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0. Introduction.

Our purpose is to study those rings without non-trivial preradical ideals of
idempotent preradicals (or exact radicals), supplying the cases of idempotent
radicals by [2], of left exact preradicals by [1, 6, 14, 17] and of left exact
radicals by $[2, 6]$ . In Theorem 3.1, we shall show that a ring $R$ has no non-
trivial idempotent preradical ideals if and only if every nonzero left ideal is a
generator for R-mod (left G-ring). Generalizing this, we consider those rings
whose nonzero finitely generated (or cyclic, essential) left ideals are generators.
We shall give several examples which distinguish those rings to be refered.

1. Preliminaries.

This section consists of a list of definitions and properties of some type of
preradicals treated in this paper. In particular, we shall give the bijections of
those preradicals for Morita equivalent rings.

Let $R$ be a ring with identity and R-mod the category of all unital left R-
modules. A functor $\sigma$ : $R- mod \rightarrow R$-mod is called a preradical if $\sigma(M)$ is a sub-
module of $M$ for each $M\in R$-mod and $\sigma(M)\alpha\subseteq\sigma(N)$ for each morphism $\alpha:M\rightarrow N$

in R-mod. A preradical $\sigma$ is called an idempotent preradical (resp. a radical) if
$\sigma(\sigma(M))=\sigma(M)$ (resp. $\sigma(M/\sigma(M))=0$) for all $M\in R- mod$ . A preradical is called
left exact (resp. cohereditary) if it is kernel preserving (resp. epi-preserving).
Every left exact (resp. cohereditary) preradical is idempotent (resp. a radical). A
preradical is called a cotorsion radical (resp. an exact radical) if it is an idem-
potent cohereditary radical (resp. a left exact cohereditary radical). For preradicals
$\sigma_{1}$ and $\sigma_{2},$

$\sigma_{1}\leq\sigma_{2}$ means that $\sigma_{1}(M)\subseteq\sigma_{2}(M)$ for all $M\in R- mod$ .
To a preradical $\sigma$ for R-mod, we associate the pair $(\mathcal{F}_{\sigma}, \mathcal{F}_{\sigma})$ of classes of
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modules in R-mod given by

$\mathcal{F}_{\sigma}=t_{R}X|\sigma(X)=X\}$ and $\mathcal{F}_{\sigma}=\{_{R}X|\sigma(X)=0\}$ .

A class $C$ of modules is called a pretorsion class if it is closed under quotients

and direct sums, and is called a pretorsion-free class if it is closed under sub-

modules and direct products. It is known that the assignment $\sigma\leftrightarrow \mathcal{F}_{\sigma}$ is a bijec-

tion between idempotent preradicals for R-mod and pretorsion classes of modules,

under which left exact preradicals correspond to pretorsion classes closed under

submodules ([16, Chap. 6]). Dually, the assignment $\sigma-\mathcal{F}_{\sigma}$ is a bijection between

radicals for R-mod and pretorsion-free classes of modules, under which coheredi-

tary radicals correspond to pretorsion-free classes closed under quotients.

A class $\mathcal{F}$ of modules is called a torsion class if it is a pretorsion class closed

under extentions. A class $\mathcal{F}$ of modules is called a torsion-free class if it is a
pretorsion-free class closed under extensions. If $\sigma$ is an idempotent radical for
R-mod, then $\mathcal{F}_{\sigma}$ is a torsion class and $\mathcal{F}_{\sigma}$ is a torsion-free class. Moreover the

pair $(\mathcal{F}_{\sigma}, \mathcal{F}_{\sigma})$ forms a torsion theory for R-mod in the sense of [3]. It is well

known that, under the above assignments, we have bijective correspondences

between: (1) idempotent radicals for R-mod, (2) torsion classes and (3) torsion-
free classes. Finally, we remark that the assignment $\sigma-\rangle$ $\mathcal{F}_{\sigma}$ is a bijection between

cotorsion radicals for R-mod and torsion torsion-free (TTF-) classes, under which

exact radicals correspond to TTF-classes closed under injective hulls.

