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ON THE ADJUNCTION SPACES OF FREE
L-SPACES AND M,-SPACES

By

Takemi MizokAMI

A class of free L-spaces is defined by Nagami [7] This class contains all
Lasnev spaces and is contained in the class of M,-spaces in the sense of Ceder [3]
In this paper, we consider the sum theorem of free L-spaces and the property of
being M;-spaces and free L-spaces of the adjunction spaces. The main results are
as follows:

1. Let Z=XUY be stratifiable, where X, Y are free L-spaces and X is a closed
set of Z with a uniformly approaching anti-cover in Z. Then Z is a free L-space.
2. The adjunction space XU Y is a free L-space if X is an L-space in the sense
of Nagami [6] and Y is a free L-space.

3. Let Z=XUY be stratifiable, where X, Y are M,;-spaces and X is a closed set
with a uniformly approaching anti-cover in Z. Then Z is an M;-space.

4. The adjunction space Z=XU,Y is an M,-space if X is a free L-space and Y
is an M,-space.

5. Every closed set of a free L-space has a closure-preserving open neighborhood
base.

6. The closed irreducible image of an M;-space with dim=0 is also an M,-space.

All spaces are assumed to be Hausdorff and mappings to be continuous and
onto unless the contrary is stated explicitly. N always denotes the positive integers.
As for undefined term, see Nagami [6] and [7], or [4].

A space X is called a monotonically normal space if the following (MN) is
satisfied :

(MN) To each pair (H, K) of separated subsets of X, one can assign an open
set U(H, K) in such a way that

(i) HcUH, K)cUH, K)cX—K and

(ii) if (H’, K’) is a pair of separated sets having HcH’ and K’'CK, then
UH, K)cUH’, K").

LemMMmA 1 (4, Lemma 3.1]). Let X be a monotonically normal space, F' a
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closed set of X and {W,.:aecA} an anti-closure-preserving family of open neighbor-
hoods of F. Then there exists an anti-cover U of F that each W, is a semi-canonical
neighborhood of F with respect to U.

THEOREM 1. Let X, Y be a free L-spaces and Z=XU Y be a stratifiable space,
where X is a closed set which has a uniformly approaching anti-cover in Z. Then
Z is a free L-space.

Proor. Part 1: Let (F, {Ur:FeZF}) be a free L-structure of X. Let CUx=
{Vs: feB} be a uniformly approaching anti-cover of X in Z. For each Fe<%, let
Ur={U.:a€Ar} be assumed to be locally finite in X—F. Set

A F)={6cAr: W(©B)=FU(J{U,: aed}) is an open neighborhood of F in X}.
Then {W(0):0e€d(F)} is anti-closure-preserving in X. For each reX—F, set

Viz)=U(z}, FUANX—W(): xe W(3), ded(F)})),
CPr=CVxU{V(z):xze X—-F},

where U is the monotonically normal operator assured by (MN). Then C{Vr is an
anti-cover of F'in Z. We shall show that Ci/r has the following property :

(*) If W, is a canonical neighborhood of F with respect to U in X, then there
exists a semi-canonical neighborhood U, of F in Z with respect to C{/r such that

FcU,nXc W, U.N(X—Wy)=g.
To see (*), choose de4(F) such that
W.=W(9), W.c W..
Set
U=UX-W. F), U.=UW,, X—W).
Then U, is an open neighborhood of F in Z such that
U:nXC Wi, U.n(X—Wy)=g.

Since CVyx is uniformly approaching in Z,

S(Z— UZy CVX) n F=¢.
Suppose
V(x)N(Z—Us)+#¢, zeX—F.

Note that if zeW,, then V(x)c U, Therefore x¢W, This implies V(z)cU,.
Since U,NnF=¢, we have
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S(Z—U,, CYr)NF=4¢.
Part 2: Let (Y, {Un:Hed(}) be a free L-structure of Y. Write

X=F;\Gn, Gni1CGy, neN,

where each G, is open in Z. Let 4 =\U..4%, where each .4 is discrete in Y.
For each ieN and He 9, set

H,=HN(Z-G,),
ﬂ[znZ{Hn . Heﬂ[ib neN.

