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AUTOMORPHISMS OF ORDER 4 OF THE SIMPLY
CONNECTED COMPACT LIE GROUP E;

By

Ichiro YOKOTA and Osamu SHUKUZAWA

Using the theory of Kac-Moody Lie algebras, for compact simple Lie algebra
g, automorphisms p of finite order of g can be classified and the type of Lie
subalgebras g of fixed points are determined [I]. Now for the simply con-
nected compact Lie group E,, we realize automorphisms p of order 4 and deter-
mine the subgroups (E.)° of fixed points. Among compact exceptional Lie
groups, only E, has outer automorphisms, so we consider the case of E;. As
results, the group E; has eight inner automorphisms named as 7y, 72, ***, s, O1,
g3, 0, and three outer automorphisms named as z7.’, 775, 705, and the subgroups
(Eq)* of fixed points are given as follows.

0 (eq)? (Ee)°

71 T'QADA, SpHXSWA)YXU®B))/ Z,
o2 T'PADADA, (SPXSWU@R)YXU4)))/ Z,
Te T'©ADADA, (Sp(MXSWUB)YXU3)))/ Z:
Ts T'DAs (U(1)xSU(6))/ Z,

74 T DA, (UXSWUL)XUB)))/ Z:
7s T*PADA, (UDXSWUR)XUAN)/ Z:
o, T'PDs (U)X Spin(10))/ Z,

g5 T*®D, (U)X (Spin(2)X Spin(8)))/(Z: X Z.,)
77 ADD;, (Sp(1)XSO(6))/ Z,

T7's T'PC, (U)X SpH3)/ Z

TO; ABB;, (SUQR)YXSpin(T))/ Z> .

1. Preliminaries

Let €=HPHe (H is the field of quaternions with the basis {1, i, j, k}) be
the Cayley algebra with the multiplication (m+ae)(n+be)=(mn—ba)+(afi+bm)e,
the conjugation m+ae= —ae, the inner product (x, y)=(Xy+¥x)/2 and the
length | x| =+/(x, x), and €€ be its complexification. Let I={X=M(3, §) X*=X}
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be the exceptional Jordan algebra with the multiplication XY =(XY4+Y X)/2
and J° be its complexification. ¥ and J¢ have the inner product (X, Y)=tr (X-Y),
the Freudenthal multiplication XXY =2X Y —tr(X)Y —tr (Y)X+(tr(X)tr(Y)
—(X, Y))E)/2 and the determinant det X=(XX X, X)/3. (33, H)={MeM(@3, H)|
M*=M} and (3, H)° are also defined). The complex conjugations of €¢, }¢
are denoted by 7. In J°, the positive definite inner product (X, Y is defined
by (X, Y). Now

Ei={aclsoc(3°)|det aX=det X, (aX, aY >=<KX, YD}
={a<sIsoc(J%)|aXXaY =rar(XXY), (aX, aY >=(X, Y}

is the simply connected compact Lie group of type E, [2]. Throughout this
paper, we use such notations and theorems in as E, E;, Fi(x:), 1=1, 2, 3 of
3, I° and Lie subgroups F,= {ac€E;lta=ar}={acsEs;|aE=E}, Spin(9)=
{acsF|aE,=E,}, Spin(10)={asEs|aE,=E,} of E; etc..

2. Inner automorphisms 7,, 7, -, 7s of order 4 of E,

The field H is embedded in M(2, C) by k: H=CPHCj—-M 2, C) (where C=
a b

—b a
to R-linear mappings 2: M3, H—-M 6, C), k: H*>M (2, 6, C). Moreover these
k are extended to C-C-linear isomorphisms k: M3, H—-M®6, C), k:(H*)‘—
M2, 6, C),

{x+yilx, yeR}) by k(a+bj)=( ), a, beC. This k is naturally extended

R(My+iMy)=k(M)+ik(M:), M,eM@, H),
kla,+ia)=k(a,)+ik(a) a;=sH®.

Finally we define the C-vector space &(6, C) by {S=M (6, C)|‘'S=—S} and the
C-C-linear isomorphism k;: J(3, H)°—&(6, C) by

k(M +iMz)=k(M)]+ik(M:)],  M:€33, H)

01
where J=diag (/, J, J), ]=( ) 0).

