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0. Introduction

We will classify all automorphisms of prime order of the affine Lie algebra AP up to
conjugacy in the group of all automorphisms of AP, To do this, we will use non abelian
group cohomology of some finite cyclic group acting on PGL,,(C[¢, t™']).

The authors wishes to express his appreciation to Professor E. Abe, Professor K.
Kato, Mr. Terasoma for their encouragement and help with the present work.

1. Preliminary

Let G be the affine Lie algebra over C of type A ,(n=2), i.e. the Lie algebra over C
generated by ¢;, h;, f; (1=1=n) with the following defining relations;
for n>2

[Ai, 1;1=0, [e;, f;1=06;h; for all i,j.

( 2¢; if i=j,
[#i ej]1=< —e if |i—jl=1 or n-—1,
L 0 otherwise,
( =2f; if i=j,
(2, f;1=3 f if li—=jl=1 or n-—1,
L 0 otherwise,
les [en ¢ 11=Lf, [f 511=0 if li=jl=1 or n—1,
le; ¢, 1=/ f;]1=0 if |i—jl*1 and n—1,

and for n=2

[h,', h,-]=0, [e,~,f,-]=6,-jh,- for all i, j,

2¢; if 1=j,

hi; i]l= . . .

Lk ] {—Ze,- if ixj,

—=2f; if i=j,
[k, fi1= e s
2f; it iy,

lei [ei, [e: ¢ 1N=1F, Ui, Lfi, 111=0 i i35
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Let E; be the matrix unit with 1 in the 7, j position and 0 elesewhere, and let C[¢, 7]
be the ring of Laurent polynomials in ¢ with the coefficients in C.
Then we have a universal central extension over C :

(1) 0 — Cc —> g —> &(Clt 1) — 0,
where z=hy+hy+ - - - +h,, n(e;))=E; 11, n(e) =tE,, n(h)=E;—E;i1;+1, n(h,)=En—E,,
n(f;)=E;;+1, and n(f,)=t"'E;, forall i=1, - ---,n—1.
By the universality of (1) and [4]
2) Aut (g)=Autc(s4,(C[¢, t7'])
[ Aute,(Clt, £ DX PGLy(CI#, £']) when n=2
“{(<T> X Autcq, (C[¢, t )X PGL,(C[t, t']) when n=3,

where 7 is the involutive automorphism induced by the Dynkin diagram automorphism of
A,_1. More precisely, 7 is defined by t(¢;) = —e,-; and ©(f;)=—f,-; for i=1,---, n—1,
7(e,) = —e, and 1(f,) = —f,. PGL,(C[t, t']) acts on +,(C[t, t~']) by conjugation (cf. [3]).

To classify all the automorphisms of finite order of G up to conjugacy is equivalent to
classifying the elements of finite order of Autc(s4,(C[¢, t7'])) up to the conjugacy. Put
G=Autc(s4,(C[t, t71))), Gi1=<t> X Autc_5(C[t, t"')) and G,=PGL,(C[t,t"']). Then
elements of order 2 (#=2) of G=G,; G, have the expression g;9, (¢;€G;), where gi=1
and I1}2) g;7'9291=1 and if g, is conjugate to g; in G then g, g, is conjugate in G to an ele-
ment which has the expression g;g9; for some g; € G,.

2. Group cohomology

From now on we will let R=C[t, t"!]. Let 0P be an element of Autc(s4,(R)), where
'Ge<r>><Autg_,,,g(R) and PePGL,(R). 6P is of prime order % if and only if 8*=1 and
6*1-P)---(6-P)P=1I, (in PGL,(R)), where 6 - notes the action of 8 on PGL,(R). Let 6P,
and 6P, be elements of order k. 6P, is conjugate to 8P, under PGL,(R) i.e. 0P,=Q 1(6P,)Q
for some Qe PGL,(R), if and only if P,=(0-Q ') P,Q for some Qe PGL,(R). The condition
(6*1-P)---(8-P)P=I, (resp. P,=(6-Q 1) P,Q) coincides with the cocycle condition (resp.
the coboundary condition) of the group cohomology H*(Z,, PGL,(R)) under the action of 6
(=a generator of Z,) on PGL,(R).