For a class $C$ of modules in R-mod, we define an idempotent preradical $t_{C}$ for

R-mod by
$t_{C}(M)=\sum\{{\rm Im}(\alpha)|\alpha\in Hom_{R}(Q, M), Q\in C\}$

for each $M\in R- mod$ . In general $C$ is not a set. An accurate treatment of $t_{C}(M)$

was given by K. Ohtake. Put $s=$ { $C^{\prime}\subseteq C|C^{\prime}$ is a set}. Let $\mathcal{F}=\{t_{C},(M)|C^{\prime}\in S\}$ .
Then $X$ is a set and so $t_{C}(M)$ is defined via $\Sigma\{t_{C},(M)|t_{C},(M)\in 9^{\prime}\}$ . $t_{C}$ is a uni-
que minimal one of those preradicals $t$ for R-mod satisfying $t(Q)=Q$ for all
$Q\in C$ . If $c=\{Q\}$ is a singleton, we write $t_{Q}$ for $t_{C}$ . Some basic properties of
$t_{Q}$ are discussed in [8]. Dually, for a class $\mathcal{D}$ of modules in R-mod, we define
a radical $k_{\mathcal{D}}$ for R-mod by

$k_{\mathcal{D}}(M)=\cap\{Ker(\alpha)|\alpha\in Hom_{R}(M, Q), Q\in \mathcal{D}\}$

for each $M\in R- mod$ . $k_{\mathcal{D}}$ is a unique maximal one of those preradicals $k$ for R-

mod satisfying $k(Q)=0$ for all $Q\in \mathcal{D}$ . If $\mathcal{D}=\{Q\}$ is a singleton, we write $k_{Q}$ for
$k_{\mathcal{D}}$ . Some bacic properties of $k_{Q}$ are discussed in [9].

LEMMA 1.1. If $t$ is an idempotent preradical for R-mod, then there exists a
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class $C$ of modules in R-mod such that $t=t_{C}$ . Dually, if $k$ is a radical for R-mod,
then there exists a class $\mathcal{D}$ of modules in R-mod such that $k=k_{\mathcal{D}}$ .

PROOF. Put $c=x_{t}$ and $\mathcal{D}=\mathcal{F}_{k}$ .
Now we assume that ${}_{R}P$ is a progenerator ( $=a$ finitely generated projective

generator) in R-mod. We put $S=End_{R}(P)$ and $P^{*}=Hom_{R}(P, R)$ . For a preradical
$\sigma$ for R-mod, we associate the pair $(\mathcal{F}, \mathcal{F})$ of classes of modules in S-mod defined
by

$\mathcal{F}=\{s^{Y}|P\otimes_{S}Y\in g_{\sigma}\}$ and $\mathcal{F}=\{s^{Y}|P\otimes_{S}Y\in \mathcal{F}_{\sigma}\}$ .
Since $P_{S}$ is also a progenerator in mod-S, $P\otimes_{S}():S- mod\rightarrow R$-mod is an exact
functor that commutes with direct sums and direct products of modules. Thus,

if $\sigma$ is an idempotent preradical for $R$-mod, then $\mathcal{F}=\mathcal{F}_{\tau}$ for some idempotent
preradical $\tau$ for S-mod. Dually, if $\sigma$ is a radical for R-mod, then $\mathcal{F}=g_{\tau}$ for some
radical $\tau$ for S-mod. Using $P\otimes_{S}P^{*}\cong R$ , we obtain the following propositions.

PROPOSITION 1.2. The asssgnment $\sigma-\tau$ where $x_{\tau}=\{_{s}Y|P\otimes_{S}Y\in \mathcal{F}_{\sigma}\}$ is an
order preserving bijection between idempotent preradicals for R-mod and those
for S-mod, under which left exact preradicals for R-mod correspond to those for
S-mod.

PROPOSITION 1.3. The assignment $\sigma\mapsto\tau$ where $\mathcal{F}_{\tau}=\{_{S}Y|P\otimes_{S}Y\in \mathcal{F}_{\sigma}\}$ is an
order preserving bijection between radicals for R-mod and those for S-mod, under
which cohereditary radicals for R-mod correspond to those for S-mod.

It is easy to verify that, if $\sigma$ is an idempotent radical for R-mod, then the
pair $(\mathcal{F}_{\tau}, \mathcal{F}_{\tau})$ of classes of modules forms a torsion theory for S-mod, where $9_{\tau}$

$=t_{S}Y|P\otimes_{S}Y\in \mathcal{F}_{\sigma}\}$ and $\mathcal{F}_{\tau}=\{_{S}Y|P\otimes_{S}Y\in \mathcal{F}_{\sigma}\}$ . Hence we have the coincidence
of assignments $\sigma\leftrightarrow\xi\gamma_{\tau}\leftrightarrow\tau$ and $\sigma\leftrightarrow \mathcal{F}_{\tau}-\tau$ .