In (@3, H)°Q(H?®)C, we define the Freudenthal multiplication as
1
(M—|—a)><(N+b)=(M><N— —é—(a*b+b*a))—-2—(aN+bM).

Then ¢ is isomorphic to J(3, H)°D(H?®)® by the correspondence
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§1 X3 X & ms M,
s & x1|<=— |3 & my +(a., as, as)
Xz X 53 me M, 53

(where x;=m;+a.e, m;, a,=HC) as Freudenthal algebra [4]. Hereafter we
identify 3¢ and (3, H)°P(H®)C. We define an involutive C-linear mapping

7:3°-3° by
rM+a)=M—a, M+as 33, HPHH=3IC.
Then y=E, and r*=1.
PROPOSITION 2.1. (E)=(Sp()xXSU6))/Z., Z.={(1, E), (—1, —E)}.
PrOOF. Let Sp(l)={p=H|pp=1} and SU6)={A=sM®6, C)|A*A=E, det A
=1}. Now the mapping ¢: Sp(1)XSU(6)—(E.Y,
PP, AAMA-a)=k; (Ak MY A)+pk(R(@A*), M+as°
induces the required isomorphism. The details of proof are in [2] or [4].
REMARK. ¢ : Sp(1)XSU(6)—(E,)y satisfies 7y=¢(—1, E) and tf(p, A)r=
op, —JAD).
Using ¢ : Sp(1)XSU(6)—(E,) of Proposition 2.1, we define
ri=¢1, il,), l,=diag(—1,1,1,1,1, 1),
72=¢(1, ily), I,=diag (-1, -1, —1,1, 1, 1),
re=4(i, E),
ri=d(e, el'y), e=(1+i)/v2, I''=diag (i, 1,1, 1,1, 1),
7s=¢(, 1), l,=diag (—1, —1, 1,1, 1, 1).
Then 7;<=E¢ and the order of 7; is 4, for /=1, 2, ---, 5.
THEOREM 2.2. (1) (E)n=(Sp(1)xXSU)XU(b)))/Z.,
(2) (Ee2=(Sp(LYXSWUR)XUWB)))/ Z.,
(3) (Eo)s=(U(1)XSU(6))/ Z.,

(4) (E)ys=(UXSWURYXU4))/ Z.
where Z,={(1, E), (=1, —E)} in any case.

Proor. (1) Since 7,2=y, we have (E;"C(FEs). Hence, for a=(E,)t there
exist p=Sp(l), A=SU(6) such that a=¢(p, A) (Proposition 2.1). From the
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condition 7,@a=ay,, we have ¢(p, il,A)=¢(p, iAl,), that is, I,A=AI,, therefore
A=eSU)xUB)). Thus we have the required isomorphism.
(2), (3), (4) are proved to be similar to (1).

THEOREM 2.3. (E)=UMXSUMLXU®G))/Z,, Z,={(1, E), (=1, —E)}.

PROOF. Since the operation of 7, on X°=3J(3, H)°H(H?° is given by
& my T,
7 (| Mg & myl|+(ay, a,, ay))
my, M, &
—&, icemy icefhi,
= iemaé 252 im1 +(—i$alé, —issaz, -—iseaa)
iemgé 'iTT’ll 183
(where e=(14+:)/+/2), the eigen C-vector spaces (3°),, v=1, —1, i, —i with
respect to 7, are
(30={M+as 3G, HFSHF |1(M+a)=M+a)
:{(al(i—z)y (i+i)a27 (i+i)aa)1alecj; (12} aSEH})
) ={M+acs 33, HFDH*)° |7 (M+a)=—M—a}
3 (i+i)ms my(i—1)
— L §eC,
:{ (l+2)m3 0 O +(al(l+z)x 01 0) }7
a1€Cj, ms, mgeH
mo(i—1) 0 0
(3°)={M+a=3G3, HFGH"F [r(M+a)=iM+a)
0 (i—iymy mGFD
(T=om ¢ e }
= l—i)mg 2 n ’
mIEHC, mz, ms EH
mz(i+2.) iy §s
(3= {M+a=s3IE, HQH®)F |1 M+a)=—i(M+a)}
={(a1’ (i'—i)aZ) (i—i>a3))|alecc) aZ, aSEH}

where Cj={sj+tk|s, t=R}. These spaces are invariant under the group (E)+.
We shall show that (H®)° is invariant under (E;y¢. From the forms of (}°),,
it is sufficient to show that aas(H®)° for ac=(E:y+ and a=(a(i+i), 0, 0)=
Fi((a(i4+1))e) (a=Cj). Now, in fact,
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aF\((a(i+i))e)=4a((F(i—1)a)X F\(1))X Fye))