Then each J(;, is a discrete closed collection of Z. Since Z is paracompact, there
exists a discrete open collection s, ={V(H,): H,€ 9 iy} of Z such that

Since Z is perfectly normal, there exists an anti-cover Vn, of H, in Z with respect
to which V(H,) is a canonical neighborhood of H, in Z. Choose canonical neigh-
borhoods V(H,): and V(H,). of H, with respect to CVu, such that

HoC V(Hy ) C V(Hy) C VIH) C V(Hn)2 C V(H,).
Let Uu={U.:a€ Ay} be assumed to be locally finite in Y—H. Set
A H)={0cAn: W(©)=HU(J{U,: aed}) is an open neighborhood of H in Y}.
For each ded(H), set
W(o, #)=(W(0) N V(Ha)2) U(V(Hp)s— V(tLn)y).

Then W(d, n) is an open neighborhood of H,=V(,);NH. Morever, it is easily seen

that {W(3, »n):ded(H)} is anti-closure-preserving in Z. Therefore by [Lemma 1],
there exists an anti-cover CVm, of H, in Z such that each W(d, ») is a semi-
cannonical neighborhood of H} with respect to CVu,. Obseve that for each ded(H)

V(H): N W8, n)=W(6)N V(H.)
is an open neighborhood of H, in Z, and that
in={H} : H\,€ Hin}
is a closed discrete collection of Z. Set

F'=FU{XIU(J{Sin:i, neN}
UL i i, neN}).

Then F’ is a g-discrte closed collection of Z. Set
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.q“):(g/; {CVF:Feg}U{CVX}U{CVHn:HnGﬂin’
i, ne NYU{CVu,, : Ha€ Il in, 1, nENY).

We shall show that ¢ forms a free L-structure of Z. Suppose pe W for an
arbitrary open set W of Z and an arbitrary point p of Z. Consider two cases.
The first is the case peX. Since (ZF,{Ur:FeSF}) is a free L-structure of X, there
exist Fy, - -+, FeeF and their canonical neighborhoods Vi, ---, Vi such that

pej[’i\chj[’i\V,-c wnX.

By (*) there exists for each j a semi-canonical neighborhood W; of F; with respect
to CVr; such that
F,;c w,nXcV;, Wjﬂ(X— Vi=¢.

Note that Z—(ﬂ’;le,-—W) is an open neighborhood of X in Z. Since CUx is
approaching to X in Z, there exists a canonical neighborhood W, of X with respect
to CVVx such that

k —
Won(QWj—W =g.
Thus we have
pelr"’\anch/‘\ W,CW.
=1 =0

The second case is peZ—X. Since (9, {Un:Hed}) is a free L-structure of Y,
there exist Hi, ---, Hye 9 and their canonical neighborhoods W(a), - - -, W(dx) with

o1€d(H,), -+ -, ore 4(H) such that
pej(k\Hjcjfk\ W@E)Ccwn Y.
=1 =1
Choose neN such that peZ—G,. Then we have
k k
pe JQ(Hf)n N Q(Hj)é
k k
C,Q W(5;, n) ﬂjC\l V(Hj)arC W.

As is shown in the above, each W(d;, n) and each V((H,).): are semi-canonical and
canonical with respect to Vx>, and Vi, respectively. Therefore by the result
of [4], Z is a free L-space.

Let f be a mapping of a closed set of a space X into a space Y. The adjunc-
tion space Z of X, Y is denoted as Z=XU ;Y. In the sequel, the mapping f in
Z=XU,Y is assumed to be one of a closed set A into Y, and p: XV Y—Z denotes
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the quotient mapping. As the Ito’s example in [4] shows, the adjunction space of
free L-spaces need not be a free L-space. Miwa in showed that the adjunction
space of X and Y is a free L-space if X is a metric space and Y is a free L-space.
The following corollary and the next theorem refine the result.

COROLLOARY 1. Let X, Y be free L-spaces and H a closed set of X having a
uniformly approaching anti-cover in X. Then Z=XU 7Y is a free L-space.

Proor. As is well known, Z is a stratifiable space. Set
Z=X'UY, X' =pNY), Y'=Z-p(Y).

Then it is easily seen that {X’, Y’} satisfies the condition of the above theorem.

COROLLARY 2. X=\Us., X, be a stratifiable space, where each X, is a closed
Sfree L-stace, and has a uniformly approaching anti-cover in X. Then X is a free
L-space.