PROPOSITION 1.4. The assignment $\sigma-\rangle$ $\tau$ is an order preserving bijection be-
tween idempotent radicals for R-mod and those for S-mod, under which left exact
radicals for R-mod correspond to those for S-mod, cotorsion radicals for R-mod
correspond to those for S-mod and exact radicals for R-mod correspond to those
for S-mod.

Recall that the assignment $\sigma-\rangle$ $\sigma(R)$ is a bijection between cohereditary

radicals for R-mod and ideals of $R$ , under which cotorsion radicals for R-mod
correspond to idempotent ideals of $R$ . In [7], it is proved that if $\sigma$ is a cotor-
sion radical for R-mod with associated idempotent ideal $L$ of $R$ , and if $\tau$ is the
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corresponding cotorsion radical for S-mod with associated idempotent ideal $J$ of
$S$ , then $J=\{s\in S|Ps\subseteq LP\}$ .

We refer to [4, Chap. 2] some Morita invariant properties around left exact
radicals. In particular it is shown in [4, Prop. 9.4] that, if $\sigma$ is a left exact

radical for R-mod such that $\sigma(R)=0$ , and if $\tau$ is the corresponding left exact
radical for S-mod, then $\tau(S)=0$ . The argument of the proof is valid for proving

the first part of the next proposition.

PROPOSITION 1.5. If $\sigma$ is a radical for R-mod such that $\sigma(R)=0$ , and if $\tau$ is
the corresponding radical for S-mod, then $\tau(S)=0$ . The same holds for an idem-
potent preradical.

PROOF. Let $\sigma$ be an idempotent preradical for R-mod such that $\sigma(R)=0$ , and
$\tau$ the corresponding idempotent preradical for S-mod. Assume $\tau(S)\neq 0$ . Then we
have a nonzero homomorphism $h:P\otimes_{S}\tau(S)\rightarrow P\otimes_{S}S\cong P$. Since ${}_{R}P$ is torsionless,

for any nonzero $u\in{\rm Im}(h)$ , there exists a $g\in P^{*}$ satisfying $(u)g\neq 0$ . Thus $ 0\neq$

$(u)g\in{\rm Im}(h\circ g)$ . Since $P\otimes_{S}\tau(S)\in \mathcal{F}_{\sigma}$ , we have $(u)g\in\sigma(R)$ , which is impossible
because $\sigma(R)=0$ .

A table of preradicals

2. Simple rings.

We call an ideal $I$ of $R$ a pre radical ideal if there exists a preradical $\sigma$ for
R-mod such that $\sigma(R)=I$ . A preradical ideal of a left exact preradical (resp. a
left exact radical) is nothing but a pretorsion ideal (resp. a torsion ideal) in the
sense of [6]. From now on, we shall study the rings which have no non-trivial
preradical ideals $\sigma(R)$ , where we take $\sigma$ as an idempotent preradical (or an exact
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radical, etc) for R-mod, and give several characterizations of those rings. Note
that, for a preradical $\sigma$ for R-mod, $\sigma(R)=R$ if and only if $\sigma=1$ , where 1 stands
for the identity functor for R-mod. Hence we may rephrase our question as:
When the preradical ideals $\sigma(R)$ vanish for various types of preradicals $\sigma\neq 1$ for
R-mod? To begin with, we have

PROPOSITION 2.1. The following properties are equivalent for a ring $R$ :
(1) $\sigma(R)=0$ for every preradical $\sigma\neq 1$ for R-mod.
(2) $\sigma(R)=0$ for every radical $\sigma\neq 1$ for R-mod.
(3) $\sigma(R)=0$ for every cohereditary radical $\sigma\neq 1$ for R-mod.
(4) There exist only two cohereditary radicals for R-mod.
(5) $R$ is a simple ring ( $i$ . $e$ . it has exactly two ideals).

(6) Every nonzero (cyclic) left R-module is faithful.
(7) $RK=R$ for every nonzero right ideal $K$ of $R$ .

