Let 0 be a degree k derivation of A*(M) and {7:}
a family of elements 7;=A%U,;). We shall say that the couple (0, {7:}) is an
E-derivation if [d(es;)]=e:;(r:i—7;) on U;N\U;, where [d(e;;)] means the class of
0(e;;) modulo Ir. We shall denote by 9*+zA% the space of E-derivations of
degree 2. As d(Ip)CIr the exterior derivative d induces a differential d» on
the quotient A% If (0, {7:}) is an E-derivation then (D4, {dr7:}) is also an E-
derivation. Let S%, be the subbundle of A*(‘TM)* of those ¢ which in an
adapted local chart (x*, z%) are expressed by ¢=>lc¢,Adz% Denote by S%,»
the quotient bundle S%,/S%,, where S%, has been defined in the subsection 1.1
(the symplectic case). We can think of sections of S%,r as families {o;} of
sections of S%,|y, such that ¢;—a; is a section of S%, on U.NU;. Denote by
S*yr(E) the vector bundle S%,-QE. The sections of S%,r(F) are families {o;}
of sections of S%,r|y, such that ¢;=e;;0; on U;N\U;. Denote by @’“—i—gﬁ% the
sheaf of germs of E-derivations and by S%,r(E) the sheaf of germs of sections
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of Styr(E). Set @=(P*+zALYPSt, r(E). As S%,r vanishes then @=3°+
gAg.

In order to define the differential D, : @%—®@%+' remark that the exterior
differencial d induces a differential ds in the sections of S%,;,» (since d{(Ip)CIF).
ds can be extended to sections of S%,r(E) since de;;=Ir and if {o;} is a sec-
tion of S%,r(E) then dso;=e;;dsa;,. We define now D,: OL,— DL by

D@, {r:}), {oe:)=D0, {drr:}), {{bw:]—T1:iN[@w:]—dso:}),

where [ ] means here classes modulo S%,. Remark that [0w;]—7:/A[w;] defines
a section of S%»(E). In fact, as w;=e;;w; we have 0(w:)=0(e:;) Aw;+e;;0(w;)
and [0(w;)]=[0(e:)]\[w;1+e:;[0(w;)], where [d(e;;)] means the class of d(es;)
modulo /r and [w;] means the class of w; modulo S%,. So [8(w:)]=e:(T:—7;)
A[w;]1+ei;[w;]. That is

[0(@)]—7:N[wil=e;([0(w;)]—7;N\[w;]).

Define the map ¢: @fj—»@&, by «(X)=(Lyx, {2:(X)}), where A;(X) are those
functions appearing in the expression Lyw;=2:(X)w;. In this way we have the

sequence
[4 D Dw

0—> B —> @ —> QL —> - (4)

Let us prove its exactness. A straightforward computation shows that
D%=0. Suppose now k=2 and let s be an element of &%, s=((J, {7:}), {g:}),
with D,s=0. This means

Dé6=0
dry:=0 (5)
[0(w:)]—71:N[wi]—dsa;=0

Since D=0 there is 8’ such that Dd’=4d. Since dpy:=0 there is A; with dz4:
=7;. Finally, the last equation of (5) is [(D6")(w:)]—d rA:A[w:]—dse:=0. Since
wi=Ir we shall have [(Dd')w;)]=[dd'(w;)]=ds[0’w;]. On the other hand
draiN[w]=ds(A:A[w:]). So

ds([0'w;]— 2 N[w;]—0:)=0.

We can find a representative g¢; of [0'w:]—A:A[lw;]—0o; with g;=Ip and such
that its exterior derivative with respect to the coordinates x, Z vanishes. So
we can find 7,17 such that its exterior derivative with respect to the coor-
dinates x, Z is p¢;. We shall have

D((0’, {r:D), {[z:1)=(0, {r:}), {o:}).
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A similar argument applies when 2=1 and ~2=0.

1.3. The cohomology spaces H*(M, @fj)

Suppose now that M is compact. Since the resolutions (3) and (4) of @f,,’
are fine we have H*(M, oi=2 k/B* where Z* is the space of global sections
s of @% such that D,s=0 and B* the subspace of those sections of the form
D,s’ with s’ a section of @%*! In the symplectic case the leading part of
D, is

(0, 0)—> (Do, —do).
In the contact case the leading part of D, is

((6, {Tl})’ {O-l})k-__)((Day {dFT‘L})’ {dSO';})

In both cases the ellipticity of the de Rham complex gives the ellipticity of the
complex of sections of (3) and (4). So H*(M, @f{) are finite dimensional for
k>0.

2. The bracket of sections of @

Let s and s’ be two sections af @% and @ respectively. We are going to
define the bracket [s, s’] as a section of @%" in the following way. Suppose
first we are in the symplectic case. Then s=(J, ¢) and s’=(d’, ¢’) with d=D*,
', o=l'(SHY) and o’<I'(SY). We define

[s, s']1=(06, 8’1, (—D)*a(a")—(—1)*'0"(a)). (6)

In the contact case we shall have s=((0, {r:}), {a:}), s'=0’, {ri}), {ai}).
We define

[s, s'1=W([0, 0", {[6(FH—(—=1)**d"(7)D),
{[(=D)*@0(a))—Ti Na)—(—D**Hd"(6)—FiNG)ID),

(7)

where 7, :, 7} and &, are representatives of 7s, g;, 7; and ¢} respectively.
If sel(®%), s'<(PL) and s”=['(PT) then one can prove the following facts:
1. [s, s’]J=(—=D**[s’, s].
2. (=DFm[s, [s, s”11H(=D*[s’, [s”, s]1+(=D)™'[s”, [s, s']]1=0.
3. Dy,[s, s’]=[Dys, s’1+(—1)*[s, D,s"].

3. The integrability condition

3.1. The symplectic case
Fix (%, w) a transversely holomorphic foliation on a compact manifold M
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with a transversely symplectic structure w. Denote by F its associated bundle
(defined in the introduction). We are going to associate a section of @} to
each couple (9’, w’), where &’ is a transversely holomorphic foliation close
enough to ¢ and «’ a transversely symplectic structure on F’ close enough to
w. Here close enough will mean that (', ') is such that all the steps in the
construction we are going to give make sense.