=4 aF,((i—1)ad)XaF\(1)XtarFye)

S4(33, H)’ X I3, H)°)X(H*°CTIE, H)F X(H*)°C(H?* .
Thus we see that (H®)C is invariant under (E.)4, hence (3, H)°=((H*)°)t=
{Xe3° <X, Y>=0 for all Y =(H?*)°} is also invariant under (E,)"+. Consequently,
a=(E,)+ commutes with 7, that is, (E¢/*C(FE:). Hence, for a=(E,)4 there
exist pSp(l), A=SU(6) such that a=¢(p, A) (Proposition 2.1). From the
condition y7,a=ay,, we have ¢(ep, el A)=¢(pe, Ael’;), that is, ep=pe, ['1A
=Al'y (or ep=—pe, I'yA=—AI", (which is impossible)), therefore p=U(1),
AeSWU1)xUB)). Thus we have the required isomorphism.

3. Inner automorphisms o, g, o; of order 4 of E;

Let U1)={6<=C|(r0)§=1} (where C=R®) and we define an embedding ¢ :

U(1)—~E; by
1 X3 X 04, Ox, 0%,

¢(0> 553 Sg X1 |= 0.7?3 0—252 a_le

Xs X, & Ox, 07%x, 07%&,
and put o=¢(—1)=E..

The group Spin(10) is defined by (E¢)z,={a€Es|aE,=E,} which is the
covering group of SO(0)=SO(V'®) where V*={Xe3J°|2E,xX=—7tX}=
{EE,—TéE,+Fi(x)|é=C, x€}. Note that Spin(10) leaves invariant {X=J°|
E, X X=0}={Fy(x)+F(y)|x, y=€°}.

PROPOSITION 3.1. (E¢)°=(UQ)XSpin(10))/Z., Z,={(1, 1), (—1, o), (i, ¢(—1)),
(—7, 6N}
PROOF. The mapping ¢: U(1) X Spin(10)—(E)’,
(0, B)=¢(0)B

induces the required isomorphism. The details of proof are in [2] or [4].
Using ¢: U(1)—E; or ¢: Sp(1)XSU(6)—Es of Proposition 2.1, we define
a,.=¢(@)=¢(—1, I'y), I''=diag(1, 1, i, i, i, i),
02=701:¢(i, r,.

Then ¢;=E; and ¢:*=0, 0,*=1 for /=1, 2.

THEOREM 3.2. (E)'=U)xXSpin(10))/Z,, Z,=<{(, ¢(—1))>.
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PROOF is clear from Proposition 3.1, because ¢,=¢(;) commutes with any
elements of U(1) and Spin(10).

THEOREM 3.3. (E)?:=(Sp(L)XSWU2)xUM4)/Z,, Z,={Q1, E), (=1, —E)}.

PROOF. Since ¢,°=¢, we have (E;)?2C(FE,)’. Hence, for a=(E)’: there
exist 0<U(1), B=Spin(10) such that a=¢(#)B (Proposition 3.1). In particular,
a commutes with ¢,=¢(¢). Therefore, from the condition ¢,a=ac,, that is,
7o, a=ayag,, we have ra=ay, namely a<(E;Y. Hence there exist p=Sp(l),
AeSU(6) such that a=¢(p, A) (Proposition 2.1). Moreover from the condition
c.a=ag,, we have (p, ' /A)=¢(p, AI',), that is, I'y,A=Al,, therefore A=
S(U2)xU(4)). Thus we have the required isomorphism.