Let o (resp. &) be the automorphism of R induced by tH>¢"1! (resp. ¢ —1), then the
set {o, &, 1, 10, T€5} is a set of representatives of the conjugacy classes of order 2 of {z)
X Autc_.,(R). Let g, be the automorphism of R induced by t+— .t ({,=fixed k-th primitive
root of unity), then the set {e;, (x)% - - -, (€)% V/?} is a set of representatives of the con-
jugacy classes of odd prime order % of <1) X Autc_,,(R).

If the following section, we will determine some cohomologies H'(Z,, PGL,(R)) in the

following situation:

1) k=2
(a) trivial action
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(b) o-action

(c) esaction

(d) r-action

(e) 7o-action

(f) res-action.
(2) k=3

(a) trivial action

(b) e action

For the rest of this section, we will determine H (Z,, GL,(R)) with the above actions. We
begin with the case when 2=2,
1) k=2
(@) trivial action.

PROPOSITION 1.
Under the trivial action on Z, on GL,(R),

H\(Z,, GL,,(R))={I,,,,,= {I” I } a+b=n}
—1p

where I, is the k Xk unit matrix.

PROOF.

In this case, the cocycle condition is P2=I,Pe GL,(R) and the coboundary condition is
P,~P, < P,=Q 'P,Qfor some Qe GL,(R). Let M be a free R module of rank #, and let ¢
be a R module endomorphism satisfying ¢?=identity. We define free R modules M; and M,
as follows M= {meM|p(m)=m}, M= {meM|¢p(m)=—m}. Then M=M, DM, (direct
sum) because (1/2) eR. q.e.d.

(b) o-action.

PROPOSITION 2.
Under the a-action of Z, on GL,(R),

I, I,
HI(ZZy GL,(R))= ]a,b,c= tI, ,J;,b,c= —tI, at+b+c=n;.
—Ic -1

In this case, the cocycle condition is (¢ P)P=1, PeGL,(R) and the coboundary condition
is Pi~P, < P,=(0-Q)P,Q ! for some Qe GL,(R). We first prove several lemmas.

LEMMA 1.
If P satisfies the cocycle condition and P(1)=1,, P(—1)=1, (P(a) s the specialization of
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Pes(R) ataeC™), then P=(0-Q)Q ! for some Qe GL,(R).

PROOF.

Let R° be the invariant subring of o. Then R is a finite projective R’-algebra. Using
Grothendieck’s ‘‘theory of descent’’, we can prove P=(c-Q)Q ' for some QeGL,(R) (cf.
Theorem 4.3[1]).

LEMMA 2.
If P satisfies the cocycle condition, then there exists Qe GL,(R) s.t.

(1) @ satisfies the cocycle condition
(2) Q s cohomologous to P

L [ L
3) Q(l)—-{ —1,,]’ Q( 1)—[ —1,,]

for some a, b, c, d.

PROOF.
Since P(1)?>=1,, there exists a € GL,(C) s.t.

L
aP)a~t=| " :
(1)ex [ 1 }
We may assume:
[ L
P(1)= .
) I

Let BeSL,(C) s.t.

BP(-1)p7'=

i -1
then there exists Ze SL,(R) s.t. Z(1)=1,, Z(—1)=p. Set Q=ZPZ !, then
1, I
= -1)= .q.ed.
Q) [ -1 ] and Q(-1) { L } q.e

We will call (g, b, c, d) the tnvariant of P. If P, is cohomologous to P,, then P,, P, have the
same tnvariant.

LEMMA 3.
If P,, P, satisfy the cocycle condition and have the same tnvariant (a, b, c, d), then P, is
cohomologous to Ps.
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PROOF.
We will only prove this when a>c. The cases a=c and a<c are similar.

I
Ic,p,b = tIp ,
-1

then the invariant of I.,, is (a, b, ¢, d). From the above lemma, We may assume

I, I
P(1)= [ _7 ] and Py(—-1)= [ - ]
b

We will prove P, is cohomologous to .