Denote by N'°=°¢TM/F the normal bundle of type (1, 0) of . Choose a
splitting ‘TM=F@N*"°. Let F’ be the bundle corresponding to &’. Suppose
that F’ is close enough to F in such a way that F’ is the graphic of a mor-
phism 6 : F—N° of vector bundles. That is F'={X+6(X) with XeF}. 8
can be extended to a morphism ‘TM—TM with the condition #|y:,0=0. Let
¢ be the vector form on M defined by ¢=id+6. In each local chart (U, x¥, 2%)
of M adapted to F set ¢,=@(0/0x"), .=¢(0/0z%), ¢z=¢(0/02%). Suppose that
¢ is close enough to the identity in order that ¢., ¢., ¢z is a basis of ‘T.M
at each point. We shall have [¢;, ¢.1=2C%.¢,, where the indices 4, g, v
denote all the indices a, @ and u. Let 0 be the derivation whose first com-
ponent is ¢ and whose action on dx? is

5(dx‘)=——;—2Cﬁ#dx”/\dx/‘, (8)

where x* means z® or z* when A=a or A=a.

As F' is an integrable distribution (it corresponds to the foliation F’) one
has C%5=0 when a, f={u, a}. So d=9*. 4 fulfils [4, 6]=0 (see [8]). Define
6=d—0. Then the condition [J, 6]=0 is equivalent to D§—(1/2)[4, §1=0.
Define the 2-form ¢ on M by

(X, V)=w'(p(X), o(Y)).

Set 6=¢—w. We shall prove that ¢<I(S%,) and that the couple s=(4, o) fulfils
the equation

Dws-——;—[s, s]=0. (9)

When X<I'(F) then o(X)=I'(F’) so e(X, Y)=0 when X<I'(F). So e=I'(S%).
As w is also a section of &%, then ¢=I'(S%,). Equation (9) is equivalent to
the two equations

Ds—é-ts, 57=0 (10)
6(w+0o)—da=0. (11)

The first one being satisfied, we have to prove only As w is closed
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is equivalent to (d—d)w-+0)=0, that is d(w+c)=0. Given the above local
chart (U, x%, z%) adapted to & let {#*} be the dual basis of ¢,;. Since °<Ip.
then w’ will be expressed

@ =W, 0* N6
Then

e=lwhpdz® NdzZ°
since &((0/0z%), (0/02°))=w'(¢a, ¢s)=was. Let us write now the condition dw’=0.

Ozda)’zzsoz(wab)ﬁl/\0a/\0b+0)abd0a/\0b—(!)a00a/\d0b.

But d*=—(1/2)SIC4,0#A 6" So

1 1
0=3(p1(@w)— 5 0 Clhut = @5, Cl) 07 NG N O*
where ,,=0 when one of the two indices 4 or ¢ is an » or an 4. On the

other hand
0(e)=00(w}p)dz* Nd2°+w}hs0(dz*) N\ dz° —whyd z* NO(d2°)
=(by definition of 9)

=3 wzp)dx* Ndz* NdzP— —%w;bC%#dx‘/\dx”/\dz”

-I—%w{wCﬁ’,ldz“/\dxl/\dxl‘

:E(goz(w;,,)———é—a),’,ycfﬁ,,—*——;-wﬁpCf“,)dx"/\dx”/\dx”ZO
So d(w+06)=0d¢=0, proving

Reciprocally, given a section s=(6, g) of @) close enough to the zero
section and fulfilling the integrability equation (9) we are going to associate a
couple (9’, w’) to it, where &’ is a transversely holomorphic foliation with a
transversely symplectic structure o’.

Equation (9) is equivalent to and Let § be the derivation d—5§.
Then is equivalent to [d, 0]=0. Let ¢ be the first component of d (¢ is a
vector 1-form). Given a local chart (U, x*, z*) adapted to F set ¢,=¢(0/0x"),
Pa=¢(0/0z%), pz=¢(0/02%). As ¢ is close to the identity (since 9 is close to d)
{¢z:} is a basis at each point of U. Set [¢i, ¢.]1=3C}%.¢,. Condition [4, 6]=0
is equivalent to (8) (see [8]). Since d=9*' one has C%z=0 when a, S={u, &}.
Set F'=¢(F). One has [F’, F']JCF’. This integrability condition leads (by
Newlander-Nirenberg theorem) to the existence of a transversely holomorphic
foliation &’ whose associate bundle (in the sense of the introduction) is F".
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Condition is equivalent to o(w+0)=0. Set y=w+o. Let o the 2-form
given by
o'(X, V)=r(e"(X), o™X (Y)).

From the condition d(7)=0 one proves easily ixw’'=L yo’'=0 when X&I'(F’)
and dow'=0. So o’ is a transversely symplectic structure on F’.

3.2. The contact case

Fix (4, w) a transversely holomorphic foliation ¥ on a compact manifold
M with a transversely contact structure w given by a family {w;} of 1-forms
at each adapted local chart (U;, x%, z%). Let us associate a section of @} to
each couple (9, w’), where F’ is a transversely holomorphic foliation close
enough to ¢ and &’ a transversely contact structure on 4’ close enough to w.
Let {U;} be a covering of M such that each U; is the domain of an adapted
local chart (U;, x% z%) of 4 and domain of an adapted local chart (U, y%, {%)
of F’. Suppose w;=¢;;0w; and w,=e;;0; on U;N\U;, with X(e;;)=0 if X<I'(F)
and X'(e};)=0 if X'eI'(F’). As in the symplectic case we associate to g’ a
derivation & fulfilling [J, d1=0. Set 6=d—4. Then [J, d]=0 is equivalent to
We can find a family {g:} of functions on each U; such that p;—p,=
log(ei;/e:;) on U;N\U;. Remark that as the ej; are close to e¢;; then the quotients
ej;/e;; are close to 1, so we can choose a well-defined determination of the
logaritm. Then the g; can be defined by

#i=§hk log(eir/e:r),

where {h,} is a partition of unity. Set y;=(d—4&)p;=0p:. Let us prove that
the couple (4, [7:]}) is an E-derivation with respect to te bundle E with transi-
tion functions {e;;}. We have

71_717—5([,!1—[11):5(10g e,’;j——log ei,-).

But 5e§j=gone§j=go‘(aeg,-/az*), where ¢ is the first component of §. As ¢(F)=
F’ we have [d(ei;)]=0 because for a={u, @} one has

de}; ,
Pa7-1 = Pa(el)=0

(since X'(e};)=0 if X’[l'(F’)). So we have
[7:]—[r;J=—[08(og e;;)]=[(d —6Xlog e.;)]=[d(log e;;)],

because d loge;;=Ir. So ([7:]1—[7;1)e:;=[6(ei;)] showing that (5, [r:]) is an
E-derivation.

Set v;=exp gy and ¢;=(1/v;)w;. Let ¢; be the 1-form on U; given by
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e:(X)=ci(ep(X)).
Set 0,=¢;—w;. One has g;—e;;0; On Usz] So S—_—((g, {[7'1_]}), ’{[U@]}) is a
section of @L. Let us prove that s fulfils equation (9). One can see that (9)
is equivalent to and the two following equations
[(d—d)r.]=0 (12)
[0(wit0)—do]=[r: Nw:+0.:)], (13)
where the classes in are classes modulo I but the classes in are classes

modulo ]F/\IF-
is fulfilled because 7;=(d—d)p;=0p; and 6°=0 since [J, 6]=0. Since
dw;=Ilg N1y one has

[6(wi+0:)—do]=[(d—)wi+0:)—do;]=—[0(wi+0;)]=—[de].

As in section 3.1 denote by {f?%} the dual basis of {¢:}, where ¢;=¢(0/dx*).
If w] is expressed by
w; =2 w}).0"
and
ei=21(ei)adz”
one has, by definition of &;, (8:)oe={(w}i)a/v:). So

(®7)a

i

dz%.

FEDY
But, as y;=exp ¢, 0(1/vs)=0(exp(— p:))=—exp(— p:)0(pt:)=—1/v:)7:.  So
[Bwito0—dod=—[3s]=TreAed— 5 [(Dwhadz")].
To prove it suffices to prove that [0(3(w}).dz*)]=0. But
(Z(@))adz*)=2¢:(@1)a)d x* N d2*+(w}).0(d2®)
=by (8)
=Dpa((@Da)dx? Adz*— 3 (@) Clud xi Ndxt .
If we are only interested in classes modulo /A we shall have
[0(Z(@))edz®)]=[Zpal(@)a)dx* Nd2* ] - [Z(@])a Capd x* Nd x*],
where a={u, @}. But as ¢, is a section of F’ we have
0=L,,0i=2 Ly, (0))e0*)=Zpa((@)a)0*— C§p(@})ab”.

Proving that
Pa((@D)p)— 2 Cp(@])e=0
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(when p+#a then (w}), is zero). So [d(Z(w})edz®]=0.

Reciprocally, given a section s=((J, [7:]), [c:]) of @ close enough to zero
and fulfilling (9) one can associate a couple (Z’, @’) to it close enough to (&, w).
We do not give here this construction explicitily, but we remark that, as in
the symplectic case, the Newlander-Nirenberg theorem must be used to associate
a foliation g’ to 6.

4. Deformations of the structure parametrized by a non-reduced analytic
space

Given a (non-reduced) analytic space S denote by AY the pseudogroup of
local ¢= automorphisms of SXR?XC? of the form

(s, x*, 2*)—> (s, f%s, x, 2), f°(s, 2)),

where u, ve{l, ---, p}, a, b{l, ---, q} and the functions f%Ss, z) are holo-
morphic. A family of transversely holomorphic foliations parametrized by S
is nothing but a topological space 2, a continuous map = : X—S, a structure
of A%Y-manifold on 2 given by an atlas (V, ¢;), where V,C X is open and ¢
is a homeomorphism from V; onto an open subset of SXR?XC? and a collec-
tion {¢@;} of elements of A¥ verifying ms°¢p;=n (where x5 is the projection on
S), ¢u=id, @ij°@;r=¢:x and ¢;=¢i;°¢;, where in the last condition ¢;; is
regarded only as a continuous map. For any s=S the fibre M,;=="'(s) inherits
a A'"-structure, that is, we have (M,, F;) where &, is a transversely holomor-
phic foliation on M,.

Given (M, &) a transversely holomorphic foliation on a compact manifold
and an analytic space S with a distinguished point o= S, a family 35'1» S of
transversely holomorphic foliations parametrized by S is called a deformation
of (M, &) if there exists a A'"-isomorphism ¢: (M, F)—(M,, F,). Such a de-
formation is denoted by (&, =, S, o, ¢).

A complex vector bundle & of rank %2 over & can be described as the object
obtained by glueing together the open sets V;xXC* by means of transformations
of the form

Gij(sy xlitr Z%, t):(s) ¢11?j(s) x‘_LiL: Z?), %j(sx Z?): gij(S: x?; Z?)'t);
where the ¢;; are the coordinate changes of X and g;; are C* functions with
values in GL (%, C) depending holomorphically on s and fulfilling the cocycle
conditions gu=1, gix=g:;-gjx. If £&—-X is such a vector bundle, a section of

&€ can be defined as a ¢* morphism X¥—¢& which in each local chart is given by
(s, x, z2)— (s, x, 2, t(s, x, z)). We shall denote by /'s(€) the space of sections
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of €.
When k=p+2¢ and g;; is the jacobian matrix
09%; 09%, 09Y

ox% 0z% 0%z%

99,
0 oz8 0

03¢

0%z4
we obtain the bundle ‘T X called the complex tangent bundle of ¥ along the
fibres of £ = S. If k= p+q and g;; is the jacobian matrix

0¢Y; 993,

0 0

ox¥ 0z%
03%
0 %5

whe obtain the bundle Fx— X associated to the natural transversely holomorphic

foliation on 2.
We can define the space A%(X¥) of complex-valued r-forms on X as

Ls(AT(CT2)*). A natural exterior derivative d: A%(¥)—A%"(%¥) is obtained
derivating only with respect to the variables x, z, Z but not with respect to the
parameter s.

Given a transversely holomorphic foliation (M, &) and a transversely sym-
plectic structure @ on &, a deformation of (M, &, w) is a couple (X, =, S, o, ¢),
w;), where (%, «, S, 0, ¢) is a deformation of (M, F) and w;= A%(X) fulfilling
¥ wo)=w, ixyw;=L yw,=0 when X&[l s(Fs), %+0 and dw;=0. In an analogous
way we can define the notion of deformation of (M, ¢, w) when w is a trans-
versely contact structure on &.

Two deformations of (M, F, w), (¥, &, S, o, ¢), w,) and (X', =, S, o, ¢'), W})
parametrized by the same (S, o), are called equivalent if there is an open
neighbourhood S” of o in S and an isomorphism f: X|s— X’|s. of A4.-
manifolds over the identity of S” such that f*(w})=w, in the symplectic case
and f*(w}{)=ew, in the contact case, where e is a transversely holomorphic

function on X|s..

5. Relation between deformations of (M, ¥, w) and families of sections
of @} fulfilling the integrability condition

Let (M, ¥, ) be a transversely holomorphic foliation on a compact manifold
M with a transversely symplectic or contact structure . It is not difficult to
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prove the existence of a vector bundle E! on M whose space of sections ['(E?)
coincides with I'(@}), where @) has been intruced in section 1. Given an
analytic space S take the trivial family X=SXM—S and the trivial vector
bundle £=SXE*® over %. We shall denote by I's(®}) the space [ s(&) introduced
in section 4. By putting parameters in the construction given in section 3,
given a deformation (¥, =, S, o, ¢), ws) of (M, ¥, w) we can find an open neigh-
bourhood S” of o in S such that the construction of section 3 works in S7,
that is, we are able to associate an element of ' s.(®@}) fulfilling the integrability
condition to the couple (¥]s-, w;). Nevertheless, to associate (as in section 3)
a family of deformations (X, w,) over a suitable neighbourhood S” of o to each
element of ['s(®}) fulfilling the integrability condition we must use a New-
lander-Nirenberg theorem with parameters (see section 3.) But such a theorem
only works in the ¢ case. So we are lead to suppose that the initial manifold
M is C? and that the initial foliation & on M is also C“. With these assump-
tions we are able to associate to every element of “I"g(E!) fulfilling the in-
tegrability condition a family of deformations (&, w,) of (M, F, w) over a
suitable neighbourhood S” of 0. We may suppose without lost of generality
that (M, F) is C® because any transversely analytic foliation is isotopic to a
real analytic foliation ([9]).

6. Versality theorem

Let (M, 4, w) be a transversely holomorphic foliation ¢ on a compact mani-
fold M endowed with a transversely holomorphic symplectic or contact structure
w. Let (X, =, S, o, ¢), w,) be a deformation of (M, ¥, w) parametrized by an
analytic space S with a distiguished point o (we shall abbreviate such a de-
formation by (X5, ws)). Given another analytic space S’ with a distinguished
point ¢’ and a morphism f: S’—S of analytic spaces with f(o’)=o0, let X, be
the fibre product X,=S'XsX={(s’, u)eS'XX|f(s")=n(u)}. We shall have
natural projections

~

%f — X
|
o \L f lTE

S’ —> S
If {(Vi, ¢u)} is a A¥-atlas of 2 with coordinate changes {¢;;} we take the
structure of % -manifold on 2, given by the atlas {(FU(Vy), ¢:)}, where ¢;:
FYV)—S"X(R?xC9) is the map defined by ¢;=7n'X(TrPxctohief), and the
coordinate changes ¢;; given by
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¢1,l.7': (37 X, Z)_"9 (sly ¢;,L](f<s)y X, Z)) ¢1Cllj(f(5)y Z)>'

Then f restricted to n’"*(0) gives an isomorphism of A’"-manifolds between

~-1

¢ f
M, =zn""%0’) and M,=n"%(0). Denote by ¢ the composition (M, F)— M,— M,.
Then the couple (¥, o', S, ('), F*(w,)) is a deformation of (M, &, w) para-
metrized by (S’, o’), called the inverse image of ((&X, o, S, ¢), w;).

DEFINITION. A deformation (¥|s, w;) of (M, ¥, w) parametrized by (S, o)
is called versal if the two following conditions are fulfilled:

1. Given any other deformation (X’|s:, wy) of (M, F, w) parametrized by
the analytic space (S’, 0o’) there is a neighbourhood S” of o’ in S’ and a mor-
phism f: S”—S of analytic spaces, with f(0o’)=0, such that the inverse image
(X5 f*(ws)) is equivalent to (X']s-, wy) (see the end of section 4 for the
definition of equivalent).

2. The differential d, f at o’ of the above morphism f is unique (among
those morphisms fulfilling condition 1).

THEOREM. (versality) Let (M, ¥, w) a transversely holomorphic foliation on
a compact manifold endowed with a transversely holomorphic sympletic or contact
structure. Then there exists a versal deformation (X|s, ws) of (M, F, w) para-
metrized by a pair (S, 0), where o is the origin of the finite dimensional complex
vector space HYM, OLF) and S is an analytic subspace of this cohomology space
defined by an equation f(s)=0, where f is a holomorphic map from a neigh-
bourhood U of the origin o of H'(M, OL) into H*(M, OF) whose jet of order 2

at o is the quadratic form s—[s, s].

We shall not give here a detailed proof of this theorem. Simply we men-
tion that the discussions in the preceding sections allows to translate here the
standard construction of Douady (see also [4]). We shall describe, however,
how the versal family is built in order to use this construction in the com-
putations of examples of the following sections.

Fix a large enough real positive number » and denote by 7"I'(®%) the r-
Sobolev’s completion of the space I'(@%) of sections of the sheaf @% introduced
in section 1. Choose a real analytic riemannian metric on M/ (by the reasoning
at the end of section 5 we can suppose M real analytic as well as &). This
metric induces real analytic scalar products in each "['(®%). Let D} be the
adjoint of D, : "['(@%)—""['(Dk') with respect to these products. Set Y=
{se™['(®}) such that D¥D,s—(1/2)[s, s])=0}. 2 is a Banach submanifold of
*I'(@}) in a neighbourhood of the origin whose tangent space T,Y is ker D,,.
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Set H=XNker D¥*. Then H is a (finite dimensional) submanifold of X in a
neighbourhood of 0 with tangent space T.H =ker D,Nker DX=HM, O%). One
can prove that H can be defined alternatively as the set of those s€"['(®})
satisfying the elliptic equation

D:‘,‘,(D,,,s—— —%—[s, s])—i—DwDﬁs:O .

This implies that the elements s=H belong to ~'(®L). Let S be the analytic
subspace of H of those s fulfilling the integrability equation D,s—(1/2)(s, s]=0.
In a neighbourhood of the origin each s=S defines (because of the integrability
condition) a transversely holomorphic foliation &, endowed with a tranversely

holomorphic symplectic or contact structure w,. Then (&, w;)es is the versal
family of deformations.