PROOF. Noting that each ideal of $R$ is a preradical ideal of a cohereditary
radical for R-mod, we have the implications (1) $\Rightarrow(2)\Rightarrow(3)\Rightarrow(4)\Rightarrow(5)$ .

(5) $\Rightarrow(6)$ . Let $M(\neq 0)$ be a left R-module. Since $Ann_{R}(M)$ is a proper ideal
of $R$ , we have $Ann_{R}(M)=0$ .

(6) $\Rightarrow(7)$ . Assume $R\neq RK$ for some right ideal $K$ of $R$ . For any $a\in K$, we
have $aR\subseteq K\subseteq RK$. Therefore $a\in Ann_{R}(R/RK)=0$ by the assumption. Hence we
obtain $K=0$ .

(7) $\Rightarrow(1)$ . Assume $\sigma(R)\neq 0$ for some preradical $\sigma$ for R-mod. Then we have
$R\sigma(R)=R$ by (7). Hence $\sigma(R)=R$ , and so $\sigma=1$ as desired.

The vanishing of the preradical ideals $\sigma(R)$ of idempotent radicals (or left
exact preradicals, left exact radicals) $\sigma\neq 1$ for R-mod has been characterized by

several authors. We briefly summarize these results.

DEFINITION AND THEOREM A ([2, Prop. 1.10]). The following properties are
equivalent for a ring $R$ :

(1) $R$ is a left R-ring, $i.e$ . $\sigma(R)=0$ for every idempotent radical $\sigma\neq 1$ for
R-mod.

(2) $Hom_{R}(I, R/I)\neq 0$ for every non-trivial left ideal I of $R$ .
(3) $Hom_{R}(I, M)\neq 0$ for every nonzero left ideal I of $R$ and nonzero $ M\in$

R-mod.

DEFINITION AND THEOREM $B([6, p2],$ [ $14$ , Theorem 1.7], [17, Theorem 2.1]

and [1, Prop. 3.2]). The following properties are equivalent for a ring $R$ :
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(1) $R$ is a left SP-ring, $i$ . $e$ . $\sigma(R)=0$ for every left exact preradical $\sigma\neq 1$

for R-mod.
(2) Every nonzero left ideal of $R$ is cofaithful.
(3) Every nonzero left ideal of $R$ generates $E(RR)$ .
(4) $R$ is a left non-singular prime ring, and every non-singular quasi-injective

left R-module is injective.

DEFINITION AND THEOREM $C$ ([2, Theorem 2.4] and [6, $p91]$ ). The following
properties are equivalent for a ring $R$ :

(1) $R$ is a left CTF-ring, $i$ . $e$ . $\sigma(R)=0$ for every left exact radical $\sigma\neq 1$ for
R-mod.

(2) For every non-trivial left ideal I of $R$, there exist $x\in I,$ $y\in R\backslash I$ such
that $(0:x)\subseteq(I:y)$ .

(3) Every nonzero injective left R-module is faithful.

3. Left G-rings.

Remark that if a module $RM$ is a generator for R-mod, then the dual
$Hom_{R}(M, R)\neq 0$ . The next theorem deals with a ring $R$ satisfying the converse
statement.

THEOREM 3.1. The following properties are equivalent for a ring $R$ :
(1) $\sigma(R)=0$ for every idempotent preradical $\sigma\neq 1$ for R-mod.
(2) Every left R-module with nonzero dual is a generator for R-mod.
(3) Every nonzero torsionless left R-module is a generator for R-mod.
(4) Every nonzero submodule of a projective left R-module is a generator

for R-mod.
(5) Every nonzero left ideal of $R$ is a generator for R-mod.
(6) Every nonzero ideal of $R$ is a generator for R-mod.

PROOF. For a module $RQ$ , one can verify that $t_{Q}=1$ if and only if $RQ$ is a
generator for R-mod.

(1) $\Rightarrow(2)$ . If a module $RQ$ is not a generator for R-mod, then the idempotent
preradical $t_{Q}\neq 1$ . Therefore $t_{Q}(R)=0$ and so $Hom_{R}(Q, R)=0$ .

(2) $\Rightarrow(3)$ . If $RQ$ is a nonzero torsionless module, then $Hom_{R}(Q, R)\neq 0$ and so
$RQ$ is a generator for R-mod.