COROLLARY 3. Let X=\{X,:acA} be a stratifiable space, where {X,: acA} is
locally finite in X and each X, is a closed free L-space and has a wuniformly ap-
proaching anti-cover in X. Then X is a free L-space.

THEOREM 2. Let X be an L-space and Y a free L-space. Then Z=XU,Y is
a free L-space.

Proor. Set
X’'=p(Y), Y'=Z—-p(Y).

Then Z=X'UY’ and X', Y’ are free L-spaces. Obviously Z is stratifiable and X’
is a closed set of Z. We shall modify the part 1 of the proof of [Theorem 1. Let
(FAUr:FeF)) be a free L-structure of X’ and let U, A(F) and W(9) be the same
as in the part 1 with X replaced by X’. By the same way we define V(x) for
each xeX’'—F,Fe&. Since Z is hereditarily normal, there exists an open set Ur
of Z(F)=Z—F (and hence of Z) such that

X' —FcUrc Clzem(Up)c\U{V(x): xe X’ — F},

where Cl z#(Ur) denotes the closure in the subspace Z(F'). Since X is an L-space,
bx'(F) has an approaching anti-cover C(pz(F)) in X, where pPx=p|X is the restric-
tion of the quotient mapping. Set

Vr={V(x): we X' —F}Up(CV(px"(F)) | (Z—Cl 2e05(Ur)).

Then obviously €/ is an anti-cover of F in Z. We shall show that CVr has the
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property (*) stated there. Let W, be a cannonical neighborhood of F* with respect
to Ur in X’. Take ded(F) and open sets U,, U; of Z such that

W= W(), W, W,,
U,=UX —W,, F), Up=UW;, X' — W)).

Then we have
S(Z—Us, (V(z): xe X' —FY)c U, U,NF=¢.

Since CV(pz'(F)) is approaching to p3'(¥) in X, there exists an open neighborhood
V of px'(F) in X such that

S(X—px"(Us), V(o EMNV=4.
Set
N=pV)UUk.
Then N is an open neighborhood of F in Z such that
NNS(Z—Us, V(b5 (F) (Z—Cl 2> (Ur))) =,

which implies that U, is semi-canonical with respect to C{Vr. Since H has an ap-
proaching anti-cover in X, X’ has an approaching anti-cover C{x. in Z. If we
observe that in the part 2 of the proof of we use merely the fact that
ClVx is approaching, then the proof is obviously completed.

THEOREM 3. Let Z=XUY be a stralifiable space, where X, Y are M,-spaces
and X is a closed sel which has a uniformly approaching anti-cover in Z. Then Z
is an M,-space.

Proor. Let U= U$.,U; be a base for X, where each U;={U.: acA;} is closure-
preserving in X. Write

Uo=\UFuj,
i=1
where each F,; is closed in X. Set

U=\ U(F.;, X—U.).

Jj=1

Then U, satisfies the following conditions:
(i) U! is an open set of Z such that

U.NnX=U,, aecAj, jeN.

(ii) For an arbitrary subset B of AjjeN, if peX and p¢\ {U.:aeB}, then
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p¢\{U: : aeBl.
(i) is obvious. To see (ii), suppose pg\ {U.:aeB}. Set

Np)=Z—U(NU.:aeB}, {p}).
Then N(p) is an open neighborhood of p in Z such that
Np)NU,=¢ for every aeB.

We shall construct collections U.={U.s: feB.}, a€ A, je N, satisfying the following:
(1) Each U, is an open set of Z such that

UisNX=U, and U,;c U, for every peB..

(2) U{Ua:aeA,} is closure-preserving in Z for every jeN.

(3) If Uis an open set of Z such that UNn X=U, for a€Aj, jeN, then U,,cU
for some BeB,.
Since Z is hereditarily paracompact, the uniformly approaching anti-cover /=
{Vi:2ed} of X can be assumed to be locally finite in Z—X. For each a€A, jeN,
set

B.={fcA:U=U, U0 NV, :2€pB}) is an open neighborhood of U, in Z
such that U, C UL, Ua={U.s: f€Ba}.

Then (1) and (3) follow easily. (2) follows from (ii) and from the fact that U,
is closure-preserving in X. It is obvious from (3) that \J{U.:a€A;, je N} forms
a local base of each point of X in Z. Since X is a closed set of a stratifiable space
Z and Y is an M,-space, there exists a o¢-closure-preserving open collection B of
Z such that 4 forms a local base of each point of Z—X in Z. Set

WY =\NU.:a€Aj;, jeNIU 3.
Then 9 is a o-closure-preserving base of Z.

We define the property (P) as follows:

(P) Suppose that we are given a closure-preserving open collection ¢ ={U,: ac A}
of a closed set F' of a space X. Then for each aeA, there exists an open collection
Ua={U.s: peB.} of X satisfying the following :

(1) UipsnF=U, for each peB,, acA.

(2) U'=\NUa:acA}={U,;s: feB., ac A}
is closure-preserving in X.

(3) If V is an open set of X such that VNF=U, for acA, then there exists
BeB, such that U,CV.

LEMMA 2. Every closed set F of a free L-space X has the property (P).
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Proor. First we consider the case of dim X=0. Suppose that we are given

a closure-preserving open collection ¢J={U, :acA} of a closed set F of a free L-
space X with dim X=0. Write

szo\Hny Hn+1Can nGN, leX’
n=1

where each f, is closed and open in X. Since X is an M;-space, there exists a
base B=N7.,B: for X, where each @; is closure-preserving in X. For each ieN

and Be®;, set Bi=BNH,. Let {S;:4el'} be the totality of subcollections of .
For each Aerl set

Vi=U{B:i: BeS;N B},
Vx=®Vn‘-

i=1
For each a€eA, set
B:={ael': V, is an open set of X such that V,NF=U,}.

For each aeA, we expand U, to an open set U, of X by the same method as in
the proof of Thus each U, satisfies (i) and (ii) stated there. Set

B.={peB.: V,cU.},
Ue={Usp=V;: BeB,}.

Obviously each ¢/, satisfies (1). To see (2), let B, be an arbitrary subset of
U{{a} X B, :a€ A} and suppose

P8\ IN{U.s : (a, B)e B}
Write

By=\U{{a} X B: ac A,}.

If peF, then pd\J{U.,: acA,}, because U is closure-preserving in F. Therefore by
the property (ii) of UL, pd\ J{U’.: a€Ao}. This implies

¢\ NUap: (a, B)€ Bo}.
If pe X—F, then there exists ke N with pe H,— Hi.,. Write

Unps=\U{Vy i€ N}, Be B, acA,,
Veau=\U{B; : BeSsN B}, Be B, acA,.

Since X—Hy,, is an open neighborhood of p such that

(X—Hg+)N Vm_—'¢, n=k+1,2¢e4,
PNV i nzk+1, e\ (B2 : ae Ay}
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Therefore if we assume

Pe\NUqs: (a, B)€ By},

then

pe\IVim :m=k, Be\J{B2: acA,}}.

This implies for some m=k

Pe\U{Viem : Be\U(BS: aeAo}}.
Since @n is closure-presering in X,peB for ‘some BeS;N Bm, Be\U(BL:acAy).
Since peH, and H, is open, it follows that
p€BNHn=BnC Vin.
Hence peU,; for (a, B)eB,, a contradiction. Thus (2) is satisfied. To see (3), let

V be an arbitrary open set of X such that VNF=U,. For each peU,, there exist
n(p)eN and Bye Bancpy such that

peB,cVNnU.
Obviously pe(Bphnm< V. If we put
Sﬁ:{Bp:peUn}’

then U, V.

Next, we consider the general case. Let X be a free L-space. Then by (7,
Theorem 2.10] there exists a perfect mapping f of a free L-space Z with dim Z=0
onto X. By [2, Lemma 3.2 (a)] we can assume that f is irreducible. Suppose
that we are given a closure-preserving open collection ¢ ={U,:aeA} of a closed
set / of X. In the preceding manner, we construct for each a€A an open collec-
tion {(f~(U.))s: BeB.} of Z satisfying the following :

@y (UM N F)=f"(Us), e Ba, acA.

2)Y {(fYUw))s: pe\U{BL: ac A} is closure-preserving in Z— f~}(F).

(3) If V isan open set of Z such that VN f~Y(F)=r""(U.), then (f~'(U.))pcV
for some BeB..

For each a€eA, BeB., put
Uep=X—f(Z—(F(Ud)s)-

We expand each U, to an open set U, of X by the same method as in the proof
of Construct

Ua={Uaup: feB.}, a€A,
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B.={BeB.: U, U..

(1) follows easily from (1)’. To see (2), let B, be an arbitrary subset of \U{{a}Xx
B, :aeA} and suppose

26\ (UL (@, B)e Bo}.
Write
By=\U{la} X B%: ae Ay}.

If peF, then p¢\ {U.:aeA,} by the property (ii) of U.. Consequently we have
P&\ NUap: (a, B)eBo}. Let pe X—F and assume pe\J{U,: (a, B)eBy}. Then we have

f(p)cZ—f\F),
FHON NS (Ud))s : (@, e Bo} = ¢.

By (2), there exist BeB?, aecA, such that

FDONS (Ua)s=9¢.

Since f is irreducible, pe U,; follows from the argument of [2, Lemma 3.3]. There-
fore (2) is proved. (3) follows easily from (3). This completes the proof.

So far as I know, it is not known whether each closed set of an M;-space
admits a o-closure-preserving open neighborhood base. It is also an open question
whether X| A is an M,-space for each closed set A of an M,;-space. But as far as
we are concerned with the class of free L-spaces, these hold positively.

COROLLARY 1. Every closed set of a free L-space has a closure-preserving
open neighborhood base.

CorROLLARY 2. X|A is an M,-space for each closed set A of a free L-space X.

CoROLLARY 3. Let f be a closed irreducible mapping of a free L-space X onto
Y. Then Y is an M,-space.

Proor. The closed image of a paracompact o-space is also paracompact ¢. It
is similarly shown to [2, Lemma 3.2] that every closed set of Y has a closure-
preserving open neighborhood base.

Note that we use only the fact that X is an M;-space in the proof of the case
of dim X=0 of Thus we have the following :

COoROLLARY 3'. Let f be a closed irreducible mapping of an M -space X with
dim X=0 onto Y. Then Y is an M;-space.
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It is unknown whether the adjunction space of M,-spaces is M,. From the
result of Borges [1], it is known that the adjunction space is at least stratifiable.

THEOREM 4. Let X be a free L-space and Y an M-space. Then Z=XU 7Y
is an M,;-space.

Proor. Let U=\U3,U; be a base for p(Y), where each Uj={U.:a€A;} is
closure-preserving in p(Y). By the same method of the proof of [Theorem 3 we
expand each U, to an open set U, of Z. By the same method as in the proof of
we can show that there exists for each weA; an open collection qJ,=
{Uas: pe B.} of X satisfying the following :

(D) UasNH=p3(U.,), UasTpz(U%) for each BeB,, acA,.
(2) \U{Ua«:a€A,} is closure-preserving in X—H,
(3) If U is an open set of X such that UnNH=pz(U.) for a€Aj;, then U,cU
for some peB,.
Set
Va={Ves=U. Up(Usp): f€B.}, a€ A;,
CVi=\NVa:acAyl,
W=\,

Then <V is a ¢-closure-preserving open collection of Z, which forms a local base
of each point of p(Y) in Z. Since Z is perfectly normal and X is an M,-space,
there exists a g-closure-preserving open collection 99 of Z, which forms a local

base of each point of Z—p(Y) in Z. Then cyU is a o-closure-preserving base
for Z. This completes the proof.

COROLLARY 1. Let X be the perfect irreducible image of an M,-space with
dim X=0 and Y an M-space. Then XU ;Y is an M,-space.

References

[1] Borges, C.R., On stratifiable spaces. Pacific J. Math., 11 (1966), 1-16.

[2] Borges, C.R. and Lutzer, D. J., Characterizations and mappings of M;-spaces. Topology
Conference (Virginia Polytech. Inst. and State Univ., 1973), 34-40.

[3] Ceder, J.G., Some generalizations of metric spaces. Pacific J. Math., 11 (1961), 105-126.

[4] Ito M., Weak L-spaces and free L-staces. preprint.

[5] Miwa T., Adjunction spaces and weak L-spaces. Math. Japonica 25 (1980), 661-664.

[6] Nagami K., The equality of dimensions. Fund. Math., 106 (1979), 239-246.

[7] Nagami K., Dimension of free L-spaces. Fund. Math., 108 (1980), 211-224.

Department of Mathematics
Joetsu University of Education
Joetsu, Niigata 943



	ON THE ADJUNCTION SPACES ...
	THEOREM 1. ...
	THEOREM 2. ...
	THEOREM 3. ...
	THEOREM 4. ...
	References


