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STABILITY FOR INFINITE-DIMENSIONAL
FIBRE BUNDLDS

By
Katsuro SAKAI

Abstract. In this paper, we prove that any locally trivial fibre
bundles p: X—B with fibre M a manifold modeled on an infinite-
dimensional space E (e.g. the Hilbert space /, or the Hilbert cube
Q) is bundle isomorphic to the bundle peproj: XX E—B. Further,
we can obtain a strong version of this Bundle Stability Theorem.
From Bundle Stability Theorem, we can introduce the notion of
deficiency in bundles. We show that a finite union of locally
deficient sets is deficient and we prove a bundle version of Mapping
Replacement Theorem.

§ 0. Introduction.

A Hilbert (Hilbert cube) manifold, briefly l,-manifold (Q-manifold), is a para-
compact space M admitting an open cover by sets homeomorphic (=) to open
subsets of the Hilbert space /, (the Hilbert cube Q). These manifolds are topo-
logically stable, that is, M=Mx/, (M=Mx Q). This Stability Theorem due to
R.D. Anderson and R. M. Schori is most fundamental in the theory of
infinite-dimensional manifolds.

In this paper, we establish the stability theorem for locally trivial fibre
bundles with fibre an /,-manifold or a Q-manifold. We will call these bundles
lo-manifold bundles or Q-manifold bundles, respectively.

BUNDLE STABILITY THEOREM. (Assume B is metrizable.)
(A) An ly-manifold bundle is bundle isomorphic to peproj: XXIl,—B.
(B) A Q-manifold bundle is bundle isomorphic to peproj: XX Q— B.

Here a bundle p: X—B is bundle isomorphic to a bundle p’: X’—B if there
exists homeomorphism 4 : X—X’ such that p’A=p (such a homeomorphism is
called a bundle homeomorphism).

In this theorem, there is a bundle homeomorphism A : XX[,—X (h: XXQ -X)
is homotopic to the projection proj: XX [,—X (proj: XX @—X) by a small bundle
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homotopy. In practice, we prove a more strong result, i.e. Theorem 4-3 (and
Remark 5-1), under the more general situation including (A) and (B).

A subset K of M is [,-deficient (Q-deficient) if there is a homeomorphism
h:M—-MxXl, (h: M—>MXQ) such that A(K)CMXx {0}. A closed subset K of M
is a Z-set if there is a continuous map f: M—M\K arbitrarily near to the
identity (or equivalently, if for each non-empty homotopically trivial open set U
in M, U\K is also non-empty and homotopically trivial). It is well-known that
these two notion are identical for closed sets in /,-manifolds or @Q-manifolds.
And these notion are very useful and very important in the theory of infinite-
dimensional manifolds.

From Bundle Stability Theorem we can introduce the notion /,-deficiency
(Q-deficiency) in /,-manifold (Q-manifold) bundles. In this paper, we see several
easy properties of these deficient sets in bundles. We show that a locally
deficient set is deficient and that a finite union of deficient sets is also deficient.
And we prove a bundle version of Mapping Replacement Theorem due to R.D.
Anderson and J.D. McCharen which is an important tool in the theory
of infinite-dimensional manifolds. Further aspects shall be developed in sequels
[Sa.,s].

R.Y.T. Wong and T. A. Chapman ([(Wo,,,] and [C-W]) have developed an
entirely satisfactory infinite-dimensional bundle theory over finite complex. And
T.A. Chapman and S. Ferry ([C-F] and [Fe]) have proved several theorems
for product bundle with a Q-manifold fibre. And H. Toruhczyk, is his dissert-
ation, have proved several theorems of infinite-dimensional bundles.

§1. Semi-Reflective Isotopy Property.

The unit interval [0, 1] is denoted by I. A pointed topological space (L, 0)
is said to have the semi-reflective isotopy property, briefly : SRIP, if there exists
an ambient invertible isotopy o : L*XIT—L? (called a semi-reflective zsotopy) such
that

oo,=id,

o:(x, y)=(y, e(x)) for each (x, y)eL? and
(0, 0)=(0, 0) for each t=1I

where e¢: L—L is a homeomorphism (called a swerving homeomorphism). If e=id,
we call the reflective isotopy property (RIP). (See p. 289) It is easy to
see that if e"=id, then (L™, 0) has RIP.

