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1. Introduction

The averaging method of Bogoljubov-Mitropol’skij has been recognized as one
of the most efficient mathematical methods in the nonlinear mechanics, cf. e.g.
[1}-[2]. The generalization of the averaging method for asymptotic integration of
systems of differential equations with impulses is substantiated by the following
reasons:

—due to their complex structure, the qualitative investigation of these systems
is subject to great difficulties while the averaged system is without impulse action ;

—the solution of the averaged system approximates the solution of the origi-
nal system with any prescribed accuracy on an asymptotically large time-interval.

This paper presents a justification of the method of partially multiplicative
averaging for a class of functional-differential equations which, beside the impulse
action, is of variable structure. For related papers, see [3]-[4] and their references,
where the averaging method has been justified for certain other classes of func-
tional-differential equations with impulses.

2. Statement of the Problem

We are given the following :
a) a set of hypersurfaces

g;i. tztz(.f), i=1329'."

which for xe DcCR" lie in the half space #>0 of the (#-+1)-dimensional space (¢, x)
and satisfy the condition

ti(x)<ti+l<x) ] i=17 27 e ;

b) a set of function @, z), i=1,2, --- defined for all points (¢, ) belonging
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to the hypersurfaces g;, respectively ;

c) a set of ordered pairs of matrix functions A{(, x,v,2), APE, x,v,2), i=
0,1,2, --- defined in the domain {{>0, z, yeD, ze D,CR"};

d) a set of vector-functions Ii(x), i=1,2, --- defined in the domain D;

Let a mapping point P, with current coordinates (Z, z(#)) move in the domain
{t>0, xeD). We assume that motion of the point P is governed by a law char-
acterized by :

e) a system of differential equations of neutral type

&) =cA(t, z(t), (4@, z(?))), T4, x@ONX(E, @), t>0, t#t(z),
.'L‘(t)ng(t,E), te[—6,0], (1)
:i"(t):sb(ty 5) » te[—ay O] ’

where ¢>0 is a small parameter, A, x, ¥, 2)=(ai;({¢, x,¥, 2))n.m, 0 is & positive con-
stant, 4(¢, z) is a transformed argument satisfying the condition

t—6< A, x)<t (2)

in the domain {¢>—4, zeD}, ¢(t,¢) is an initial value function defined and differ-
entiable with respect to ¢ in the domain {¢€[—4,0],e€(0, £], £=const>0}.

The motion itself can be described as follows: Departing from the point
(t=10=0, zo=0(0,¢)) the point P. moves along the trajectory (¢, xz(¢)) governed by
the solution z(#) of system (1), where A(t, z,y, 2)=AP¢, z, v, 2)=AP¢, =, ¥, 2) untill
the moment z,>0 at which the trajectory (¢, z(¢)) meets the hypersurface g, at the
point (r;, zr =x(r,)). Then the point P instantly moves from the position (zry, z7)
to the position (ri, f =z +el(x7)) and further on follows the trajectory (¢, z()),
described by the solution x(¢) of system (1) where

Agl)(ts Z, yv Z) if Ql(fh xx—)ZO ’

Alt, z, 9, Z)={ )
AP, x, v, 2) if @.(zy, 27)<0,

untill it meets the hypersurface o., etc.
We suppose that the function x(f) satisfies the agreement condition at the

moment to=0
z(0+0)=20=¢(0, ¢) . (3)

At the next points 7;, x(¢) has first kind discontinuity and is continuous on the
left satisfying the agreement condition

z(t;+0)=x}, (4)
where

xi=x;+el(x;), i=12,---. (5)
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Note that the point (z;, ;) does not necessarily belong to the hypersurface o;,
i=1,2,---.

The relations a)-d) and e) in which the matrix-function A of equation (1) has
the form

AP, x, y, 2)=APE, x, 9, 2) for to<t<7,,
A(t; Z, y? z)= Aél)(ty x, Y, Z) fOr Ti<tSTi+l if @7}(71’, .171;_)20 ’ (6)
AP, x,y, 2) for 7i<i<ti  if Oz, 27)<0,

will be called a system of functional-differential equations with variable structure
and with impulses and will be denoted shortly by system (1). The curve described
by the point P; during its motion will be called an integral curve or a trajectory
of this system in the space (¢, x).