REMARK. The group (E;)’2 has also the following expression

(Eo)2=U)XSp(L)X(SURYXSUMN/(Z. X Z,)

where Z,=<(1, —1, =L, Z,={(—i, 1, =I'y)>. In fact, for a=¢(p, A)=(E,)’,
P 0
peSp(l), A=(P, Q):(O Q)ES(U(Z)XU(4)), the condition that « belongs to the

group ((E¢)?2)e,CSpin(10), that is, ¢(p, (P, QNE.=E,, is pSp(l), P=SU(2),
QeSU4). From this we have easily the required isomorphism.

The field C of complex numbers is embedded in € as C={x+ye|x, y= R}
and put C*={t<€|(t, C)=0}. Let Spin(2)={a=C|aa=1} (=U(l)) and we de-
fine an embedding D : Spin(2)—E, by

Dy % & xi|=|aX, & axa|.
X2 X1 & ax, axa &

Put g,=D_,. Then o;=E and o’=0, o;*=1.
The group Spin(8) is defined by

(Es)El.F1(s)={aEEs‘aE1=E1, aFl(S)=F1(S) fOr al]. SECC}
={a<s Spin(10)|a F\(1)=F (1), aF(e)=F,(e)}
which is the covering group of SO(8)=SO(V?®) where Vi=(V'"), ={£E.—1EE,
+F@®16eC, teCH}.

LEMMA 3.3. D, (a=Spin(2)) and B=Spin(8) commute with each other.
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PROOF.

BD.F(z)=BF(aza)=BF(a’s+t) (z=s+t=C°PH(C+)°=ECF)
=F(a*s)+BFt)=Fi(a*s)+(5:E.+6:Es+ Fi(t)) (6:C, t'e(CL)°)
=Do(F($)+6:Es+6Es+Fi(t')=Da(Fi(s)+BFi(2))
=D,BF.(s+t)=D.BF\(z).

BDoFyz)=BF(dz)=4f((Fy(1)X Fy(2)) X Fi(a))=4(BF:(1)X BFy2))x tfrF\(a)
=4(F,(1) X (Fyx)+ Fs(y)) X Fi(a) (for some x, y=€°)
=Fy(@x)+Fy(y@)=D(Fx)+Fy(y)=DafFy2).

Similarly BD.Fyz)=D.BFyz). Clearly D,f=8D., on E,.
Do Es=Dou(§:Eo+&Es+Fit)=5:Eo+§: B+ Fi(t)=BE:=BDoE,

(for some &;=C, t=(C*)°). Similarly D,BE,=BD,E;. Thus we have D,
=BD..

LEMMA 3.4. Let B=(Spin(10))°s. Then we can put BFi(1)=F(s), BFi(e)=
Fi(es), s=€C, |s|=1.

PROOF. Since the group (Spin(10))’s acts on {Fi(s)|s=C}={X=3° 0, X=
—X, 2E,x X=—7X}, we can put

BF(L)=F\(s), BF(e)=F\(s’), s, s’elC, |s|=]s"|=1.

Operate 787 on the relation Fi(1)X Fi(e)=—(1, ¢)E,=0, then 0=tB7(F(1)X Fi(e))
=BF(1)XBF(e)=Fi(s)X Fi(s")=—(s, s’)E,, hence (s, s’)=0. Together with |s|
=|s’| =1, we have s’=es or s’=—es. The latter case is impossible. In fact,
choose s=C such that a*=3 and put 6=D,8, then 0F,(1)=F\(1), 0F\(e)=—F(e).
Then

0Fy(e)=00:F;(1)=00F(1)=a(Fy(x)+Fy(y)) (for some x, y=€°)

=Fy(ex)+Fy(ye),
0F(1)=20(F\(1)X Fy(1))=270t Fy(1) X tdt Fy(1)
=2F, (DX (Fy(rx)+ Fy(ty))=Fy(v %)+ Fy(r5) .
Therefore we have
Fi(e)=0F\(—e)=20(Fy(e) X Fy(1))=2r0tFy(e) X tdtFy(1)
=2Fye(tx))+ F(ry)e) X (Fy(X)+ Fy(F))
=F(—x((tx)e)—(e(t)y)+*Ee+*Es.
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Compare the coefficients of e, then we have l=—|x,|2—|x;|2—|y:|2—]|y:|?

(where x=x,4+1x;, y=9Y:+1Y, X;, ¥:=€), which is a contradiction. Thus
Lemma 3.4 is proved.