Set
I I
I'=<{ PeGL,(R)|PQ1)= , P(=1)=
—Ib _Id
and
I
1
U=l 1h
1—-¢
i 1l |
Then:
I
1) U Yo -U)= tl,

A
2) (- U)'U'eGL,(R).

Let Per, then
(e-U)PU™ (1)=I,
(e-UYPUY (-1)=I,.

Since P, satisfies the cocycle condition, a-((o- U)P,U H((o- U)P,U Y =1,.

From the above lemma, (o- U)P,U "'=(c-Q)Q ! for some Qe GL,(R).

By the following lemma, we may assume Q(1)=1I,. and Q(—1)=A4I, for some AeC*.
Then U~'Q(6- U) e GL,(R) and

Pi=(c-U) Y o-Q)Q™'U
=o-(U™'Q(e-U)U Yo - UNU'Q(c-U)) ™.

Since
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I
U-Yo-U)= A ,
-1,

P, is cohomologous to I .

LEMMA 4.
Let U, Q be as above. There exists Q€ GL,(R°) s.t. QQ.(1)=1, and QQ(—1)=AI for
some A€ C*, where R° is the a-invariant subring of R. In particular,

(0-(QQ(QQ) '=(0-Q)(c-Q)QT'Q™!
=(0-Q)Q™"
=(c-U)PU".

PROOF.

Set y=Q(1)'eGL,(C). Let AeC* s.t. det (Q(—1)p)=A" and A eSL,(R°) s.t. A(—1)
=Q(—1)-A"Ly and A(1)=1,. Set Q,=yA~!, then Q(1)Q,(1)=I, and Q(—1)Q.(—1)
=1l,.

PROOF OF PROP. 2.
From the above lemmas, {/,s., J.sc.la+b+c=n} is a set of representatives of

H\(Z,, GL,(R)). q.e.d.
(c) egaction

PROPOSITION 3.
Under the ey-action of Z, on GL,(R), H'(Z,, GL,(R))= {L,}.

PROOF.
Let R* be the invariant subring of &,. Then R%CR is a galois extension (cf. P. 44 [1]).

Using Grothendieck’s “‘theory of descent”’, we can prove HY(Z,, GL,(R))= {I,} (cf. Theo-
rem 5.1 [1I]).

(d) taction.

PROPOSITION 4.
Under the t-action of Z, on GL,(R),
1 1
HYZ,, GL,(R))=<K\=| .- , K= 1 -
1 t

Let P=(p;) € GL,(R), then 1-P=(pn+1-js+1-1) . In this case, the cocycle condition is
(p,) (Pn+1-jm+1-i), P=(p;)eGL,(R) and the coboundary condition is P,~P, <

= (@n+1-jn+1-i)P2Q for some Q=(q;)) e GL,(R). When we put P= K, P, these conditions
are equlvalent to P='P and P1~P2 < P= QPZQ for some QeGL,(R), where ‘P is the

transposed matrix of P.
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We first prove several lemmas.

LEMMA 5.

Let K=C(t) and let Xe GL,(K) s.t. 'X=X.

Let yx be the bilinear form on K" defined by wx(x, y) ="2Xy for x, ye K". Then

(1) When n is even, the dimension of a maximal anisotropic subspace is n/2 or (n/2)—1.

(2) When n is odd, the dimension of a maximal anisotropic subspace is (n—1)/2, where
an anisotropic subspace is a subspace V of K" s.t. wx(x, y)=0 for all x, ye V.

PROOF.

Let V be a maximal anisotropic subspace, and let V= {xe K"|wx(x, v)=0 forall
ve V). wx defines a non-degenerate symmetric bilinear form wx on V*/V. It is sufficient
to prove dimx V+/V=<2. Assume dimgV */V=3 and take a three dimensional subspace
W of V1/V. Since K is a C;-field, there exists an element we W s.t. wx(w, w)=0. Then
V@ wK is anisotropic, contradicting the maximality of V.

LEMMA 6.

Let Xe GL,(R) s.t. ‘X=X, and let yx satisfy one of the following conditions:

(1) n=odd,

(2) n=-even and the dimension of every maximal anisotropic subspace of K" is (n/2)—1.
Let V be a maximal anisotropic subspace of K", and let W=VNR". Put W+=V+NR".
Then:

(1) The exact sequence 0 > W —» W+ - W+/W — 0 is split.