Suppose that the following limits exist

1 t+7T
lim ————S A, x, x,0)d0=Ax),
T'—oc T t
1 (7)
Iim — X ILi(x)=I(x).
Tooo 1 t<ti<t+r
Then we juxtapose to (1) the following averaged system of ordinary differ-

ential equations

() =e[Ao(Z@) X, (1)) + Lo(2())] (8)
with initial condition
Z0)=ux,. (9)
We note that if z=(xy, ---, x,) and A=(@i;)wm, then by definition

n 1/2 n m 172
lwll= Zx] A= % zaz,-] -
i=1 =1 j=1

We denote by 1, % the set of natural numbers {1,2, -+ -, n}.

3. Main Result

The following theorem for closeness of the solutions of the systems (1) and
(8), (9) holds true:

THEOREM 1. Suppose the following conditions hold:

1. The functions ti(z) are twice continuous differentiable in the domain DCR",
they are positive and satisfy the condition ti(x)<ti(x), i=1,2,---. The function
Di(t, x) is defined on the hypersurface o; for xe€D, i=1,2,---. The function
AP, x,y, 2) is continuous in the domain {t(x)<t<ti (), x,y€D,zeD,CR"}; to(x)
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=0; £=1,2; 1=0,1,2,---. The function A, x) is continuous and satisfies the
condition t—o<A(t, x)<t, d=const>0 in the domain {t>0,xeD}. The functions
o(t,e) and ¢(t, c) are continuous in the domain {te[—4d,0],¢€(0, £], &=const>0} and
o(t, e)eD, ¢(t,e)eD,. The functions I(x), i=1,2, --- are continuous in D.

2. There exist positive constants M, K, C and a function y(s), such that

”%(—x)‘ {+“Aék’<t» @, v, DI +1XE, 2)||+ | ()| <M,

|AP(E, =, v, 2) - APC, &', ¥/, Z’)IISK(H:U—x’II+l|y—y’II+IIZ—Z’H) ,
I1X(#, 2) — X, 2|+ 11(x)— Iu(z")[| < K|z —

Jor all t>0, x,x’,y,y' €D, 2,2’€D,, k=1,2, i=1,2, --- and ||¢p@¢, e)||<r(e) for <€(0, &,

T( ) =const>0 and sup re)
«€(0,£] €&

where hm

=const>0.

3. The limits (7) exist uniformly in t>0 and xeD and

hmL > 1=d, d=const>0.

T—oo 1 t<ti<t+T

4. The functions aly,; ¢, z, vy, 2)—aR(x), j=1,n, I=1,m, k=1,2,i=1,2, - - -, where
alut, z, v, 2) and a¥)(x) ave elements of the matrices AP (t, x,y,2) and Alx), re-
spectively, do not change their sign in the entire domain {t>0, x,yeD, zeD,}, that
is either aly;(t, x, vy, 2)—af)(x)=0 or a¥);(t, z, v, 2)—af)(x)<0 in this domain.

5. For every ¢€(0, &] the system of functional-differential equations (1) with
variable structure and with impulses has continuous solution x(t) for t>0 and t+t;
which satisfies the agreement condition (3) and (4).

6. For every c€(0, &] the averaged system (8) with initial condition (9) has a
solution T(t) which belongs to the domain D for t>0 together with its neighbourhood
of radius p=const>0 and satisfies the inequalities

"“g’”(t» 1(z(#)<p<0, B=const,
tet, ty), ti=infti(x), ¢'=suptix), i=1,2,.--,
xeD xeD
r ai;;x) =0, i.e. 0; is a hyperplane.

Then for each >0 and L>0 there exists ¢€(0, £] (co=co(y, L)) such that for
e<eo the inequality

[|z@)—z®OlI<y
holds for 0<t<Le.

LeEMMA 1. Suppose that the conditions of Theorem 1 hold. Let T be a suffi-
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ciently large number. Then for every natural number p>1 the following inequality
is fulfilled

lo(sT) ~8(pT)l|<e 5, [1+eBM+d)KT Ha(T)T+eM), 10)

where M= (M+d)(3M+d)KMT2+max M; and M;=M(T,d,, ---d;) are éonstants
depending on T and on the constants d;, =14, a(T) and d; being defined later.

Proor oF LEMMA 1. The condition 3 of implies that there exists
a function a(#), which is monotonely decreasing to zero for ¢ tending to infinity,
such that for all #£>0 and xeD the following inequalities hold :

SHT[A(B, 2, , 0)— Ao(z))d0 H <a(T)TJ2,
¢ (11

5, o)~ I Tl <alT)T)2.

In the proof of Lemma 1 we use the method of full mathematical induction.
We prove the inequality (11) for p=1.
Consider the system (1) in the interval [0, T]. Let d; points

Lh(xza)=t", -+, ta(T0)=I
lie in the interval (0, T') such that £ <#?, for i=1, (d,—1).
We denote as x{”(¢, 0, o) the solution of the system

xo+eS D0, 5900, 0, 20), 2O(4(B), 0, x5), EOALD), 0, zo)d8, >0,

x§"(¢, 0, 20)= 0
QD(t,e), '—'6$tSO’
(12)

20,0, zo)=¢(t, ), —0<t<O0,

where A0 =4(t, (¢, 0, o).

The solution of (12) coincides with the solution x(f) of the system (1) till the
moment z;, at which the trajectory of this system meets the hypersurface 4, i.e.
@)=z, 0, x,) for te[—a, ]

Consider the function

t
FP(t, 0, zo)= xo+eS AP, 30, 20, 0)X(0, 2)d6 .
0

Let us estimate the norm of the difference
RP(2, 0, x0, 8)=x(¢, 0, 20) — T2, 0, 20) .

For 0<¢<T we have
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IR$(2, 0, zo, €)||£€S: AP0, 20, 0, o), £(AP(0), 0, z),
FO(AO0), 0, 2) X0, 590, 0, 20))— Aoll, 30, 20, 0)X(0, 2o)l|d0
SES: {IlA°(0, 2§70, 0, o), x"(4P(0), 0, o), (47(9), 0, x0))
— A0, xo, 20, 0)|. 1 X0, 0, 0, 2)|| +1|AW, zo, zo, 0)]].
1X(6, 590, 0, o)) — X0, xo)n}dogsKMS: 21220, 0, 20)—
+{|2?(457(0), 0, x0) — oll +[|2(47(0), 0, 20)||}d0
gzszKMS: dOS: AP, 29, 0, 20), (A9(0), 0, z0),
22(42(), 0, z )| NI XU, 27, 0, z0))l|d!

. 49
+€KMlS lle(4s%(8), &) — (0, s)l|d0+68 d0S AP, 287, 0, z0),
; 0

Jot Jot

o?(4:7(0), 0, xo), V(AP (D), 0, z))I| . I X, 28°(Z, 0, xo))lldl}

+eKM{S (0 0), e)l|d0+eg IAPAL(0), 2OUIL0), 0, 20),

Jo,¢

x"(4P(437(0), 0, z0), 2P(47(4(0)), 0, o))l -

Jo

t /]
1X(A9(0), 29(40(0), 0, xo))ndo)gzazz{MaS d(/S dl
0 (1]

+er(s)«/;z—KMS |.:13°’(0)|d0+52KM3S A(0)do

— +
Yot Jo,¢

+57(5)KMS d0+ezKM'°‘S d9<EKMPT®

o, Jou
— 2 ¢ t
+er(e)6V n +1)KMS d0+e2KM“‘S 0d()+52KM38 do
0 0 0
<3EKMPT?[2+¢ep(e)(0v n +1)KMT 4+ KM T= (2, T) ,

where

Ja:UJe=(0, 1],
Jo =10 :0€(0, tINA"(0)e[ -0, 0},
joftz (0, t]\]oft .
The obtained estimate shows that the function Z{(, 0, z,) approximates the
solution x{(, 0, x,) of system (12) in the interval (0, 7'] with accuracy of order &%

The moment =, at which the trajectory (¢, x(f)) meets the hypersurface o, is
a solution of the equation

t=t(z"(¢, 0, z,)) . (13)
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Since
Lz, 0, 2o)=1(Z(2, 0, 20) + RO(2, 0, 20, )

t
_, (x-i—s AP, 20, 20, 0)X(6, xo>do+0<e2>)

=1.(20) el at‘(“”") S

1

A(()l)(av Loy Loy O)X(ﬁy .'L‘o)da

=t](.0)+ atl(xo) S

0

atl(mo)

te ox

S AP0, 20, 50, X0, 20 +O()
t 0

+0

(()1)(0’ o, Lo, O)X(g, xo)dﬁ

=t§0)+ atl(xo) S

0

82‘1 (.’L'o)

+ (t t(O))A(l)(t xOy xO, O)X(t .1,‘0)-1-0(62)

t=t§°’+y(t——t§°)) . 0<p<l,

then from it follows that 7,=¢® 40 +0(c?), where

10

A(()l)(ﬂ, Xoy Loy O)X(ﬂ, .Zo)dﬁ .

0

@(0) atl (x0> S
' ox

A(”(ﬂ Xoy Loy O)X(H .’Eo)dﬁ +O(82)

(14)

We note that in the values of the constant x are different in general for

the different components of the vector AL, xo, o, 0)X(E, 20).

From the inequality #”>0 it follows that r,>7, under the condition that ¢ is

sufficiently small.

Hence

(1) =z, 0, zo)=ZO(t, 0, 20) + RO(t, 0, 20, €)

for ro<t<ti=£0+e00 +0(c).

Furthermore,

=20 (51, 0, 20) +eLi(20(c1, 0, 20))
__xoo)(z-l’ 0 x0)+8po)+R(o)(fl, 0 Loy 5)

=x0+eS " ADO, 20, 0, 0)X(0, £0)d0+eI® + R (z, 0, 7o, €) ,

where I=1,(x{(z, 0, zo)).

In the general case (s=1,d,) we denote as xz{°(f, 75, xy) the solution of the

system
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x:+eg A%, 200, 70, 23, TOULD), 74, 21),

T
P, s, )= y

EL(AP(0), s, ) X0, 200, 5, x3))dO, t>7s, (15)
-'17(30)1(t Ts—1, T5-), —0<I<1s,
j"fTO)(t’ Tsy X ) ‘r(O) (t Ts—1, xs l) —6St£ Tsy

where k&, is equal to 1 or 2 depending on whether the number ®@(zs, x2\(zs, Ts_1,
ri_,)) is nonnegative or less than zero, respectively, and 4®&)=4(¢, O, w5, xT)),
and

23 =x21(Ts, Tsr, L3-y) Fels 1 (X (25, To-1, Ti-1))

=zote Y S ©AMW, 20, 20, 0)X(0, )0 +e 3 IO
i=1

=1 Jr
+ Z R (74, Tim1, iy, &), k=1,
IP=1(2®, (T3, Ts-1, x:—l)) , XiEXZo.

The solution of (15) coincides with the solution of the system (1) in the in-
terval [—4, 74).
Consider the function

t
B, 00, 2) = 2F +¢ S A%, 20, 0, 0)X(0, 20)db .

One can show, as we did for the case s=0, that the difference
RP, 75, x5, )=, 75, 7)) — TV, 75, F)
satisfies the following inequality for te(zs, T°]
[|RO(E, 7sy i, )| < 32KM(MT +5)2/2+er(e)(v/ 1 +1)KMT
+3eKMT Z 022, T+ KM T=0w®(, T) .

Hence the function #{(¢, rs, x7) approximates the solution of (15) in the inter-
val (zs5, T'] with accuracy of order &2

We show that, after the moment r; the trajectory (¢, x(¢)) does not meet the
hypersurface ¢, any more.

Indeed, since the root of the equation

t=t(x(¢, T4, 27))

at"(x") ——=TI®P+0(¢?, then from the condition 6 of [Theorem 1] and from the

is [y=r:+¢
continuity of the vector-function I,(x) it follows that for sufficiently small ¢ it
holds that f,<z;. Thus, the trajectory (¢, x(¢)) does not meet the hypersurface o;

after the moment z;.
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The moment z,,, at which the trajectory (¢, x(¢#)) meets the hypersurface as,,
satisfies

T =IO +06E),  s=1,(d,—-1),

where

0

%2, 3 -
(99131:%{”0_)[8 A, @0, 20, X0, 2+ 2 [§0>J .

From #,>¢ it follows that for sufficiently small ¢ the inequality 5. >7s
holds.

Combining the cases s=0 and s=1,d, and using (6) we can write z(¢) in the
form

z)=x@, ts, 23)

s S AF0(0, 20, 20, 0)X(0, 20)d0

=0 g1

8 8
+e 'ZO 11(;0) + ZO Ry(:o—)1(fiy Ti—1, x;_-l’ e)
= 1=

t .
+sS AFS(0, 20, 20, 0) X, 20)dO+ RO(L, 76, 7, €)

8
t s
:x0+sg A, 0, 20, OX(0, 70+ 5 I
0 i=
+ 3 RO(rs, timsy &y, &)+ RO, w0y 8, €)
i=0
for

(P 4600 + 10 =1, <t <751 =1, +eO0R, + 0  s=0,(d,—1), .

as well as for

IR +e00+0(E)=1,,<t<T, s=d,

where
A%V, 2,9, 2)=0,  IP=RY(to, 71, 4, 6)=0, k=1,
o9 = ﬁ(%i[gj) A, 20, 50, X0, 2)d0+ ., 1g°>] ,  s=L -,
O=0P=r,=0, 7rs=1, s=1,4d.
Hence

T
S(T)=2@(T, ay, m§1)=xo+sS A0, o, 20, 0)X(6, o)l
0

a; dj
+e iZ I+ tZl R®\(zi, i1, @21, ) +R(T, 7ayy 23, €) -
=0 =0
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Let #(¢) be the solution of the averaged system (8) with initial condition (9).
Then for ¢£>0 the equality

Z(t)=uxo +eSL [Ao(Z())X (0, 2(0))+ Lo(2(0))1d0
holds which gives us
FHT) =20+ eST [AS(EO) X0, 50)) + Lo(5(8))]d0

Further on we shall estimate the norm of the difference x(7)—%(T). To this
end, taking into account (9) we write x(7T) in the form

x(T)=.ro+sIo(xo)T+er(xo)STX(0, zo)dt

+6§T LA, 30, 20, 0) — Ao(20)]X(0, )0

+5[ Z 1(0)_10(:1;0)71]'{' Z R«))l(flv Ti—1» xz 1y 3)
(o)(T Tdp» -Z'ap e). (17)

Define the operator B, (p=1,2, ---)

T
Bpx=x+e[0(x)T+er(x)§ X0, x)do , xeD.

S(P-DT

From [17), according to (11), the conditions of [Theorem 1, the generalized
mean value theorem in the integral calculus and the Cauchy inequality in the

discrete case we get

uxm—axong{

ST[A(a, o, 0, 0) — Ao( o)) X(0, xo)df)“

d‘+l

zz«» Io(xo)T“—f- w®(e, T)

<ea(T)T[2+¢ “dg i(x0) — Io(xo)T‘]

dy+1

+ Z w(O) (52’ T)

d
+e i;(]“” Ii(xo))

l
gea(T)T-I-sKAZ (|22 (74, Tim1, i) — 2ol

dy+1

+ z w(o) (E

—|—sS " A(0, w0, w0, 0)X(0, 10)d0+e l}: o
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dy+1

+ ;1 (4, T)

i
+§0 R \(r, tim1, ¢y, 6) — 20

d1 -1
<ea(T)TH+SLKM*Td +¢*K 3 3 |||
i1 i=0

dy+1

dy g
+5K gl ZZ=:0 HREOll(Tl; Ti—1, x;—ly E)H_l_ §0 wio—)l 52? T)
<ea(T)T+LKMd2MT+d,—1)/2

di+1

LSRN
+6Kf:1; lZ_: o2 T+ Z_: w®(e?, T)<ea(T)T+2M, , (18)
where 09(?, T)=0 and M,=M(T, d,) is a constant.
For >0, 7€[0,7T) and xeD, we have

NAu@I<M,  |[L(o)I<Md, ||&(t)—zl|l<eM(M+d)T,
[|Ao(Z(7)) — Ao(zo)l| < 2e(M+d )KMT,
1 16(Z2(z)) — In(mo)|| <ed(M+d )KMT .

Using these estimates we find
1)~ Bzl <e (14420~ Aol 11X, 20))
+ | Ao(xo)|] . || X8, Z(0)) —X(O, 2o)||+ 1 1o(x(8)) — Lo(x0)||}dO

<e(M+d)3M+d)KMT?. (19)
The following inequality follows from and
|l2(T)—2(T)| < |2(T) — Bizol | +1|8(T) — Bizol | <ea(T)T+e*M (20)

where M =(M+d)BM+d)KMT?+ M,.

Thus, we got an estimate for ||x(T)—Z(T)||. Henceforth we showed the
closeness of x(7T) and z(T). Moreover, since Z(T") belongs to the domain D with
its neighbourhood of radius p, then from and it follows that Bz, and
x(T) belong to D too.

Therefore, the inequality is established for p=1.

We introduce the notation

T V= tagragreerd i dotdit e +dj-+i=d(j—1:1),
2 VT =510 do=0, i=1,d;,
W=(i-DT,  <fB=iT,
29 =a((j-DT),  afir=e(T),  i=12 -

We note that according to the introduced notation

(F—1) = ~(F—2 G-+ == n(j—2)+ ;. .
¢ )=fé{i_;+l, zy =xdfj_1+1, j=2,3---.

Assume that for p= j, j>2 the inequality [10) and results of the type (16) and
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(18)}-(20) are fulfilled.
We shall prove the correctness of for p=j+1.
Let dj,, points

tacgy(E(JT)), « - -, tacgiay, p(E(JT))

lie in the interval (57, (j+1)T) and the following inequilities

taiiy(E(JT ) <tacjiey(&@(FT))

hold for i=1, (d;,—1).
Then from the continuity of the functions ti(x), i=1,2, --- and from the sup-

position that holds for p=j it follows that if ¢ is sufficiently small, then the
points

Jag(@(GTN=HP, « - -, tacgiay, (2 (GT)=tF),, 21

lie in the interval (57, (j+1)T), moreover ¢’ <¢# for i=1, (d;:;—1).

The solution x(#) of system (1) which is assumed to be build in the intervals
((p—1)T, pT), p=1,7 is estended in the next interval (T, (j+1)T']. Denote x(jT)
by X jT.

Let 2{(¢t,jT, x;r) be a solution of thesystem

¢
zmke| ALY, 200,IT, w5,
JjT

2, jT, zjr)=( 2?(4P0), i T, z7), £5(456), i T, ;1)) - (22)
X0, 290, jT, x;r))do , t>;T,
BGO(L, <G0, af), —3<t<jT,

TP, T, ij)z—-xd/j 1, z‘&’;”, x‘fj_”*) , —0<t<jT,

where kg0, is equal to 1 or 2, AP =4(t, zP¢, i T, x,1)).

The solution of (22) coincides with the solution of the system (1) till the mo-
ment z{” at which the trajectory (¢, z(¢)) meets the hypersurface o415, i.€. z(t)=
x(t, jT, z4r) for te[—ad, ).

Consider the function

2P, iT, xjr)=x4r +ES AZEE (O, x4r, 257, 0) X (O, 2i7)d6 .

For jT<t<(j+1)T we have
IRP, 5T, 1z, | = 1o, 5T, @r)— 89, T, 22|
SeS AL, 56, J T, x7), #P(4P6), 5 T, z7),

EP(4°0), 5T, z52) X0, 250, jT, 257)) — AZ5E™ 6, @7, 247, 0).



where
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t
X(@, x/T)Hdﬁéeg {1 A0, 220, J T, ), 2P (A9(0), i T, 1),
iT

&P 4P0), T, x4r)) — AgeE 0, 251, 27, O |1 X0, 250, i T, ;)|
+1|AGEEY O, x 7, 251, O)||. 1| X0, 2570, 5T, 27)) — X (6, 27)|}d0

<eKMS @l 0, 1T, z7) — 7|+ || 2P AP0), § T, 2 j7) — 2 7]
L 8

+|2P(40), i T, = jT)H}dﬂéZE“'KM“S dﬁS dl
iT iT

a4
+ekM|E | el p @), 570, 280w
=g

Tt
~ 2§90

J T

+ijT"—x(j-1)THd6+EMZS

Tin
aj

+eKM[ZS AP O), 5, w0 |do

i=0
JiT.e

+S~ P4 0), 7T, ij)IIdﬂl < KMT
J+

JT.t

KM z: S MU (0)— (G —1)T') +i1d6

T

d i

KM z’; 2 o, T)S 40+ KMT(|2 10— Biz vl
=0 t= JjT,t

By mir—agurll+ KM\ (@90~

Jire

e (%]

i=0

d0+S da) < KMT?

i +
JiT.e Tir.e

13 d
+82KMZSJT [M(6—(j—1)T)+d,;)do+eKMT lz’ wd0(, T)

¢

+52KMT[a(T)T+eMj+M(M+d)T]+52KM”S O@—jT)do
iT

+EKMPT<3:KM?T?2+* KM T(2MT + d;)

EKMT*MA-d)+ 2 KMP*T+ 2 KMT [T )T +¢M;)

[/
+eKMT 3, off9, )=, T),

d ~
(U7tea) 0T =011,
Tire =10: 06T, AN PO (e, 857),  i=0,3,
Tina=GT,N(U i)

13
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(rf" =74, l=m, 7((101)+1=T, w90, T)=0).

Hence, the function #{(¢,jT, x;r) approximates the solution of (22) in the in-
terval (57, (j+1)T] with accuracy of order &2
For the root ¢# of the equation
t=tag (¢, jT, xjr))
we find
o =t +e0P +0(e?) ,

where

tacsny(zir) (W
@f”"—d(]—’a}%—j—”s A0, xyr, 247, 0) X0, 27)d0 .

From ¢ >;T and from (23) it follows that if ¢ is sufficiently small, then <
>iT.
Thus, for jT>t<t?P

xO) =z, jT, x;r)=2P@, jT, zjr)+ RPE, jT, 21, ¢) .
Further on we find

2Pt =2 (c?, T, 2j0)+elacj (P (P, j T, 1))

=3P, jT, zjr) +elP + RO, T, 21, €)
oD
- ij+eSj ALLED 0, 247, 217, 0)X(0, 32)d0

+eIP + RO, i T, i1, €)

where IV =1ug,,(xi (7, T, x;1)).
In the general case (s=1,d;.:) we denote as zP(¢, i, z{"*) the solution of the
system

¢
(&, )
xng_i_sS ) Adg(j)s) @, ng)(ﬁ P, §j)+) ’

x§f’(t, ng), x'(’j)‘*): m;ﬁ(d;ﬁ(g) ‘L'(j) (j)+) z j)(A(j)(a) T(j) §j)+)) . (24)
X, 2P0, <, P Nd0,  t>c,
B, T2, #0F),  —6<t<c),

2t P, P )= IR, 0, 2P),  —a<t<cd

where 49#)=4(t, P, ¢, z§"+)) and

D+ — ( o+
P =28y, iy, 22) Felagn (@2, 2, 2PF))
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&)

=x;r+e _‘ S :-) A(k?(ii 11)1))(01 XjTs X 5Ty O)X<0’ ij)dO

i=1

@»

$ s
+e Z: I§J)+Z Rz('J—)l(Tij), Tz(,j)u -171(.])1, €,
I9= Lo (@A, o, 221))

The solution of (24) coincides with the solution of the system (1) in the in-
interval [—¢, ¢, ].
Consider the function

t
j’.gj)(t, T§j), x.gj)+): xgj)++ES kg(g)”)(ﬁ Z i1y X jT5 O)X(o m]T>d0
€

eg!

One can show that the following inequality holds in the interval j7'<z{’<t<
(G+1HT

IRPE, 260, 26, | =l|2, 247, 27 =3P, o, o)
<3KM(MT+5)*2+EKMT2MT +dy)
+82KM2T2(M+d)+€2KMT[a(T)T+€Mj]

+E2KM?*T+eKMT Z oIV, T)
+3:KMT Z o, TH=wi(, T)

etc.
Combined the cases s=0 and s=1,d;,, and using (6) we write x(¢!) in the
form

€]
s ("%
K (isimty)
)=z, P, )=z ;0 +¢ ZOS o AgEE5Y0, xir, x4, 0)
1= T

X0, 2)d0+s 3, I+ 3, RGP, o8, o2, )

t
+ES A5 0, xir, 27, 0)X(0, 240)d0+ RIE, <, 2%, €)
57

t $
o\ AW, om0, 0X0, 2yr)d0+s 3 I
ir i=
+ 2 RO, 78, of, )+ RO o, o, ).
i=0
The presentation (25) holds for

tP 40P + 1,0 =1 <t <7l +e0R, +0(e?) ,
s=01 (dj‘H _1) ’

as well as for
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tP 0P +0(EH) =13, <t<(j+DT, s=d;,

where

(ka(g:8—1)) = = - =
Ad(j;tj—-l)l) (t’ x,Y, Z):O s Il()])=R(—jl)(‘(()])7 T(—jl)v x(—'fl)-'-’ 6)=O ’
oD

@‘(’])____at_d(j'ail(_ﬂ}_[g ' A(09 ij, ijy O)s X(av ij)d0+ sil II(ZJ)] ’
X iT i=0

tﬁ,f)=jT, 930):7'0:0, 7’321’ s=1], dj“,
We derive z((j+1)T) and £((j+1)T)
z(j+ D)= (G+DT, ), 2]

G+OT djpy
=ij+eS AW, 22, 337, ) X0, 37)d0+¢ 5 I
T i=0

djyr1t+l
j (H+
+ X RL(?, o, xill )
=0

j+1)T

= 20+ elo(z7)T+eAu(@ jT)S X(0, % 2)d0

G
iT
GJ+OT
+eS LA, 7, 17, 0) — Ao ;)1 X0, 2;7)d0
T
dj+1 dj41+1 ) .
+5|:21§j)—[o(xﬂ)]+ SURD (D, o 3PS |
i=0 : i=1

(j+1

Z(J+DT )= +eS * [Ao(2(0)) X0, 2(0))+ 1,(x2(0))]d0

jT
j+1

=z(jT) +eS " [Ao(Z(0))X(0, 2(0))+ 1.(2(0))1d0 .

(&)
T

In order to estimate the norm of the difference z((j+1T)—x(j+1)T) we
use the inequality

12+ DT) =2+ DT 2+ DT) = Byl
+Bjesxjr = Biaa& (G + 1By 2(5T) —2((1+ DT )| . (26)

By repeating the argument in we get the following for the first summand
in the right-hand side of

12(G+1)T) = Byorzjrl| <ealT) T+ KMd, oo (2MT+dy 1 —1)/2
d 1 i d +1
+eK S % o, T+ ’il od(2, T)<ea(T)T+eM;.., @7)
i=11=0 i

2=

where 0Y(e?, T)=0 and M;.,=M;. (T, d,, ---,d;+:) is a constant.
For the second summand in the right-hand side of we have

||Bjs12 o — Bj1&(JT)||= ||z jr +elo(x 1) T
J+OT

+er(ij)S X0, 2;2)d0—2GT)—elo@GT )T

iT
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+eaGT " X0, G TV S 20— 2T

e TV ) — I @ T +ell Aoziz) — Ao @ G T

1%, 2mlar+ Ak GTII T 1X00, 210 - X0, 2GT )0
<[1+eBM+d)KT].||\zjr—z(jT)I|

<[14BM+d)KT] }jo [1+eBM+d)KT ¥ .[ea T) T+ M]

¢
iT

where M=(M+d)3M+d)KMT?*+max M.

i=1,7
Since the following inequality holds for te(j7, (j+1)T]
11
ll2@)—z(FT)l| S:-:S - [ Aoz @] [|.X(8, Z@)I]
J
+111o(x(0))1d0 <e(M+d)MT
then for the third summand in the right-hand side of one gets
1Bjz(JT)—2((j+ VD=2 T ) +elo(x(JT )T

+er<f<jT>>S

G+OT
X0, z(jT)do—z(jT)
ir

jT

—-sS”“’T LA(2(0)) X6, 2(8))+ Lo(2(6))1d8)|
ssnAo@(jT))nS;:”TnX(e, 2T — X6, 56)))|d6

+€S;;H)THAo<f<J‘T>>—Ao<f<e>>n 11X, (0))l1do
G+nOHT o7 -

iT

<E(M+d)BM+d)KMT?. (29)

G
JT
The relations [26)}-(29) imply

He((7+DT—2((F+1)T)]| séo [14+eBM+d)KTJ.[ea(T)T+e* M7, (30)

where M =(M+d)3M+d)KMT*+ max M,.

i=1,(G+D)

The last inequality shows that holds for p=j+1 and =((j+1)T) belongs
to the domain D. This proves Cemma 1.

ProoF oF THEOREM 1. According to condition 3 of there exists
a constant C(T)<oco such that for all i=1,2, --- the inequality d;<C(T") holds.
Hence there exists a constant My(7T)<oo such that

M=(M+d)(3M+d)KMT2+i2‘12a_).{.MisMo(T). (31)
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Let g be the integer part of the number L/cT. Then for every p=1,q, ac-
cording to and Lemma 1, we have
||x(pT)—2(pT)
<¢'T [1+e@M+d)KT . [a(T)T+eMy(T)]

<[(T)THeM(T)J1+eBM+d)KT P/BM+d)KT
<[eB®M+DEL L O>e)a(T)T+eMo(T))/Bm+d)KT .

Choose T large enough such that
eGH+ DKLy (T Y BM+d)K< /4
and then choose ¢ so small that
O@©)a(T)|BM+d)K+e[e®¥ DKL L O(e)IMo(T )/BM+d)KT <n/4 .
Then for every pel, ¢q the following inequality holds
lw(pT)—2(pT)II<n/2. (32)

Further on we estimate ||z(¢)—Z(p—1)T)|| and ||z@#)—2x(p—1)T)|| in the in-
terval (p—1)T<t<pT.
We have

z@®)—z((p-DT)
<e|’ HIAOILIX6, SO+ Lo
<e(M+d)MT .
According to (25) we get

llz(®)—2((p—DT)I
=iz, 7770, 20 —2((p—DT)I|

t
Seg A, @ psy1, T o137 OII. 11X, @ cpmno)l|0

(p—-1T
e 2 P2l + ZJIREDEED, 2210, 22, o)
+ II}?§”")(t, P70, 2P0, )| | <eM(MT + )
+:§+§ WPIP(ET)<eMIMT+C(T)14+M(T)=V(, T) . (GZ))]
One can see that the choice of T provides
Ule, T)<y/2 (35)
for sufficiently small ¢. From [(32}-(35) it follows that the choice of T yields

lz@®)—2@Bl <7
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for ¢ sufficiently small and for ¢ from the interval [(p—1)T,pT ], where p=1,2,

o e 0 , q.
Hence, fixing T as above, if ¢ is sufficiently small (0<e<e<¢&) the inequality

@ —2@lI<7y

will hold in the entile interval 0<¢t<Le!.
Thus, is proved.
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