THEOREM 3.5. (E)’3=(U(1)XSpin(2)X Spin(8))/(Z.X Z,),
Z,xZ,=1, -1, a)>X<(G, e, $()D.)>
={(L L, 1), (=1, 1, 0), G, e, $(i)D.), (—i, e, §(—i)D,),
(1, =1, o), (=1, =1, 1), G, —e, §(—2)De), (—i, —e, $(@)De)}.

PROOF. We define a mapping ¢ : U(1)X Spin(2) X Spin(8)—(E;)?s by
(0, a, 0)=¢(6)D.0 .

Obviously ¢ is well-defined. Since ¢(8) (6 €U(1)), D, (a&Spin(2)) and o< Spin(8)
commute with one another (Lemma 3.3), ¢ is a homomorphism. We shall show
that ¢ is onto. (Although it suffices to show dim ((es)?#)=30, we will give a
direct proof). Since ¢s*=¢, we have (E¢)’3C(E,)’. Hence, for a=(FE)’s, there
exist §=U(l), B=Spin(10) such that a=¢(#)B (Proposition 3.1). From cg.a=ao;,,
we have S=(Spin(10))’s. Hence we can put SF(1)=F\(s), BFi(e)=F\(es), s€C,
|s]=1 (Lemma 3.4). Choose a=C such that a®’=s and put d=D,™'B, then
OF,(1)=F\(1), 0Fi(e)=F(e), that is, 0=Spin(8). Hence we have a presentation
such that
a=¢(0)D.0, 0UQ), a=Spin(2), 6= Spin(8).

Then ¢ is onto. Ker ¢=Z,XZ, is easily obtained. Thus we have the required
isomorphism.

4. Outer automorphisms zy,’, z7; of oder 4 of FE;

Using ¢ : Sp(1)XSU(6)—(Es) of Proposition 2.1, we define 7,’=¢(1, J) and
consider an automorphism z7,’ of E;: EsDa—rtr./ar, 't E;. Then (71, )=7,
(zr/ =1

THEOREM 4.1. (Eq) 7' =(Sp(1)XS0®6))/Z,, Z,={(1, E), (—1, —E)}.

PROOF. Since (z7./)*=y, we have (E)72'C(E.). Hence, for ac(E,)"?,
there exist p=Sp(l), A=SU(®) such that a=¢(p, A) (Proposition 2.1). Since
1 ary 't=a, we have td(p, —JAr=¢(p, A), that is, ¢(p, A)=¢(p, A) (Re-
mark of Proposition 2.1) then A=A, hence A=SO®6). Thus we have the
required isomorphism.
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We use 7,=¢(i, E) of Section 2 and consider an automorphism z7; of E;: E;
Sa—trsars 'tEE.. Then (7:)=7, (z7)'=1.

THEOREM 4.2. (E)7Ts=UQ)XSpB)/Z,, Z,={(1, E), (—1, —E)}.

PROOF. Since (z7:)’=7y, we have (E,)73C(F:). Hence, for ac(E)7s, there
exist p=Sp(l), A=SU(6) such that a=¢(p, A) (Proposition 2.1). Since z7says™'c
=a, we have ¢(—ipi, —JA])=¢(p, A) (Remark of Proposition 2.1), then

p=—ipi, A=—JA] or p=ipi, A=JA].

In the first case peU(l)={p=C|pp=1}, A=SpR)={AcsM®6, C)|JA=A], A*A
=FE, (det A=1)} (where CCH). The latter case is impossible. In fact, con-
sider AI where I=diag(l1, —1, 1, —1, 1, —1), then AI=Sp(3), hence det(Al)
=1. On the other hand, det (AI)=(det A)Xdet I)=1(—1)=—1, which contradicts
det (AI)=1. Thus we have the required isomorphism.

5. Outer automorphism 7o, of order 4 of £,

As in Section 3, we embed tho field C of complex numbers in € as C=
{x+ye|lx, yeR}. Let SUR)={A=sM2, C)|A*A=E, det A=1} and we define
a mapping ¢: SU(2)—E, by

HAX=(0.(ANX(p(A)*,  XeJ°

1 0 a —b
where p,(A)=[""'A'I", ['=diag (i, 1, 7), A’::(O A)' Explicitly, for A:<b )

eSU(2), ze6°,
¢(A)E1'—_-'E1 ’

3 GANE.+Eq)=(la|?—|b|*XE.+E;)—2Fy(cb),
HANE,—Es)=E;—E;,,
G(A)Fy(2)=—2i(z, ba) Ey+Es)+Fi(aza—bzb),
(A Fy(z)=Fy(az)—iFy(zb),
G(A)Fy(2)=—iFy(bZ)+ Fy(2d).

0

—e 0

a
Note that Da=¢<o ) for a=C, |a|=1, in particular, gb( ):D_ezaa.

a e

LEMMA 5.1. ¢ is well-defined, that is, for A=€SU(2) we have ¢(A)EE,.

PrROOF. Define pcE,; by pX=I"'XI", X=3°. We consider an embedding
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. SUB)CF,CE,, in which SUQB)CF, is given by h:SU@3)—F,,
h(AXX+M)=AXA*+MA*, X+MeJ@, COHPM@3, C9)=3°
(as for notations see [5]). The ¢(A) is nothing but ¢(A)=p *h(A")o<E,.

We use ¢; of Section 3 and consider an automorphism z¢; of E¢: E;Da—
tosad;s 't Es. Then (r0:)=a, (rg;)'=1.

LEMMA 5.2. For a=(E)’s, we have aE\=FE,. In particular, (E¢)"*C(E¢)g,
=Spin(10).

PROOF. Since (ro:)*=a, we have (E¢)’3C(E:)°. Hence, for ac=(E:) s,
there exists £é=C, (v€)é=1 such that a«FE,=&E, (Proposition 3.1). From &E,=
aFE ,=ato;E,=t0;aFE,=7108E,)=tfE,, we have t&=§, that is, =R, hence
&=+1. The case of £&=—1 is impossible. (Although it follows from the con-
nectedness of (E;)°%, we will give an elementary proof). Suppose §=—1. Let
a=¢@0)B, 6UQ), B=Spin(10). Then —E,=aFE,=¢(0)BE,=0*E,, hence §'=
—1. Now, for t=C+*, we can put BF({)=nE,—tpE:+F\(x), nC, x=€.
Then ¢(@)BF\(t)==xinE,FitnEs+iF(x). Since to;a=aro,;, we have np<iR,
x=C. This shows that for V={F@)|teC*}, dim V=6, dim(aV)<3, which
contradicts the regularity of a. Thus Lemma 5.2 is proved.

The group Spin(7) is defined by
(Eoe, e ryo={aEEs|aE,=E,, aE=E, aF\(s)=F(s) for all s€C}
={acsF,|aE,=FE,, aF\(s)=F(s) for all s=C}
={acsSpin(9)|aF\(1)=F\(1), aF\(e)=F(e)}
which is the covering group of SO(7)=SO(V") where V'={&E,—E;)+ F\(t)|
=R, t=C*}.
LEMMA 5.3. ¢(A)ed(SU2)) and B=Spin(T) commute with each other.

—b

a
BH(A)X=¢(A)BX, X&J°. (i)
ﬁ¢(A)(E2“E3)=,B(Ez"'Es)=$<E2"‘E3)+F1(t) (for some é=C, te(C*)°)

=@¢(ANEE,—E)+F(t)=¢(A)B(E.—E,),

a
Proor. For A=(b )ESU(Z), B Spin(7), we shall show
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BH(AXE+E)=B((|al®*—|b|?XE+E)—2iFy(ab)=¢(ANE.+E;)
=@(A)B(E.+Es) .
Thus (i) is true for X=E,, E,. For X=E,, (i) is trivial.
BH(A)F(2)=PI(A)F(s+t) (z=s+t=C°P(C+)°=E")
=B(—2i(s, ba) E:+Es)+ Fi(a®s—b%35)+F(1))
=—2i(s, baXEs+Eq)+Fi(a’s—b*8)+(E(E,—Ed)+F()

(for some &é=C, t'e(C*)°%)

=@(AXF(S)+E(E:—Eo)+ Fit")=¢(A)BF(s+1)=g(A)BFi(2).
BP(A)F(z)=P(Faz)—iFy(zb))

=4B((F(1)X F{(2)) X F(a))—4iB((F{(1)X Fy(2))X Fy(b))

=4(BF(1)X BF(2))X BF(a)—4i(BF(1)xX BFy(2) X BFy(b)

(put BFy(2)=Fy(x)+Fy(y), x, yEE€°, then BFy(2)=B2F(1)X F(2))=2F(1)X 8F2)
=2F (1) X(Fy(x)+F(y))=F %)+ Fy(3))

=4(F(1)X (Fo(x)+ F(y))) X Fi(a)—4i( Fy(1) X (Fy(Z)+ F{5))) X Fy(b)

=Fy(ax)+Fy(ya)—i(F(£b)+Fx(b3))

=Fy(@x)—iFy(Xb)—iFy(b¥)+ Fy(y@)

=@¢(A)F(x)+ (A Fs(3)=G(AXFo(x)+ Fo(y))=g(A)B Fu(2).
Similarly, B¢(A)Fy(z)=¢(A)BFy(z). Thus (i) is proved.

LEMMA 5.4. @(SU(2)) and Spin(7) are contained in (E¢)7s.

—e O\/a —b\[—e O\*
PROOF. @(SU(2))C(E4)’s is clear, noting that ) ) )
0 e/\b a 0 e

a b
=( b _), ri=—i and b, { appear simultaniously in @#(A)X. Next, B&=Spin(7)
—b a

CF, implies =7 and ¢;8=p0g; (Lemma 5.3). Hence Spin(7)C(E:)"’s.
THEOREM 5.5. (E¢)y7s=(SUQR)XSpin(7))/ Z,, Z,=1{(E, 1), (—E, a)}.
PROOF. We define a mapping ¢ : SU(2)XSpin(7)—(E)’¢ by

(A, B)=¢(A)B .

Then ¢ is well-defined (Lemma 5.4) and is a homomorphism (Lemma 5.3). We
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shall show that ¢ is onto. (Although it suffices to show dim ((e;)"?s)=24, we
will give a direct proof). Let a=(F:)y?s. Then we can put

a(i(E.+E))=in(E+Es)+Fi(s), 7+ |s|?’=1, R, seC.

In fact, since a=(E)7sC(E)e,=Spin(10) (Lemma 5.2), we can put a(i(E.+E;))
=8&E,—7téE,+F\(s+t), éC, s+teCPHC*+*=C. From rosa=arogs;, we have
§EZ'R, t=0. And 2(772+l812):<a(i(E2+E3)), a<l-(Ez+E3))>=<l.(Ez+E3), (E.+E;))
=2. Now put

1 ( 5§ 1-7

P= s if y=1, put P=E).

Then P=SU(2) and ¢(P)in(E,+E:)+Fi(s)=i(E.+E;). Hence ¢(P)a(i(E.+E,))
=i(E,+E,), that is, 0=¢(P)a & (F)g,=Spin(9), moreover ((Spin(9)) 7s=(Spin(9))’sC
(Spin(10))°s. Hence we can put

0F(1)=Fy(s0), 0F(e)=F\(esy), $e€C, |so|=1
(Lemma 3.4). Choose a=C such that a’=35, and put 8=D,0, then B(G(E,+E,))

=i(E,+Ey), BFi(1)=F\(1), BF(e)=F\(e), that is, f=D.g(P)asSpin(7). There-
fore we have a presentation such that

a o0
a=¢(P'A)B, P*AeSU(2) (where A:(O )), BeSpin(7).
a
Thus ¢ is onto. Ker¢=Z,={(E, 1), (—E, o)}. In fact, let ¢(A)B=1, A=

a —b
(b )ESU(Z), B Spin(7). Then E=¢(A)BE=¢(A)E=E,+(la|>*—|b|*XE:+ES).
a

a
From Fi(1)=¢(A)BF.(1)=¢(A)F(1)=F(a®), we have a®=1, 'hence a==+1, so
A==+E. Then B=¢(E)=1 or B=¢(—E)=0c. Thus we have the required iso-
morphism.

a O
Hence |a|?—|b|*=1. Together with |a|*4 |b|?=1, we have b=0, so A=< )
0
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