(3) $\Rightarrow(4)$ . This is clear from the facts that every projective module is tor-
sionless and every submodule of a torsionless module is torsionless.

(4) $\Rightarrow(5)\Rightarrow(6)$ . Clear.
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(6) $\Rightarrow(1)$ . Let $\sigma$ be an idempotent preradical for R-mod. Assume $\sigma(R)\neq 0$ .
Since $\sigma(R)$ is a generator for R-mod, we have $t_{\sigma(R)}=1$ . Recall that $t_{\sigma(R)}$ is a
unique minimal one of those preradicals $t$ such that $t(\sigma(R))=\sigma(R)$ . Hence we
obtain $ t_{\sigma(R)}\leq\sigma$ , and so $\sigma=1$ .

DEFINITION 3.2. A ring which satisfies one of the equivalent conditions of
Theorem 3.1 is called a left G-ring.

COROLLARY 3.3. A property that a ring is a left G-ring is Morita invariant.

PROOF. This is clear by (4) of Theorem 3.1 or (1) of Theorem 3.1 combined
with Proposition 1.5.

In [11, Theorem 4.15], it is proved that, for a ring $R$ , every nonzero (simple)

left R-module is a generator for R-mod if and only if $R$ is simple artinian.

COROLLARY 3.4. $R$ is a left G-ring with nonzero (left) socle if and only if
$R$ is simple artinian.

PROOF. Let $R$ be a left G-ring with socle $S\neq 0$ . Then $S$ generates $RR$ , and
so $R$ is completely reducible. But since $R$ is prime by Theorem $B,$ $R$ is simple
artinian.

In [13, Theorem 1.2], it is proved that, every nonzero left ideal of $R$ is a
progenerator for R-mod if and only if $R$ is left hereditary left noetherian prime
ring without non-trivial idempotent ideals.

COROLLARY 3.5. If $R$ is left heredita $ry,$ $R$ is a left G-ring if and only if
every nonzero projective left R-module is a generator for R-mod.

PROOF. This is clear by (4) of Theorem 3.1.

COROLLARY 3.6. Every left G-ring is a left SP-ring. The converse holds if
$R$ is left self-injective. Also every left G-ring is a left R-ring.

PROOF. This is clear by Theorem 3.1 and Theorems A and B.

PROPOSITION 3.7. If $R$ is a left G-ring, then the maximal left ring of quo-
tients $Q_{\max}$ of $R$ is simple and left self-injective. In particular $Q_{\max}$ is also a
left G-ring. If $R$ is a left G-ring and the classical left ring of quotients $Q_{c1}$ of
$R$ exists, then $Q_{c1}$ is also a left G-ring.

PROOF. The first part follows from the fact that $Q_{\max}$ is simple and left
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self-injective if $R$ is a left SP-ring [6, Prop. 6.2].

Now let $A$ be a nonzero left ideal of $Q_{c1}$ . Since $A\cap R$ is a nonzero left ideal
of $R,$ $A\cap R$ generates $RR$ . Thus there exist R-homomorphisms $f_{i}$ : $A\cap R\rightarrow R$

$(i=1, \cdots, m)$ such that $\sum_{i=1}^{m}f_{i}$ : $\bigoplus_{i=1}^{m}(A\cap R)\rightarrow R$ is an R-epimorphism. For each $i,$ $f_{i}$

induces a $Q_{c1}$-homomorphism $g_{i}$ : $Q_{c1}(A\cap R)\rightarrow Q_{c1}$ defined by $(\sum_{j=1}^{n}q_{j}x_{j})g_{i}=\sum_{j=1}^{n}q_{j}(x_{j})f_{i}$

where $q_{j}\in Q_{c1}$ and $x_{j}\in A\cap R$ . Since $Q_{c1}(A\cap R)=A$ , we have a $Q_{c1}$-epimorphism

$\sum_{i=1}^{m}g_{i}$ : $\bigoplus_{i=1}^{m}A\rightarrow\sum_{i=1}^{m}Q_{c1}{\rm Im}(f_{i})=Q_{c1}(\sum_{i=1}^{m}{\rm Im}(f_{i}))=Q_{c1}R=Q_{c1}$ . Hence $A$ is a generator

for $Q_{c1}- mod$ .

EXAMPLE 3.8. