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A DIFFERENTIAL GEOMETRIC CHARACTERIZATION
OF HOMOGENEOUS SELF-DUAL CONES

(Dedicated to Professor K. Murata on his sixtieth birthday)

By

Hirohiko SHiIMA

In this note we give a differential geometric characterization of self-dual cones
among affine homogeneous convex domains not containing any full straight line.
Let 2 be an affine homogeneous convex domain in an #z-dimensional real vector
space V™. Then 2 admits an invariant volume element

@ v=¢dx'A -+ Ndz"

and the canonical bilinear form defined by

0% lo )
@) 1= 3 ot du'de
is positive definite and so gives an invariant Riemannian metric on £, where
{x!,---, "} is an affine coordinate system on V" [5]. In an affine coordinate system
{z', .-+, 2"} the components of the Riemannian connection I" and the Riemannian
curvature tensor R for ¢ are expressed as follows

0® log ¢
[ ip T2
(3) ] ik 2 %: g » axjaxkale ’
4) Riju=23 (Uil P ju— Il ),
¥4

- _d*log ¢ Do i , ; 1 ip 9 log ¢
where Gij = 3o~ and %} 9"2gp;=0%; (Kronecker’s delta). Since 5 %} 9 S Tomton?

defines a tensor field on £, we denote this tensor field by the same letter 7.

An open convex set 2 in V" is called a cone with vertex o if o+A(x—0)ef
for all ze2 and 2>0. An open convex cone 2 with vertex o is said to be a self-
dual cone if V" admits an inner product ¢ , > such that

(i) <xz—o,y—0>>0 for all z,yeQ;

(i) if xeV™ is a vector such that {z—o,y—0)>=0 for all ye2 then zel?,
where £ is the closure of 2 in V™
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THEOREM 1. A homogeneous convex cone £ not containing any full straight
line is a self-dual cone if and only if R is parallel with respect to I".®

THEOREM 2. A homogeneous convex domain 2 not containing any full straight
line is a self-dual cone if and only if I" is parallel with respect to I'.

The necessary conditions of these theorems have been proved by O. S. Rothaus
21

If I" is parallel with respect to /’, then by (4) R is parallel with respect to
I". The converse is not true. For example, in the case of the interior of a

paraboloid ; x2+1——;~(x‘)2>0, R is parallel but /" is not parallel with respect to /.

We denote by Py and Lx the covariant differentiation for I" and the Lie
differentiation in the direction of a vector field X respectively. We set

(5) AX=Lx—Vx.

Then Ay is a derivation of the algebra of tensor fields and for a vector field Y
we have

If X and Y are Killing vector fields, then we know

@ R(X, Y)=[Ax, Av]—Aix,¥;-

For vector fields X =Z Ei—a%—i— and Y=Z 7t Py we define a vector field XoY by
- i, Eak

(8) XEI Y i§k1 jkf 7 axi ,

and we put

) SxY=XuY.

The condition that /" is parallel with respect to I” is equivalent to
(10) Pe(XoY)=WFzX) oY+ Xo(FzY).

We shall now recall the construction of clans from affine homogeneous convex
domains [5]. It is known that a homogeneous convex domain 2 not containing
any full straight line admits a simply transitive triangular affine Lie group 7.
Let t denote the Lie algebra of 7. We fix a point eef2 and choose an affine co-
ordinate system {z!,---, 2"} such that z'(e)=:--=x"(e)=0. Identifying Xet with the
vector field induced by the one parameter group of transformations exp(—¢X), X

(*) T. Tsuji obtained the same result independently [7].
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0 , .
—-, where a’; and &' are constants. Let V
oxr

denote the tangent space of 2 at e. Since T acts simply transitively on £, for

has an expression X=), (J] a’;x’+a?)
T 7

each aeV there exists a unique element X,et such that the values of X, at e is
equal to a. For a,beV we define a multiplication e¢2b in V by

1) asb=3 (T e =)

oxt

where a@?; and b/ are constants given by

0
x

Xo= Z (X atjxi+ab) e and X,=D, (3] bt;x7 + bt)
i 7 7 7

oz’
Then we have
(12) [Xa, Xb] =XbAa—a,Ab .

Denoting by L, the left multiplication by aeV;

13) Lib=ansb,
we have
(14) [Lau Lb] =Laab—bAa .

Let ¢, > denote the inner product on V induced by ¢ and we put
(15) s(@)=Tr L,.
Then we know

{a, by)=s(axrb).

The algebra V together with the linear form s is said to be the clan of 2 with
respect to eef2 and the simply transitive triangular group 7 and is denoted by
V(D).

ProrosiTION 1. For a,beV we denote by S,, As, and R(a,b) the values of
Sxq Ax, and R(Xa, Xb) at e respectively. Then we have

@ sa=-;—<La+tLa>, Sab=Sha,

(i) As=-— —;7 (La—"La),

(iii) R<a) b) = [Sav Sbj’
where ‘Lo is the transpose of Lo with respect to { , >.

Proor. We may assume ¢(e)=1. Since v=¢ dz'A--- Adz"™ is invariant under
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the one parameter group of transformations Exp¢X, generated by X,, we have
o((Exp tX,)e)=exp(—t¢ Tr L,) and so

(16) log ¢((Exp t X.)e) = —ts(a).

Expanding the left side in a power series of ¢ and evaluating the terms of the
first, the second and the third orders, we have

an) 2282 (ai=—s(a)
(18) IZJ: le%i? (e)ata’ ={a, a) =s(asa),
d® log ¢ )
19) > ———=— (e)atala*=—2{a,asra)=—2s(as(ara)),

G Oxtoxiox*

where a=3}] ai( aii> . Taking a+b and a+b+c instead of « in the formulae [(I8)

and respectively we obtain

(18") T oy (@ab!=(a, by=s(asb)
a9 35 -2 B o)tk

15 0xioxIdxt
=—((a,bAc>+<a,CAb>+<b,CAa>+<b,aAc>+<c,dAb>+<c,baa>).
By and (18’) we have
(20) laab,c)+<b,anc)=<baa,c)+<a,bac).
Using this we get

19") P A

T oxtoxiox®

(e)aibick=—C{anab,cd>—<{b,arc)
=—<{(La+ La)b, c>.
On the other hand it follows from (3) (8) (9) that

> d®log ¢

.~ 1 ihink — «L' .
T oxtox’ox* (e)a’ble 21-,,-,Zk,t(g”1 ji)e)atbic

= —2{Sab, c).

Thus we have
Sab = ‘%‘ (La, + tLa)b

and (i) is proved.
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0 0

For X,=2 (2] ¢'jx’+a")— and X,=Y, (3] bt;x’+b*) —— we have
i ox® T o0x?
VXaXb=Z {Z bip(z a’x®+a”)

1 4 q
+ 22 e 2 @ pa? +a") (F by +b%) PR
7,8 p q X

Since zi(e)=0, by (8), and (i) the value (Fx,X;). of Vx, X, at e is reduced to

) 0
(PxoXo)e= 35 (5 Vo™ + 3 Irua') )
i ) 7,8 e

=baqg—boa
1
=?(Lb_sz>a-

Therefore by (6) we get
Aab=(Ax, Xo)o=— (P, Xa)o= — % (La—"La)b,

and (ii) is proved.
By (7) we have
R(Xa, Xo)=[Ax,, Ax,]— Arxy. x1-
Using [12), [(14), (i) and (ii) we obtain
R(a, b)=[Aq, As]— Avpa-ans

1 1 1
={— 5 (La='La), — (Lo— tL,,)] + 5 (Losa-ass—Luga-aes)

==L, Ly~ 'Ly}~ 5 (Lo, Lil—Le, L)
=—- [Sa, Sb]r
and so (iii) is proved. Q.E.D.

ProposITION 2. (i) If I' is parallel with respect to I', then we have
[Aq, Sb:I:SAab .
(i) If R is parallel with respect to I', then we have
[Aa, [So, SeT1=[Sagp, Sel+[Ss, Sagel-

0

oxt

Proor. Since X,=73 &t is an infinitesimal affine transformation with re-
1

spect to I', we have
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o R .

0= oxiox* +§<5 ox? e g g = s 8.7:”)
28t .

= iagk TLxal s,

where Ly, ['*; is the Lie derivative of the tensor field /"' by X,. Since &i=
zj] at;xi+at, we get

(21) Ly, Iu=0.
From this we have
(22) Ly (X0 X)=(Lx,Xs)0 X+ Xp0(Lx,Xe).
Therefore by (5), and the condition Fx,I'=0 is equivalent to
Ax (X0 X.)=(Ax, X)0 X+ X, 0(Ax, Xo).
This implies (i). By (4) and it follows
Lx,R=0.

Thus by (5) the condition Fyx,R=0 is equivalent to Ax,R=0. Since Ay, is a
derivation of the algebra of tensor fields, we have

(Ax,R) (Xo, Xo)) Xa= Ay (R(Xs, Xe) Xa) — R(Ax , X, Xe) Xa
— R(Xp, Ax, Xe) Xa— R(Xp, Xe)Ax,Xa
=([Axy R(Xb, Xo)1— R(Ax,Xs, Xe)— R(Xs, Ax, X)) Xa
and so by (iii)
(AaR) (b, ©))d=([Ae, R(b, ©)]— R(Aab, ¢)— R, Aac))d
=([Aa, —[Se, Sell+[Sag0, Sel+[Ss, Sa,el)d
This proves (ii). Q.E.D.

LemMA 1. If I’ is parallel with respect to I', then 2 is a cone.

Proor. It is known that if the clan V(2) of £ has a unit element then £ is

a cone [5]. Therefore by (i) it suffices to show that if [As, Sp]=S4
holds for all a,beV(R), then V(£2) has a unit element. Let # be the principal
idempotent of the clan V(Q), i.e., # is an element in V() determined by <%, a)=
s(a) for all aeV(2). Then we get the principal decomposition

V(.Q)’_—' Vo+N,

where Vo={eaeV(Q); usa=a} and N={aeV(LQ); uAa=—flz—a}. The principal de-
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composition V(2)=V,+ N is orthogonal with respect to the inner product < , >
and the following relations hold [5]

Voa VoV, VoaNCN,
NaV,={0}, NaNcV,.
Let p be an element in N. By our assumption and we have
0=<({Aps Spl—Sapp)p, p> ={ApSpp—2S, A0, >

(23)

= —3(Spp, Appy = ALyt Lo)p, (Ly—'Ly)p
4

3
=7 (LoD, Lpp)—<'Lpp, ' LyD))-

Therefore by the orthogonality of the principal decomposition and by (23) we get

pap,pap)=<"Lpp, Lpp>=<p, Ly'Lpp)=0.
This means pap=0, {p,p>=s(pap)=0 and so p=0. Thus we have V(2)=V, and
# is a unit element of the clan V(Q). Q.E.D.
We shall now recall the notion of T-algebras [5] [6]
A matrix algebra with involution is an algebra over the real number field R
which is bigraded by the subspaces %;; (i,7=1, ---,m) and provided with an involu-
tive anti-automorphism * in such a way that

Wi i W 3 C Wik,
W W ={0} if j=I,
A=Wy .
The general element of ;; will be denoted by aij, bsj, etc..

A matrix algebra with involution is said to be a T-algebra if the following
axioms are satisfied :

(T.1) For any ¢ the algebra U is 6ne-dimensional and admits an isomorphism
p:Uis—R with the following properties.
(T.2) aubij=plaw)bi;;

(T.3) msp(aiby)=nio(bja:;), where n;=1+
(T.4) plaizaly)>0 if ai;+0;

(T.9) aij(bjrcrs)=(@i;b05)Cns ;

(T.6) aijbjrcr)=(asbjr)cr if i<j<k and j</;
(T.7)  a:j(bub) =(@ib)b}h if i<j<k.

L5 dimat.;
2 81

Let X denote the space of hermitian matrices in the T-algebra %; ¥={ae¥;
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a*=a}. For each a=73] a;;eX we put
7

Zaii+zaij-
1

<J

a= Zaii“"zlaij,
3 i.:]

We define a multiplication L;,p=ae2b in ¥ by the formula
asb=ab+ba,

Then X is a clan with unit element and we denote this clan by X¥(N). Let 2%
be the set of matrices which are expressible in the form #*, where ¢ is an upper
triangular matrix with positive elements on the diagonal. Then 2() is a homo-
geneous convex cone in ¥(A). For every homogeneous convex cone £ there exists
a T-algebra A such that £ is isomorphic to 2(A) and a clan V(2) of 2 is iso-
morphic to X(%).

Now we return to the proof of our theorems. By the above fact we may
assume V(2)=X(N). Then it is known that for a, beX()

Tr Lo,=Spur a,
{a, b)=Spur ab,

where Spur a=; nip(as). It is easy to see

tL,b=gb+ba.

Therefore we get

24) sab=§<ab+ba>,

(25) Adb=—3 (@~ @b—ba—a).

Let 7n;; denote the dimension of ;. We define inductively an equivalence
relation R in the set {1, ---, m} of indices:
(1) i=i (mod R) for all i,
(2) if we have already determined whether the 7,7 such that |i—j|<7 are com-
parable modulo R or not, then for |i—j|=» we define i=j (mod R) if and only if
(i) ni;70, (ii) nm=nu for all k=i, j, and (iii) for all & lying between 7 and 5 (except
i and j) either my=#ni;=0 or i=k (mod R) and k=j (mod R).

We put

c

ij=

{0} if i#j (mod R).
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QICZ Z mf] .
t,J
Then %° is a T-algebra and the homogeneous convex cone 2(U°) corresponding to
A° is self-dual.
LeMMA 2. If the clan X(N) corresponding to a T-algebra N satisfies the condi-
tion
[Aa, [St, Sel1=[Sa,0, Se]+[Sb, Sa,els

then we have N=Y°.

Proor. By the condition we have
[[Aa, Sp]—Sags, Se]l=[[Aa, Se]—Sa e, Sp]-

Let a;;€N;j, bjxeNje and e;€Nys, where i<j, k+#i,7 and p(e))=1. We put e=a;;+a¥;,
b=b;++0b}% and c=e; and calculate the following formula

([Aa, Ss1—Saz0, Selb=[[Aa, Sel—Saye, Sv1b
Using and [25), the left side is equal to

1
vy {@i1(bxb%e) — (@i )b+ (bixbF)af;— bn(bhat)}

and the right side is reduced to 0. Considering U;;-component, by (T.2) we get
(@iibix)bF=aij(bjb%) = p(bixbF)aij -
Multiplying both sides on the right by «f; we obtain
(@10 1)b%0at;=pbubf)aiad; .
Therefore, by (T.2) we have
(26) o((@isb5x) (@i5b71)*) = p((@isb)bT)ady) = p(bxbTe) plaisaty)-

Assume #;;#+0. For a;;#0eW;;, by the linear mapping given by U;x3b;
—a;ibj€Wir is injective and so #z;=#n;. In the same way we have #n=njs.
Therefore we have n;z=n;; for all k+i,j. This implies that i=;j (mod R) if #;;+0.
Thus we have A=A°. Q.E.D.

Since the homogeneous convex cone Q(U°) determined by A° is self-dual, in
view of [Proposition 2, [Lemma Il and 2 the sufficient conditions of our theorems
are proved.
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