1-1 EXAMPLE: Any closed (or open) interval with a base point in its inter-
ior and any linear topological space with 0 a base point have SRIP and those
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semi-reflective isotopies have idenpotent swerving homeomorphisms (i.e. e?=id).
If each (L, 0;) has SRIP, then (ZI;IALZ’ 0) and (1§AL1, 0) have SRIP where AIIALX
(S

is the product space of L; (A= 4) and Z§AL;:{x:(x;)Ellé[/1L|x1=0 for almost
all A4} is a subspace of Ie;[NLR. We write L= ;NL,“ @= 3 L, provided

L,=L for each neN. 1If (L, 0) has a semi-reflective isotopy with an idenpotent
swerving homeomorphism, then (L®, 0) and (L%, 0) has RIP. Then Q=[—1, 1]¢,
s=(—1, )»=R“=l, and R% have RIP.

Throughout this paper, let (E, 0) denote a paracompact, perfectly normal
pointed space which has SRIP and is homeomorphic to (E®, 0) or (E%, 0).

A manifold modeled on E, briefly FE-manifold, is a paracompact space M
admitting an open cover by sets homeomorphic to open subsets of E. If E=0Q,
then M is a Hilbert cube manifold, and if £=/,, then M is a Hilbert manifold.
An E-manifold bundle is a locally trivial fibre bundle with an FE-manifold fibre.
An E-manifold bundle with fibre M is briefly called an M-bundle. Then an E-
bundle is a locally trivial fibre bundle with fibre E.

The Stability Theorem for E-manifold has been established by R.M. Schori
and its strong version has been done by R. Geoghegan and D.W. Hender-
son [G-H] (cf. K. Sakai [Sa,]. The stability theorem for product bundles is
easily proved (cf. Theorem 4.6 in [Fe]). We present the Stability Theorem and
its strong version for E-manifold bundles is Section 4. And in Section 5, we
introduce deficiency in E-manifold bundles and we see several easy properties.
The bundle version of Mapping Replacement Theorem is proved in Section 6.

§2. Reduced Cartesian Products.

Let X and Y be topological spaces and A a closed subset of X. The product
of X and Y reduced over A, denoted by (XXY), is defined to be the set
(X\A)XYUA with the topology gererated by the basis consisting of all sets
(UNAXV and (UNAXYUJUWUNA) where U is open in X and V is open in Y.
(See p. 25). Note that (XX Y);=XXY and (XXY)y=X.

Let my=a%Y: XXY—X, my=nf¥: XXY—Y be the natural projections,
that is, mx(x, y)=x and =zny(x, y)=y for each (x, y)e XX Y. The natural map
A= & Pa: (XX Y),—X is defined by 74| A=id and 4|(X\A)XY=rnyx (=7xvy),
and the natural map z,=t&%,,: XXY—(XXY), is defined by t,4/AXY=ny
(=r,) and 74|(X\A)XY=id. Then 74 and r, are continuous. Note that
Tx=tr4, t?=ty=ry, t¥=idy and rg=idx.y.

Obviously if (X, A)=(X’, A’)and Y=Y’, then (XX YY), =(X’'XY")4. Observe
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that
(XX(YXZ)p)a=((XXY )4 X Z)avcxra)xB »

S0 XX(YXZ)g=((XXY)XZ)xvp and (XX(YXZ)4=(XXY)4X2Z),4.
We shall define the cone C(X) and the open cone C°(X) of topological space
X as reduced products:

C(X)=IX X); C°(X)=(L0, DX X))o -

Let U and <V be open covers of X. We say that U is a refinement of <V
or U refines <V, denote U<V, provided each U= is contained in some Ve,
For ACX, define st(A; U)=J{UeU|ANU+#0} and st(VU)={st (U ; U)|UsU}.
If st(U)<y, then U is called a star-refinement of V. We say that a map
f:Y—Xis U-near to a map g: Y—X or f and g are U-near if for each y€Y,
there is some U< containing both f(y) and g(y). And a homotopy (an isotopy)
h:YXI—-X is a U-homotopy (a U-isotopy) if for each yeY, h({y}x[) is con-
tained in some Ue .

A map f:BXX—-BXY (or f: XXB—YXB) is said to be B-preserving if
wpf=np. When f: BXX—BXY (or f: XXB—Y X B) is B-preserving, for each
be B, define fy: X—Y by fo(x)=f(b, x) (or =f(x, b)). Let p: X—>Band q: Y—B
be maps. A map f: X—Y is B-preserving if gf=p. A map g: XXZ—-YXZ’ is
B-preserving if gqryg=prx. And a homotopy h:XXI-Y is B-preserving if
gh.=p for tel. If p:X—B and ¢:Y—B are bundles, then a B-preserving
continuous map (embedding, homeomorphism, etc.) f: X—Y is called a bundle
map (a bundle embedding, a bundle homeomorphism, etc.) and a B-preserving
homotopy (isotopy) h: XXI—Y is a called a bundle homotopy (a bundle isotopy).

§3. Main Lemma.
In this section, we will prove the fojlowing lemma.
3-1 LEMMA. Let X be a space such that XXE is perfectly normal and W

an open subspace of XXE. Then for any closed sets A, C and D in W such that
CN\D=0, there exists a homeomorphism h: (W X E),—(W X E).p such that

1) mwxtdYPh=mxr4
i) A|(CNAYXEUJA=id
PROOF: According as (E, 0)=(E“, 0) or (E¢, 0), E* denotes E“ or E2. We

may assume that W is an open set in XX E*. We will write x=(x,; x,, x3, --*)
€ XX E*. For each neN, let 7,: XX E*>XXE™"™ be the natural projection, i.e.
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T{x)=(x0; X1, -+, Xz). By an n-basic subset of XX E* we will mean the inverse
image of a subset of XX E™ by r,, that is, BC XX E* is n-basic if and only if
nn'w.(B)=B. Note that if B is n-basic, then z,(int B)=int z,(B), w(cl B)=clm,(B)
and m,(bd B)=bd n,(B). Each m-basic set is n-basic for n=m. A basic set is
an n-basic for some n. (See p. 89).

Since (E, 0) has SRIP, there is a semi-reflective isotopy ¢ : E?X I—E? with a
swerving homeomorphism e¢: E—E. Define an I-preserving continuous map
0 (XXE*)XEXI—-(XXE*)XI by

{ 0(x, y, 0)=(x,0) and
0(x) Y, t):(xo; X1, "'y Xn-1y
0(Xn, ¥, 2"t—1), e(Xn+1), e(Xnsa), =5 1)
if 2 "<fr<2-7+L,
Note that O[(XXE*)XEX(0, 1] is a homeomorphism and that if $+<2-", then
T0:(x, ¥)=ma(x).

Using normality, construct collections # and 4’ of basic open sets in XX E*
such that \U8=W\(AUD), CnclU8B’'=0 and J(BUB)=W\A. Let 8, and
B, denote the subcollections of # and 4’ consisting of all n-basic sets, respec-

tively. By Lemma 5.2 of [Sch], take collections {K,|neN} and {K,|neN} of
closed sets in XX E* such that UNKn:W\(AUD)zu_CB, gNKi,zu.CB’ and each
ne n

K, and K, are n-basic and contained int K,..,N\\U%P,. and int K, ,N\\USB,
respectively. Then UN(KnUK »)=W\A and each K,\JK/ is n-basic and contained
ne

int (K VK )N\U(B,\Y B7).
From Tietze Extension Theorem, there are continuous maps f, : 7,(K,\int K,_;)
—[27"71, 27" and [ : 7. (K,\JK\int (K,_,\VK’,_)—[2"""%, 2-*] such that

Fa(bd 7o Kn))=1(bd 7a(Kp\ K ))=2""""  and
Fa(bd (K )= n(bd n(Kp_ s\ IK}_))=2""

where K,=K,=0. Put n(x)=min {neN|xeK,} for each x€W\(AUD) and
m(x)=min {neN|xeK,JK,} for each x€W\A, and define continuous maps
F:WN\(AYUD)—(0, 1] and f’: W\A—(0, 1] by

JX)=frorTa(x) and f/(X)=fmmTma(x).
These are well-defined because each K, and K,UK, are n-basic. Note that
F(O)=F(x0; X1, ** 5 Xnay, *, ¥, =) S277

for each xeW\(A\UD), and
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f/(x):f’(xo; X1y, Xm(x), *, %, ,_,)éz—m(z)
for each xeW\A, and that m(x)<n(x) for each xW\(AUD), and moreover if
xE\UB’, then n(x)=m(x). Take a continuous map k:W—1I such that k(C)=0
and k(cl\U®’)=1. And define a continuous map g: W\A—(0, 1] by

{f%ﬂ if xeD
g(x)= .
(I~k()f()+k(x)f"(x) if x&D.

Then observe that g|C\A=f|C\A and

g(x)=g(xo: X1, " Xmead, *, ¥, ) S27™D
for each xeW\A.

Now define h;: (WX E) p—W and h,: (WXE),—W by
{ hs| A\JD=id
he(x, y)=0r for each (x, y)eW\(AVUD))x E

and
{ h.| A=id
he(x, y)=04(x, y)  for each (x, y)e(W\A)XE.
Then h,|[(C\A)XE\VA=h,|(C\A)X E\JA.
Now, we will show that h; and h, are homeomorphisms. Then hj'h,:

WXE),—(WXE)sp is clearly a desired homeomorphism. From similarity, we
may check up 4, alone.

Continuity of h,: Since h,[(W\(AUD))X E is continuous, we have to examine
that A, is continuous at x& AUD. Let V be an n-basic neighbourhood of x in
W. Since K,N(A\UD)=0, V\K, is a neighbourhood of x in W, so

U=(V\K)\(AVY D)X EU(V\K,)N(AYD))

is a neighbourhood of x in (WXE),p For (x/, y)e(V\K,)\(AUD)XE,
x'€ K, implies n(x’)>n therefore f(x")<2 "> «<2-"*, Then

Tah (X', y)=700 1 (x’, y)=n(x")em (V)

SO he(x’, y)YEryx'm,(V)=V. Hence h,(U)CV.
Inverse of h,: Define h'y : W—(W X E) ,p by

x if x€eAUD
O7in(x) if x¢€AUD.

For each xeW\(AUD) put (x/, y)=05L(x)e(W\(AUD)XE. Sincs
x=07(x’, ) and f(x)=27"®,

h'f(x)={

Tne(X)=Tncx 0f<z)(x', y’)= Tneo(x’)
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therefore f(x)=f(x’). Hence
hy(hs(x)=hs(x’, ¥')

=0rcan(x’, ¥)

=0 s (05t (x))

=X.

For each (x, )=(W\(AUD))X E, put x'=0sr(x, y)EW\(AUD). Similarly
as above, f(x)=f(x"). Hence
hy(hs(x, ¥)=h(x")
=0Fln(x")
=070 rear(x, )

=(x, ¥).
Therefore h;=h7'

Continuity of h7'=h;: Since h}|W\(A\UD) is continuous, we have to examine
that 2% is continuous at x€A\UD. Let V be an n-basic neighbourhood of x in
W. Note that V\K, is a neighbourhood of x in W. For x’&(V\K,)\(AUD),
put hr(x)=(x", ¥”). Then Tper(X)=nnzr(x”), 50 7(x")=n.(x") because
n<n(x’). Since V is n-basic, x”€V that is Ay (x")=(x", y")(V\(AUD))XE.
Hence

hy(VAKR)CT(V\(AUD) X E\J(VN(AUD)). ]

3-2 REMARK : In the above proof, note that
6((x, 0), 0, t)=(x, 0, )
for each ((x, 0), 0, t)e XX E*x E X I, then
((x, 0), 0) if (x, )eW\(AVYUD)NXx {0}
h5the((x, 0), 0)=
(x, 0) if (x, 0)e(D\A)NXx {0} .

Hence we can requirve a homeomorphism h in Lemma 3-1 to satisfy
iii) A [(W\NANXX{0})X {0} =t40p .

In the above proof, put A=D=0, construct @ so fine that st (B)< U for an

open cover U of W and define OV : (XX E*)X EXI—(XXE*)xI by
(Oerear(x, ¥), 1) if xeWw

OY(x, 3, t)=
(x, t) if xeW.

Then note that @V is X-preserving because 6 is so. From the proof of Lemma
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2-1 of [Sa,], we have the following lemma :

3-3 LEMMA: Let X be a space such that XXE is perfectly normal and W
an open subspace of XX E. Then for each open U of W, there exists an X- and
I-preserving continuous map OV : XX EXEXI—-XXEXI such that

i) ©Y(x,0,0, t)=(x,0,t) for each (x,0,0, t)e XXEXEXI,
i) OY=7x.x,
iiiy OVI(XXEN\W)XE=rnx.g for each tel,
iv) OUVIWXEX(, 1]: WX EXx(O0, 1]'—>W><(O, 1] s a homeomorphism,
v) OV|WX{0} XI: WX {0} xI-WXI is a closed embedding, and

vi) for each (x, y)eW, there is some UsU such that OV({(x, y)} X EXI)
CUXI.

§4. Stability Theorem for Infinite-Dimensional Bundles.

In [Mi], E. Micheal established a useful criterion for a topological property
¢ in order that the implication “if a topological space X has & locally, then X
has ¢” hold. In the proof of his theorem, he actually proved the following :

4-1 THEOREM (Micheal): Let X be a paracompact (i.e. fully normal) space
and G an open cover of X which satisfies the following conditions :

a) U isopen in X and UCVeg = Ueg.
b) U, Veg = UUVeg.
c) For any discrete subcollection {B;|2€ A} of g, ZLejthz €q.

Then Xea.

Using this theorem, we establish the stability theorem for a locally trivial
fibre bundle with fibre M a manifold modeled on E=FE® or E4 which has SRIP.
It is a bundle version of Schori Stability Theorem (Theorem 5.10 in [Sch]).

4-2 BUNDLE STABILIEY THEOREM: Let p: X—B be an E-manifold bundle
such that XX E and BXE are paracompact, perfectly normal. Then pry: XXE
— B is bundle isomorphic to p: X—B.

PrROOF: Let ¢ is the collection of all open sets in X whose each open sub-
set W satisfies the following condition :
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(*) For any closed sets A, C and D in W such that C~\D=0, there exists a
homeomorphism A : (WX E)—W X E),p such that A|(C\A)XE\JUA=id,
priVPh=pri.

Then ¢ is an open cover of X, that is, each x= X has a neighbourhood
which is a member of €. In fact, there are an open neighbourhood U of p(x)
in B and a homeomorphism f: p~'(U)—U X M such that nyf=p, where M is an
E-manifold which is the fibre of p: X—B. And there are an open neighbour-
hood V of =,f(x) in M homeomorphic to an open set in E. From Lemma 3-1,
it is easily shown that each open subset of f~3(U X V) satisfies the condition (x).

Now we will see that ¢ satisfies the conditions a), b) and c¢) in Theorem 4-1.
Then it follows X< g, therefore there exists a homeomorphism A : (XX E)g=XXE
—(XX E)y=X such that ph=pry.

Obviously, conditions a) and c¢) are satisfied. To see condition b), let
W=W'UW” where W’ and W” satisfy (x) and A, C and D closed sets in W so
that C\VD=0. Since W is normal, there are open sets V' and V” in W such
that clyp V'N\cly V=0, W\W”CV’ and W\W*C V"”.

Let V be an open set in W so that W\W'C VcCclp VT V”. Put A/’=AnW’,

C'=(CUcly V)W’ and D’=D\V”. Since W’ satisfies (x), there exists 2 homeo-
morphism h’: (W' XE)4—W’XE)4yp such that h’|(C'\A)XE\UA’=id and
prA VP p'=pr4'. Define a homeomorphism A, :(W X E)s—(W X E) aup by hi|( W' X E) 4
=h’and h;|(WX E),\(W’'X E),=id. Then h,;|(C\A)X E\JA=id and pz4Y? h,= p74.

Put A’=(AVD")NW”, C"=(CUcly V' )NW” and D”"=Dn\cly V”, then using
above argument, we obtain a homeomorphism #A,: (W XE)up—(W X E)4p such
that h,|(C\(AVD")X E\V(AUD")=id and pr4YPh,= pr4lP’,

Then h=h,h,: WXE),—W X E)p is a desired homeomorphism. []

From 3-3 and 4-2, we can easily obtain the following strong version of 4-2
which is a bundle version of Geoghegan-Henderson Strong Stability Theorem
and Theorem 2-2 in [Sa,].

4-3 STRONG BUNDLE STABILITY THEOREM: Let p: X—B be an E-manifold
bundle such that XX E and BXE paracompact, perfectly normal and let W be an
open set in X. Then for each open cover U of W, there exists an I-preserving
continuous map AV : XX EXI—XXI such that |

i) pd¥=pryx for each tel,
i) d¥=ny,
iii) 4¥|(X\W)X E=nryx for each t<l,
iv) 4VIWXEX(0, 1] is a homeomorphism, and
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V) for each x<W, there is some U U such that 4V{{x} X EXI)ZUXI.

PROOF: Let h: X—XXFE be a bundle homeomorphism. Then 4V=(h"'Xid;)
<OV (h Xidgy ) fulfills our requirements. []

In particular, it follows from the above theorem that

I) for each open cover U of X, there exists a bundle homeomorphism
h: XX E—X homotopic to the projection mwy: XX E—X by a bundle U-homotopy ;
and

II) for each open set W, there exists B-preserving homemorphisms g: W XE
—W B-preservingly homotopic to the projection mw : W X E—W.

§ 5. Deficiency in Bundles.

Let p: X—B be a map. A subset K of X is said to be B-preservingly E-
deficient in X (with respect to p: X—B) if there exists a homeomorphism A : X
—XXE such that pryh=p and #ngh(K)=0 (i.e. h(K)C XX {0}). And if each
x< K has a neighbourhood W in X such that KN\W is B-preservingly E-deficient
in W with respect to p|W:W—B, then K is said to be locally B-preservingly
E-deficient in X (with respect to p: X—B).

From Bundle Stability Theorem 4-2 and its strong version 4-3, these notion
of deficiency and local deficiency have the sense for E-manifold bundles.

Throughout the following, let p: X—B denote an E-manifold bundle such
that XX E and BXE are paracompact, perfectly normal.

First, we remark the following :

5-1 REMARK : [n 4-3, let K be a B-preservingly E-deficient set in X. In
the proof, using a bundle homeomorphism A : X—XXE such that h(K)C XX {0},

wercan require AV to satisfy

vi) AV |KX{0}=mnx for each t<1.
This remark yields the following :

5-2 PROPOSITION: If K is a B-preservingly E-deficient in X, then there
exists a bundle homeomorphism h: X—XXE such that h(x)=(x, 0) for each xE K.

And moreover if W is an open subset of X, then KN\W 1is B-preservingly
E-deficient in W.

Now, we will show that any locally B-preservingly E-deficient set is B-
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preservingly FE-deficient.

5-3 THEOREM: If K is a locally B-preservingly E-deficient set in X, then
K is B-preservingly E-deficient in X.

PROOF: Let @y be the collection of all open sets in X whose each open
subset W satisfied the following condition :

(¥)¢ For any closed sets A, C and D in W such that Cn\ D=0, there exists a
homeomorphism A : (WX E)—(W X E)4up such that A|(C\A)X E\JA=id,
prAY9Ph=pr4 and h|(K\A)X {0} =7 4up.

Using Remark 3-2, it is same as 4-2 to see that &x is an open cover of X
and that @x satisfies the condition b) in Theorem 4-1. It is clear that conditions
a) and c) in 4-1 are satisfied. Then the result follows from Theorem 4-1. []

The following corollary is a direct consequence on 5-3.

5-4 COROLLARY : A necessary and sufficient condition that K is B-preserving-
ly E-deficient in X is that for each x< B, there exist a neighbourhood U of x in
B and a bundle homemorphism h: p ' (U)—UXM such that wyh(KNp~*(U)) is
E-deficient in M, where M is an E-manifold which is the fibre of p: X—B.

In the following, we will show that a finite union of B-preservingly E-
deficient sets in X is also B-preservingly FE-deficient in X. We wmust assume
that (C(E), 0)=(E, 0). The Hilbert cube Q and any locally convex linear metric
space F homeomorphic to F® or to FY satisfy this assumption. It is well known
that C(Q)=Q and @ is homogeneous (cf. [Ch,]), then these imply (C(Q), 0)
=~(Q, 0). Since F=C°(F) by Lemma 2 in (with a remark in the proof of
Theorem 3.1 in [Ch,]) and FX(0, 1]=F, C(F) is an F-manifold. From contracti-
bility of C(F), C(F)=F by Classification Theorem in [He]. (Using Negligibility
Theorem in [Cu,], C(F)=C(F)\FXx{1}=C°(F)=F because FXx {1} is F-deficient
closed in C(F).) Our theorem (5-6) is valid for not closed sets, thus it is an
extension of Proposition 5.3 in [Cu,].

5-5 LEMMA : If (C(E), 0)=(E, 0), then there is a homeomorphism f:IXE
—C(E)Y=IXE), such that f|IX{0}=ty, that is, f(0, 0)=0 and f(t, 0)=(¢, 0)
for each t<(0, 1]. So (C(E), 0)=(E, 0) implies (EXI, (0, 0))=(FE, 0).

PrROOF: Let h: E—C(E)=(IXE) be a homeomorphism such that A(0)=0.
Then % induces a homeomorphism h*:(IXE)g—IXITXE)n)n defined by
A*(0)=0 and A*|(0, 1JX E=id¢, 11X h. Observe that
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IXIXE) o) ion=(TXI)i0X E)io1uco. 13x101
and that
IX(IXE)g=(IXI)XE)r«o -

We can easily constract a homeomorphism g: IXI—(IXI), so that g|Ix {0}
=tn. This g induces a homeomorphism

¥ (IX D)X E) rxio—=((IX Iy X E)io15co, 13x 101

defined by g*|Ix {0}=g|IX {0} and g*|Ix(0, 1]X E=(g|Ix(0, 1])Xidg.
Now define f=h*"1g*(id; X h): IX E—(IX E)q.

IXE

id; Xh

IX(IXE)q

Il
((IXID)X E)rxio

g*

(I X Iy X E)oco. 11xE
(l
(IXIX E)on)o

h*-l l

(IX E)

For te(0, 1], f(t, 0)=h*"1g*(t, 0)=h*"(¢t, 0)=(t, 0) and f(0, 0)=h*"1g*(0, 0)
=h*"1(0)=0. Hence f is a desired homeomorphism. []

5-6 THEOREM : Assume (C(E), 0)=(E, 0). Then a finite union of B-preser-
vingly E-deficient sets in X is also B-preservingly E-deficient.

ProOF: Let K and L be B-preservingly E-deficient in X. We may show
that K\JL is B-preservingly E-deficient in X. Since (EXI, (0, 0))=(E, 0), there
is a bundle homeomorphism g:X—XXI such that g(L)CXXx{0}. Put
A=g (XX {0}). Then g induces a B-preserving homeomorphism g*:(XXE),
—(XXI)X E)xxn defined by g*|A=g|A and g*|(X\A)X E=(g|X\A)Xidg. By
5-5, there is a homeomorphism f: IX E—~(IX E),, such that f|IX {0} =z.
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XXE > XXIXE
idy X f
h’
¢ XX(IX E)o
I
(XXE), = prt (XXX E) g«
g

Then h'=g* (idy X f)(gXidg) : XX E—~(XX E), is a B-preserving homeomorphism
such that A’| XX {0} =74 XX {0}.

From proof of 5-3, there exists a B-preserving homeomorphism 4”7 :(XXE),
—X such that A”|AJ(K\A)X {0}=74. Then h=h"h’: XXE—X is a bundle
homeomorphism such that A[(K\JL)X {0}=my. Hence K\UL is B-preservingly
E-deficient in X. []

§6. Mapping Replacement.

Recall our assumption that p: X—B is an E-manifold bundle such that XX E
and BXE are paracompact, perfectly normal.

In this section, we will prove two theorems, using results in Section 3. The
first theorem is a bundle version of Theorem 4.1 in [Ch,] (Theorem 2-5 in [Sa;]).

6-1 THEOREM : Let K be a B-preservingly E-deficient subset of X. Then
for each open cover U of X, there exists an invertible bundle U-isotopy g.: X—X
(teI) such that

i) go=id,
ii) g:|K=id for each t<lI, and
iii) g«(X) is a B-preservingly E-deficient closed set in X for each t<(0, 17.

PrROOF : Since K is B-preservingly E-deficient in X, there is a bundle homeo-
morphism A : X—XXE such that A(K)CXXx{0}. Define a closed embedding
1: XXE—-XXEXE by i(x, y)=(x, y, 0). Then g=h"'nx, 0"V ((hxid;): XxI
—X is a desired isotopy, where ©"*@> is a map in Lemma 3-3. ]

The second theorem is a bundle version of Mapping Replacement Theorem
due to R.D. Anderson and J.D. McCharen [A-M] (Lemma 5.1 in [Ch,];
Theorem 3-1 in [Sa,]). In case of a product Q-manifold bundle, it has been
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proved (Proposition 49 in [Fe], Corollary 2.4 in [C-F]). In the following, we
assume metrizability of B and E, hence metrizability of all spaces and that
(ExI, 0)=(E, 0). The Hilbert cube @ and any linear metric space F homeo-
morphic to F® or to F4 have this property.

6-2 MAPPING REPLACEMENT THEOREM: Assume that E and B are metrizable
and that (EXI, 0)=(E, 0). Let YDOZ be closed subsets of BXE. If f:Y—X is
a B-preserving continuous map such that f|Z is a closed embedding and f(Z) is
B-preservingly E-deficient in X, then for each open cover U of X, there is a B-
preserving U-homotopy f*: Y XI—X such that

n fi=f,
i) f¥lZ=f\Z for each tel,
iii) f¥:Y—X is a closed embedding, and
iv) fXY) is B-preservingly E-deficient in X.

PROOF (cf. Proof of Theorem 3-1 in [Sa,]): According as E=E“ of E=EY,
E* denotes E“ or E%. Note that (E, 0)=(E*XI, 0). Let d and d* be metrics
on Y and XX E*x I, respectively, defined as follows

d(y, y)=dy(y, y)+dx(f(3), (¥
and

d*(x, 2, 1), (x', 2/, tN=dx(x, x)+ 527 dxlz, Z)+27 1=t

where dy, dy and dz are metrics bounded by 1/4 on X, Y and E respectively.

Let & be a star-refinement of . From Theorem 6-1, we have an invertible
bundle <V-isotopy g:XXI—X such that g,=id, g.|f(Z)=id for each tI and
g:(X) is B-preservingly E-deficient closed in X. Let h:X—XXE*XI be a
homeomorphism so that pryh=p and hg,(x)=(g.(x), 0, 0) for each x=X. Using
the above metrics, define a continuous map %: Y—[0, 1/2] by

k(y)=d(y, Z)=inf {d(y, y) |y €Z}
and a continuous map ¢: XX E*XI—I by
e(x, z, t)=sup {d*((x, z, t), XX E*XI\R(V))|Vew}.

(Since |e(x, z, )—e(x’, 2/, t")| <d*((x, z, t), (x’, z’, t')), e is continuous. This
map e is called a majorant for with respect to d* in [Sa,]; see [Cu] 2.)

Now, let §: XX E¥XX EXI—XXE*XI be the X- and I-preserving continuous
map defined in the proof of Lemma 3-1 and define a homotopy f’: Y XI—X by

FuU»=h"160(g:f(»), 0, (), tk(y)ehg:f(y)),
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Note that (pg.f(y), we()=(ns(y), 7x(y))=y for each y€Y. Then by the same
arguments in the proof of Theorem 3-1 in [Sa,], a homotopy f*: Y XI—X by

g2 S (x) if 0=t=1/2

f?(y)=={ _
fo-a(x) if 1/25t<1

fulfills our requirements. []

[A-M]
[A-S]
[B-P]
(Chy]
(Ch,]
[C-F]
[Cu,]
[Cu,]
(Fe]
(G-H]
[He]
[Mi]
[Sa,]
[Sa.]
[Sas]
[Sch]
[(Wo,]
[Wo.]

(C-w]
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