(2) Let U be the image of a spliting of (1). Then R*=U® U+ and the dimension of a max-
tmal anisotropic subspace of UC;)K is n/2)—1 (resp. (n—1)/2) when n is even (resp. odd).

PROOF.

(1) R"/W is embedded in K*/V and is torsion free. Then W+/W is torsion free and
free since R is a principal ideal domain.

2) Wi=U®W and R"DU. Let x be a maximal ideal of R, and let k(x) be the
residual field. Then x| (W*/W)®k(x) is non-degenerate and y x| UQk(x) is also non-
R

degenerate. Then R"=U® U* (cf. P. 5 [2)).

LEMMA 7.
Let XeGL,(R) s.t. ‘X=X, and let n be even. Assume there exists a maximal anisotropic
subspace V of K " whose dimension is n/2. Then there exists a free basis {e;," - -, e,} of R" ..
01 ]
10
(wx(e; ej)) = ’
01
L 10 4
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PROOF.

Put W=VNR", Wt=V+NR" Let xe W and let H be a submodule of W s.t. W=
xR®H. Then HtDOW* and H+/W" is torsion free. Let s be a spliting of the exact
sequence 0 > W+ - H*->HY/W* =0, and let yes(H*/W?*) s.t. yJREWL=H".

We define the map f R—R by f () =wx(x, ry). For every maximal ideal p of R, there
exists an element 7e R s.t. wx(x, ry) #0 modulo p. Since the image of f is an ideal of R, f
is surjective.

Then, there exists zes(H+/H) s.t. yx(x, 2)=1, wx(x, x)=0. There exists 7reR s.t
vx(x, r2) =wx(z, 2). Let u=z—rx/2, then wx(u, u)=0, yy(u,x)=1 and H+/H=xR®DuR.
Since wx |(H ./H) is non-degenerate, R*=(H*/H)® (H*/H)* and (H*/H)* D H. By in-
duction on n, we can prove this lemma.

LEMMA 8.
Let XeGL,(R) s.t. ' X=X.
(1) If Ydet XeR, then there exists a basis {e;, es} of R? s.t.

01
(wx(e, ej))=[ 10 ]

(2) If vdet X€R, then there exists a basis {ey, e;} of R? s.t.

_ 10
(yx(e;, €)= 0ot |’

PROOF.

(1) If vVdet X eR, then there exists an element ve K2 s.t. wx(v, v)=0. Then there ex-
ists an element # e R? s.t. wx(u, v)=0. We can prove (1) by

(2) Let R=Clu, «™!] s.t. u*=t. Then ROR and vdet XeR. There exists veR? s.t.
wx(v, v)=0. Let & be the automorphism of R defined by J0(#)=—wu, then R°=R. Let
e;=v+4(v) and e;=uv—ud(v), then ¢;e R? and yxl(e,, e;) =0. q.e.d.

PROOF OF PROP. 4.
From the above lemmas, under the transposing action of Z, on GL,(R),
t
H'Z, GL.(R)=1L, | !
1

Then {K;, K} is a representative set of H*(Z,, GL,(R)) under the t-action of Z,. q.e.d.
(e) rto-action.

PROPOSITION 5.
Under the ta-action of Z, on GL,(R), H (Z,, GL,(R))= {K,}.

(f) teraction.
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PROPOSITION 6.
Under the tey,-action of Z, on GL,(R), H\(Z,, GL,(R))= {K;}.

Proofs of Prop. 5 and Prop. 6 are analogous to that of Prop. 4.
(2) k=3
(@) trivial action.

PROPOSITION 7.
Under the trivial action of Z, on GL,(R),
L,

I k-1
Hl(zk, GLn(R))= Iao; Yy @ b " Z An="n (.
. m=0

oL

k—1

PROOF.
The proof is analogous to that of Prop. 1.
(b) eaction.

PROPOSITION 8.
Under the ey-action of Z, on GL,(R), H (Z,, GL,(R))={L,}.

PROOF.
Proof is analogous to that of Prop. 3.

3. Determination of H'(Z;, PGL.(R)).

In this section, we will determine H(Z,, PGL,(R)) with the previously mentioned ac-
tions.

THEOREM 1.
HY(Z,, PGL,(R)) is:
1) k=2
(@) trivial action.
Q) {Lsla+b=n,azb} (n=o0dd).

[ [ 0! 1
10
() <ILs@=b), L (n=-even).
0¢t!
L L 10 )

(b) o—action. {Jober Jaerlazb+c, dze+f, d=0}
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(c) e&,—action. {L}.
(d) t-action.
(i) {Kl, Kz} (n=odd)
( [ -10
01
(i) <K, K, K3= . L (n=even).
-10
. L 0 1 4./
(e) to—-action.
(i) {Ki} (n=odd).
f [ 10 ] -10 1)
0¢1 0¢!
(i) <Ky, K;, Ky= N , Ks= ) b (n=even).
10 -10
L | 0 ¢l ] 0¢! 1
(f) te,—action. {K,}.

2) k=3
(@) trivial action.

(i) When k is not a divisor of n, {I,,

e @ | 2R an=m, (a, -

*, Qp—1) runs a set of

representatives of the equivalence relation gemerated by (ao, - - -, ar_1)~(ag, - -, Gr-1)
< ay=ay, ", QGp-2=0j1, ar-1=ay.} .
e . . . L
(ii) When k is a divisor of n, {1,,, - - -, ar-1, { L} |(@o, * - -, ar—1): same condition as
t-i
@), L= k X k-matrix and j=1, -- -, (k—1)/2.}.
1

(b) &,-action.

PROOF.

{L}.

(1) (a) and (b) are trivial. -
(c) Since the sequence

1->R* - GL,R) » PGL,(R) —» 1
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is exact, the sequence
HY(Z,, GL,(R)) » H'(Z,, PGL,(R)) = H*(Z;, R™)

is eact (cf. P. 125 [5]). Therefore H'(Z,, PGL,(R))= {I,} follows from H?(Z,, R*)={1}.
(d) In this case, the cocycle condition is

(0i)= £ (Dus1-jn+1-1), P=(pi;;) e GL,(R).

When we put P=K P, then this condition is equivalent to tp=+P. If 'P= —13, then wris a
skew-symmetric bilinear form. Since R is a principal ideal domain, w5 has a basis {e;," - -,
e,} s.t

01
-10
(vsle;, €)= e (cf. p.7[2)).

01
~10 |

(e) This follows from the exact sequence:
HY(Z,, GL,(R)) - H'(Z;, PGL,(R)) —» H*(Z,, R)
and

1 n=odd

|H2<ZZ,R*>|={ .
4 n=even

(f) This follows from the above exact sequence and H%(Z,, R*)= {1}.
(2) (a), (b) Proofs are analogous to those of (1) (a), (c).

4. Automorphisms of finite order of A,

In this section, we will describe automorphisms of prime order of AY | using the
generator ¢;, f; (1=i=n). Proofs follow from the results of the preceeding section. Put

Ea.‘+a.‘+1+'~+01j=[' te [eh ei+1]! ei+2]' ) ‘]’ ej]’
Fai+ai+1+--~+aj=[' ' .[fi’f:f—l]if:i—z] o ']’fi] (i<]),

E,=E, .. +o,_, and F,=F, . 4o _,.

THEOREM 2.
When n=3, a complete set of representatives of automorphisms of prime order k up to con-
Jjugacy in Aut(G) is the following.
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k=2

(a) Fora=| 5;—1], cee,n—1,
e; e, fi — f; ixa,n,
e > —e, Ja b =1,
en F—> —ey, Ja > —fa

(@) When n is even,
er V> [[en, E, ], f1),
fi = ([ S Fo,), @],
€2 V> [[ S Fools Eaytaptas),
f2 [[en an], Fa1+az+a3]’

(b) Fora=["],---,n—1,a2b=1 and a+bsn-1,
e — e, fir—f; ixa,a+b,n,
e P2 [[[ fos Fayr - +ad Fart - +ann)s el
Jo = —[llen, Ears- - +au)s Eapur-- +ani s Jol
eass F= —[[[em Eurt - +aurd Eosrvsrs.sansh €ats)
Jars P2 [[[ S Farr - +aemn)s Fogrpsrt - +ana s Saw)s

1
(™ — E [[fm Fuo]r Fao])
fo v 5 [lew Exh B

(b) Fora=["3] ---,n—1,
e — ¢, fir— f; ixa,n,
s V= [[[fos Fart - +ag)s Faprt - +an s €al,
Jo = —[llen Eayt - +a)s Eagurt - +aga)s Jals
ey — F, fo ' F,.

0?

(") Fora=["}], ---,n—1,
€ — €;, f; H.fl i#a’ n,
ea — _ea; f;l — _.fa!

x> 3 (Lo Fu Fu

fu > oy llew Eu Enh

(b’ll)
e; ¢, fir— fi i,

n > =2 [ Ful Fu
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fy > =5 llew B o)

(c)
e — e, fit— f; i%xn,
e F> —e,, o = = fa

(@
e;— —f;, fir— —e; ixn,

e+ > llen Ew), Ea

1
fn — E [[fm Fao]: Fao]'
(d)
e — —f, fit— —e; ixn—1,n,
€y —[[em qu,]»fn—l];
fn—l — _[[fm Fao]’ en—l])

ey _anv fn — _Fao'
(d") When n is even.
e e, i A,

€2 — Fa1+a2+a3) f2 — Ea1+0tz+a3)
e,, — —[[e”, Ea1+' . '+u,._1]’ Eo{z+~ . '+au—1]’
fn — —[[fm Fa1+--~+a,,_1]’ Fa2+-~~+a,,_1]'

(e)

e — —f, fir— —e,.
(") When n is even,

e e, LA,

é > Fa1+a2+a3’ fo Ea1+a2+a3a
en = —[[fa, /1), fa-1],
Ja > —lle,, 1], €4-1].
(") When n is even,
e1 > [[ex, E, ], e1],
f = [ Fo) A1),
e2 B [[fas Fo b [ 1, f2), f31)
Jo 7= [[en, Ey), [[e1, €3], €3]],

en = 5 Lo Bl /u) fil frca)

fn — %[[[[em Fao]’ en]r 81], en-l]-

281
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)
é; — _,fi) ,fi — —€; l#n)

1
e, _—2_ [[em an]v szo]y

1
fn — —E [[fm Fuo]’ Fao]-
(2) k=3 Putl=(,

(@ Foray, -+, ap-1 s.t. Zhlsa,=n, (ay, - -, ay-1) runs a set of representatives of the
equivalence relation generated by (ao, - -, ar-1)~(ag, -, Gr_1) ®ay=ay, -, Qp—2=ap_1,
ay-1=ay,

e; > ¢, fir—f; ixa,,n,
€, > e, Jou F2 e
ey > (e, Ju P L7 fo,

where my=max {m|a,,>0}.
(@) When k is a divisor of n, for j=1, - - -, % ,
e, > ad([e,, an)]jFa,+~--+a,.-l,
fi r— ad( f,, Fao])an1+~-+a,,_p
e e, 2 A, e3 > ey, f3 = /o,
(b) Forj=1,---,5%,
e; ¢, fib— fi i%n,

en F— ey, fo 7=
THEOREM 3.

When n=2, a complete set of representatives of automorphisms of prime order k up to con-
Jugacy in Aut(G) is the following.

1) k=2
(a)

er— —e, fit— —f, ey > —ey, fo > —fa.
@)

e e, i/, e ey, S — fi
(b)

1 1:

e e, hH i f e — —E[[fz, fil, fi), fab— —E[[ez, e, e1].

(b))
1 1

eg— —e, fit— —f, e E[[fz, N1l A1), f2 3[[32, e, e4].

(b")

e > f, i e, e — fi, f2 ey



(@

e e, Hh—f, e > —e,
(2) k=3 Putl=(,

(a) Fora=1, ---,%,
er (%, AP 07%, e b (e,

(b) Forb=1,--- 21,
et—e, ik fy e, F— e,
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