It is well known (see for example [9]) that an alternative decription of H
and S is the following :

H-:{sel’(@‘},) such that s=Hs+%D$G[s, s]}

where Hs means the harmonic part of s and G denotes the Green’s operator.
S={seH with H[s, s]=0}

where H[s, s] means the harmonic part of [s, s].
We mention here the uniqueness (up to ismorphisms) of the versal space

(see for example [4]) and the following extremely useful corollary of the
versality theorem.

COROLLARY. (see [4]) Let (X’|s, ws) be a deformation of (M, &F, w) para-
metrized by (S’, o’). If S’ is smooth (that is, a neighbourhood of the origin of a
complex vector space) and if the Kodaira-Spencer’s map

o: TyS'—> H\(M, 6))

is an isomorphism then (X'|s:, wy) is versal.

The Kodaira-Spencer’s map is defined as follows. If

¢ij(s,, X, Z)Z(S,, égj(s’) X, Z)) ¢?j(s,7 2))

are the coordinate changes of %’ and if v=T,S’ then the vector fields
X o= S5~ + ol t) =
5= 2P 0z¢ U x

give a l-cocycle with values in O whose cohomology class is p(v).
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7. The versal family of deformations of the examples given in the

introduction

7.1. The Hopf fibration S*"+*-(C P*"+!

The versal space of the transversely holomorphic foliation ¢ on S$***® whose
leaves are the fibres of the Hopf fibration is described in and [4]. It is
smooth, that is, a neighbourhood of the origin in the vector space H(S*"**, @47)
whose dimension is (2n+2)*—1. We are now interested in the versal space and
the versal deformation of the same foliation with the additional transversely
contact structure w described in the introduction. Our first aim is the computa-
tion of H'(S*"*3 @!). Denote by @ the sheaf of germs of holomorphic vector
fields on CP?*"*! by O, the sheaf of germs of holomorphic vector fields X on
C P+ fulfilling Lyw;=Aw;. Let O be the sheaf of germs of holomorphic
functions on C P?*+' and @ the sheaf of germs of pairs (X, {u¢:}), where X is
a holomorphic vector field and the p; are holomorphic functions on each one
of the U, fulfilling p;—p;= X(ei;)/e;; on U;N\U;. Finally, let 2*(E) be the sheaf
of families of holomorphic 1-forms {o:}, each o; being defined on U,, and ful-
filling ¢;=e;;0; on U;N\U;. We have the following two exact sequences

0—>@—>6—>0-—0

0 0. 6 QYE)—> 0

where the projection 6—Q%E) is the map induced by
(X, {pa}) —> { Lxwi— puw;} .
Since H(C P*"*!, @)=H¥C P?*"+*, ©®)=0 for />0, we deduce from the first exact
sequeuce that
dim H%(C P**+!, @)=dim H%(C P**+!, @)+dim(C P?"*', 0)=2n+1)

and HY{CP*"*!, @):O. One can compute easily from the definitions the follow-
ing dimensions :

dim H(C P*"*', O,)=02n+2)*—(1+24+ - +(2n+1))

dim H*(C P*"*, QYE))=1+2+ -+ +(2n+1)

Since, moreover, HiC P?*"+!, QY(E))=0 for :>0 we deduce from the second
exact sequence the vanishing of HY(C P**+!, ©,) and H*C P*"*', @,). By virtue
of the Leray’s spectral sequence of the Hopf fibration = : S****—-C P?*"*! we

have the following exact sequence:
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O — HI(CP27L+], @w) —_ Hl(s4n+3’ @fy‘r) i HO(CPZTL+1, j{l(Sl, @Sl)
I
0

_— H2(CP27L+1, @w),

I

0
where YS!, @s:) is the sheaf over C P?"*' associating to U the group
HY(z " \U), O | .-1r). When U is small enough this group is isomorphic to
HU, 0,10n)QHS?, R).

So %¥SY @g) is isomorphic to ©,. Thus we have HY(S*"*3, @)=

H(C P***', @,). That is

dim HY(S***3, O} )=(2n+2)*—(14+24 - +(2n+1)).

Following the ideas of [4] (the construction of the versal family for the
transversely holomorphic foliation without contact structure) we want to built
now a deformation of (S***3 &, w) parametrized by H°(C P?"*!, ®,). First of
all remark that the fibres of the Hopf fibration are the intersection with S*"+3
of the (complex) integral curves of the radial vector field & of C?"*2:

Denote by p the canonical projection p: C*"**—CP*?"*'. For each 7z
H(CP?"+', ©,) take a holomorphic vector field # on C?*"** whose projection
by p« is 7 and such that [#, §]=0. For » small enough the (complex) integral
curves of £+ define a new foliation on C****—{0}. Denote by &, the folia-
tion that it induces in S$*"**. We want to endow &, with a transversely con-
tact structure w,.

The holomorphic vector fields X on C***? conmuting with the radial vector
field & are linear. That is, of the form X=3X%0/0z') with X'=>XiX’,
where Xi=C.

If a is now a 1l-form on C?"*? of the form a=3a;;z'dz’ with a;;=C, the
Lie derivative Lxya is given by

Lya=3(Xta, i+ Xta;,)2/dz
We see, thus, that Lya is also linear with coefficients (Lya);;=C given by
(an)tj‘—‘Z(X?aki“i‘X’fajk)-

This suggests the use of the matrix notation. Denote also by X the matrix
(X1) and by a the matrix (a;;). The above equality is written
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Lya='Xa+alX.

If a is a linear form on C®***? and X a linear vector field, condition a(X)=0
is written in matrix notation

taX +' Xa=0.
Let w be the linear 1-form on C?"*?
0)=(21d22——22d21)+ +(22n+1d22n+2_22n+2d22n+1).

One has w(§)=0 and L.w=2w (where & is the radial vector field). For every
neHY(CP?**, 0,)(small enough) set X=&+7. We shall have Lyow=Keo (with
K constant). In matrix form we shall write this

tXot+wX=Kow.

Find now a linear 1-form ¢ fulfilling ¢(X)=0 and Lyo=ce. In matrix nota-
tion this conditions will be written

{ tXo+oX=co
te X+t Xo=0

Set #=*‘¢X. These equations (in terms of p) become

{ pX+ Xp=cp
g+ u=0

which are fulfilled by g=—w and ¢=K. So ¢='X"'w fulfils the desired con-
ditions (remark that X has an inverse because X=§4 7 with 7 small).

At each small enough neighbourhood U of a point of C*"**—{0} take a
non-vanishing function fy fulfilling the equation X(fy)+cfy=0. Then ay=fyo
will be a 1-form on U such that ay(X)=0 and Lyay=0. So it will be a basic
l-form on U with respect to the foliation induced on C?"*? by the vector field
X=§+7%. The restrictions of the ay to the sphere S****® (for those U in-
tersecting S*"*%) will give a transversely contact structure o, for the foliation
F,. In this way we have a deformation (S*"*%, &,, w,) of the foliation (S*"**,
9, w) parametrized by a neighbourhood of the origin of H%C P?"*!, @,) =
HY(S**% @.7). The same argument of applies now to show that the
Kodaira-Spencer’s map of this deformation is an isomorphism. So by virtue of
the corollary of the theorem of versality, this deformation is versal.

7.2. Other examples of transversely contact structures
Let M the projective cotangent bundle of C P?"** (that is, the projectiviza-
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tion of the cotangent bundle). The foliation given by the bundle M —C P?"+!
admits a natural transversely contact structure (from the contact structure of
C P*"+Y), The Leray’s spectral sequence of this bundle gives easily H'(M, @)
=0, so that this structure is rigid.

The following example corresponds to a foliation with transversely contact
structure whose versal family of deformations is parametrized by a nonsmooth
analytic space. In the product manifold M=T"RXCP*® take the f{foliation
whose leaves are the submanifolds T"RX{p} with the natural transversely
contact structure induced by the contact structure @ of CP3%. One has @) =
c®86,, where C denotes the constant sheaf with stalk C over T"R and 0, is
the sheaf over C P® of germs of holomorphic vector fieldr X fulfilling Lyw;=
Aw;. As HYCP:? 6,)=0 one has

HYM, O)y=HYT"R, C)QH(CP?, 0,)

wich is a space of complex dimension 10n.

In order to compute the versal space let us endow the space of sections of
the sheaf @% (of section 3.2) with a hermitian product in the following way.
Take in M the product of the Fubini’s metric of C P® by the flat riemannian
metric of T"R. If 0, 0’=9* are expressed by the pairs of global vector forms
0=(¢, 1), 0’'=(¢’, ') we define the hermitian product <4, 6’> by

0, 0'>=<¢p, ">+, '>

where <{¢, ¢’> and {7, ’> mean the usual products of vector forms. Let E be
the line bundle on M defined by the transition functions {e;;}. (Recall that e,;
are the functions on U;NU; such that w;=e¢;;w;). Take a hermitian metric h

in the bundle E. If s=(0, {r:}, {o:}), s'=(", {ri}, {o}}) are sections of D% (see
section 3.2) we define the product

{s, §'>=X0, 0" >+ @:i))—7:iN\ws, 0" (@:)—TiNWDr+<L0s, TiDn

Remark that 8(w:;)—7:Aw; is a (global) element of S%»(E), with the nota-
tions of section 3.2. Remark also that <s, s)=0 implies =0, ¢;=0 and 7; A\ w;
=0. But as {7:}=S4»(F) this implies 7;=0. This proves that the hermitian
product is non-degenerate.

Take a basis {Xs}a=1,.. 10 of H(CP? 6,) and denote by {dx*},-:..n. the
1-forms on T"R induced by the canonical 1-forms dx* of R™ Denote by d,.
the element of @' given by the pair of global vector forms (dx*®X,, 0). Let
(4a); be the holomorphic function on U,CC P*® such that Ly w;=(4.):w:. Denote
by s.. the section of @, given by
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Sau:(aau; {(Ra)idx™}, {0})
One can prove that each s,. is harmonic. The bracket [Squ, Sso] is given by
[Sau Sbv]:([aau; 5bv:|; {(Xa(zb)i_Xb(;{a)deu/\dxv}, {O})

where [0q4, 0sy] is the derivation given by the pair of global vector forms
(dx*QRd x*)Q[ X, X5], 0). One sees that the brackets [sq4, Sp»] are also harmonic.
According to section $ the versal space will be (in this case) the analytic sub-
space of C'" defined by the equation [s, s]=0, where s is expressed in the
basis {s,,} of harmonic elements of I"(®l) by s=3k%**s,, with k% complex

numbers.
If n=1 then u=v=1 and in this case the brackets [Squ, Sspw]=0 so that

(only in this case) the versal space is smooth.

7.3. The suspension of T2"C by an element of Sp(2n, Z)

Let T°"C be the complex torus C**/(Z+:iZ)*". Given A=Sp(2n, Z) we
take the quotient manifold M of RXT?"C by the equivalence relation identify-
ing (¢, z) with (t+1, A(z)). Take the transversely holomorphic foliation & on
M whose leaves are induced by the lines RX{z}. As A preserves the sym-
plectic 2-form w=dz*Ndz?+ -+ +dz*""*Adz*" on T?*C then & is transversely
symplectic. We want to construct the versal family of deformations of (M, &, w).

We have a natural projection n: M —S' whose fibres are transverse to &.
We can then use the Leray’s spectral sequence of 7 to compute the cohomology
space H'(M, ©.7). We shall have the following exact sequence

0 —> HYSY, n(0y) — HY(M, 0) — H(S, J(T*"C, 637))
—> HXS', n(04")

As S! can be covered by two contractible open sets with contractible intersec-
tions and as =(@,") is a locally constant sheaf we obtain easily that

H(S, n(OL))=0.

Let us compute HY(S?, n(@47)). Set U,=]0, 1[CR, U,=]1/2, 3/2[CR, V,=
pU,XT*"C), V,=p(U,XT?*"C), where p: RXT?*"C—M is the canonical projec-
tion. On each V; we can take coordinates

@it Vi—> U;xT*"C
X —> (tu Z%’ ) Z%n)

with p(t;, zi, -+, z22")=x. In VNV, we shall have



502 J. GIRBAU and G. GuUAsp

t2:t1+l
z,=A(z,)

t,=1, .
} if 1,270, 1/2[ } if 1,=71/2, 1[

Z9=—2Z2
Let U, U/, be the open sets in S! given by U, and U,. In the Cech cohomology
of the covering {{/,, U,} with values in the sheaf n(@.") the 0O-cohains are the
couples (s;, s;) with
0

s;=>a?
=23 52

0
=24 0z%

where a® and 8¢ are constants. The l-cochains are sections s;, of #(O.) on
0.n0, given by

2 x°

aa when t<]0, 1/2[
024
Si(t)=

. 0
Sy 522 when t<=]1/2, 1[

with x%, y* constants. As (9(s;, S2))2=5:—S, We deduce easily that the degree
1 cohomology is the quotient of the global holomorphic vector fields on T2*C
by the image of the morphism I— Ay, where I is the identity and Ay is the
morphism induced by A on the vector fields, because the cocycle s;; given by
X,;=33X%0/0z%) when t<]0,1/2[ and by X,=31X$(0/0z¢) when t=]1/2, 1[ defines
the same cohomology class that the cocycle given by >3(X$— X¢)(9/0z%) when
t=7]0, 1/2[ and by 0 when t=]1/2, 1[ (since the difference is 9(0, X;)). So
HY(SY, =(OL)) is isomorphic to the vector space of holomorphic vector fields on
T*"C invariant by A.

Let us compute now H%S!, «¥T?*"C, ©.)). Denote by 6, the sheaf of
germs of holomorphic vector fields X on 7T%"C such that Lyw=0. First of all
compute H¥7T?*"C, ©,). The condition Lxyw is equivalent to the fact that the
l1-form ox=X%dz'+ X'dz*+ --- is closed (that is, locally exact). This gives a
natural exact sequence of sheaves

0—C—>0—>6,—0

where C is the constant sheaf with stalk C and © the sheaf of germs of holo-
morphic functions. From the associated cohomology sequence (by using the
fact that the morphism H2(C)—H*©) is the projection of the space of 2-forms
into the space of (0, 2)-forms) we deduce that

dim HYT*"C, @w)z(zn)z+(22”).
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In terms of the resolution of @, given in 1.1 (corresponding to the foliation on
T?*C whose leaves are the points) a basis of H(T*"C, ©,) can be given by
the sections of @} given by s}=(33, 0), a, b= {1, ---, 2n}, su=(0, dz®°Adz2®), a,
be{l, -+, 2n} with a<b, where 8% is the l-derivation given by the couple
of global vector forms (dz*®)(0/0z°), 0).

Let us give now a basis of HY (M, @47) (which is the direct sum of HS?,
n(OY)) and H(SY, 4Y(T*"C, OY7)). If X is a holomorphic vector field on T?**C
invariant by A, let dx be the l-derivation on M given by the couple of global
vector forms (dt®X, 0), where ¢ is the coordinate of S!. Let sx be the (closed)
section of @; given by sx=(0x, 0). If ¢ and ¢ are matrices fulfilling pA=Ap
and ‘AeA=e, denote by s, and s. the (closed) sections of @) given by the
couples s,=(Z¢§0g, 0), se=(0, Seqdz®Ndz"). Let X, ¢1, ¢m be bases of the
spaces of vector fields on T2"C invariant by A, of the matrices ¢ fulfilling pA=
A¢ and of the matrices ¢ such that ‘AeA=¢. Then the classes of the sections
Sx 4 Sep Sen, are a basis of H'(M, OF).

As the brackets of each couple of linear combinations of these sections
vanish then the following family of sections of @} parametrized by HYM, @)

H\M, 65)— (D)
E(Ckst—l_Czsgpl—i_cmsEm) —— E(CkSXk_Fclsgal—l—Cmng)

is an integrable family. As the Kodaira-Spencer’s morphism of this family is
the identity then this family is vesal by the corollary of the versality theorem.

8. Examples of transversely symplectic foliations with versal families
of deformations parametrized by non-smooth analytic spaces

Let T?*C be the complex torus C®**/(Z+iZ)*" with its symplectic form
w=dz*\Ndz*+ - +dz*""*Adz*". Let =: M—T?"C be a principal S*-bundle over
T*"C. We shall suppose that the Euler class e(M) of M belongs to H»Y(T?"C,
C). This is equivalent to the existence of a holomorphic line bundle L—T?2"C
with a hermitian metric A such that the principal U(1)-bundle of unitary vectors
of L is isomorphic to the bundle M—T?"C.

Let ¢ be the foliation on M whose leaves are the fibres of =. & is en-
dowed with the transversely symplectic structure given by w. Our purpose is
to describe the versal family of deformations of (M, &, w). Take a connection
o’ on M (p’ is a global 1-form taking imaginary values on real vectors). We
can choose p’ such that its curvature dp’ is harmonic in T?"C. Set p=
(1/27i)p’. Then Q=dp=H"*T?*"C) is the harmonic representative of e(M).
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We have Sslpzl, where §sl means the integral along the fibres.

From the Leray’s spectral sequence of M —T?2?"C we have

A
0 — HYT?"C, 0,) — H'M, 6'7)— HYT*"C, 6,) — H¥T*"C, O)

To compute H(M, ©47) from this sequence we need the dimension of the kernel
of A. To this end we prefer to describe the above exact sequence from a
differential point of view instead of obtaining it from the Leray’s spectral
sequence. Let us begin by introducing resolutions of the sheaves @ and 6,
different from the general resolution introduced in section 1.1. If 2%, .., 2*"
are the coordinates in (an open set) 7%"C induced by the canonical coordinates
of C*" then {dz®} are global 1-forms and {dz°% dZ, p} is a basis of the space
of vector 1-forms at each point of M. Let {Z,, Z a4, (0/0t)} its dual basis. Then

0 0\ 0
Za= 0z° —p(az“ )_at_
is the horizontal lift of (d/0z%). Every vector form ¢ is expresed in the basis
{Za, Za, (3/01)} by
_ 0
¢=2¢“Za+2go“2a+go‘—67

where ¢%, ¢® and ¢' are ordinary forms. We shall say that ¢ is horizontal of
type (1, 0) if p2=¢'=0. Denote by 9’? the space of degree p derivations given
by couples of global vector forms (¢, ) with ¢ and % horizontal of type (1, 0).
Remark that if 6=9’? then Dé=9'?*!. Let @, be the sheaf of germs of
elements of 9'?PS%! when p+0. Let @, be the sheaf of germs of elements
of 9’°. We shall have the following fine resolution of © :

D,

0—> 6y —> O —> O} —> -
where D, is the differential introduced in section 1.1. When we take the trivial
foliation in T2"C whose leaves are the points we obtain a resolution of @,
0——>@w——>q),’,,°——a; o —

(we denote by @.¢ the resolution of &, as the resolution of @").
We define the integration along the leaves

[ i, 02— I(TC, 07

in the following way. If a=(5, o)='(M, @.F) with 6=(¢, N=D'?, p=30*Z,,
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N=270%Z,, then §51a:<§s15’ ](Sla) where )(515 is the degree (p—1) derivation
given by tha pair of global forms

(200785 27 5%)

The morphism Sm: M, O.2)-I'(T*"C, ®,2°') is onto. Denote by KP? its
kernel. We have the following exact sequence of differential complexes
0— K? —I'(M, ®,7) — ['(T*"C, @) —>0

leading to the following cohomology sequence

’

o —> HP(K*) —s H?(M, OY7) —> H?"Y(T*"C, 0,) —> HP*}(K*) —> ...
If 6=(¢, NED B, P=2¢%0/0z%), n=X1*(0/0z%), denote by A(9) the element
of 9}F given by the pair (Xn*(¢*)Z., Tx*(9®)Z,). Denote also by A the map
A: (T*C, 9.p) — K*CI'(M, DF)
0, ) —> (A(8), n*o)

A is a morphism of complexes which induces an isomorphism in cohomology.
The morphism A=A3'"-A’

A: H(T*C, ®,) — H*M, @}")
is given by X-— class of (0, —2Aiyxw). So X will belong to ker A if (0, —QA
ixw)=D,0, 6)=(dd, 0(w)—da). As Do=0 then 0 is a pair (¢, 0) and d(w)=
—d((pX(U). So .Q/\z'sza’(goKw—a). As 2 is harmonic this is equivalent to
QNixw=0. So

ker A={X holomorphic vector fields on T?"C fulfilling 2 A7ixw=0}
From the exact sequence
0 — HYT?*"C, @,) —> H M, @) —> kerA —> 0

we deduce
2n

2

To compute the versal family of deformations of (M, &, w) let us define
hermitian products in I'(M, @/?). We define a riemannian metric g on M by

g(Za; Zb)zaab

0 0
(5 5r)=1

dim H(M, @f;)=<2n>2+( )—l—dim ker A
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g(Za’ —%—):g(za, -—a-at—)Zg(Za, Zp)=0

If ¢ and ¢ are horizontal vector forms of type (1, 0), ¢=3¢*Z,, ¢p=3¢*Z,,
we define their hermitian product <{¢, ¢> by

{o, ¢>=SM2¢“/\Wg<Za, Zy)

where * means the Hodge’s operator associated to g. We define a hermitian
product <, > in 92'? in the following way. If 0,, 0,=9'? are represented by
couples of global forms 6,=(¢,, 91), 0:=(¢2, 3:) then

{0y, 52>=<§01, Q2>+<N1, N2

Finally we define a hermitian product <, > in I'(M, ®@.?) in the following way.
If ay, a,cl'(M, @,P) are represented by couples a;=(9,, ¢,), a;=(0d,, 6,) Where
513((P1, 1), 52':(932, 772) then

{ay, arp=(8y, 80+<{a,— (=12 g1 Aw, 6,—(—1)Pp, Awd

Now denote by ¢., the vector l-form dz°®RZ,, a, be{l, ---, 2n}. Let 0a»
be the (closed) derivation given by the couple of global forms da=(¢as, 0). Let
aq, be the section of @ given by the couple aq;=(dqs, 0). Denote by .. the
element of I'(M, @.!) given by the couple B.;=(0, dz°Adz?) with ¢<d and ¢,
de{l, -+, 2n}. Take now a basis {X;} of kerACH(T*"C, ©,) (vector fields
fulfilling Q/\z'xiw=0). Denote by )?i the horizontal lift of X;. Set goi=p®)?i.
Let 0; be the (closed) derivation given by the pair d;=(¢;, 0). Let 7; be the
section of @!! given by the couple 7:=(d;, 0). It is not difficult to see that
{@ap, Bea, 7:} is a basis of the space H' of harmonic elements of I"(M, @.1).
An easy computation shows that

[aas, acqa]=0
[@as, Beal=0
[aas, 71=((dZ* Nia1a2)RX;, 0)
[Bass Beal=0
[Bas, 7:1=(0, 2 Niz,0as)
(74, 751=((p Niz, DRZ 14+ (0 Niz )QZ, 0), 0)

All these brackets are also harmonic sections of @2
As the Kuranishi’s space S is defined by

S={seH such that H[s, s1=0}
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and H is the space

ﬁz{aEF(M, Q! with aZHa—i—%Di[a, a]}

we see that (in this case) S={s=H® such that [s, s]=0}. If s is expressed by
s=28%Aap+ '™ Brm+5Ts
then the equation [s, s]=0 is equivalent to
2255’ [@ar, 7:1+25'™ [ Bim, 1:1+5's'[1s, 1;1=0

We see that S contains always the submanifold given by the equations s’=0
for {1, ---, dim ker A}, corresponding to the deformations of the complex and
the symplectic structure of 7%*C. When dim ker A=0 then S is smooth. But,

in general, S is not.
For example, suppose that n=1 and that the Euler class of M—T?"C is
Q=Adz*NdZ'+Bdz*\Ndz'— Bdz* Ndz*+ Cdz* \dZ*
with A and C complex numbers with vanishing real part and B any complex
number. In this case ker A is the space of vector fields X= X0/0z)+ X*0/dz?)
with X! and X? complex numbers fulfilling
{ AX'+BX*=0
BX'—CX?*=0
When AC+BB=0 then ker A={0}. But when AC+BB=0 then kerA is
not trivial. Suppose, for example, A+0. Then ker A is the 1-dimensional

space generated by the vector field X=(B/A)(0/0z')—(0/9z*). In this case the
dimension of H'(M, @%7) is 6 and S is given by the equations

S”S,ZO }
s”(Bs“+(BB/A)s?*+ As*+ Bs®)=0

where s'!, s'%, %, s?%, s’ and s” are the coordinates associated to the basis {a,,

Q12, Qa1, Az, B, 7} described above.
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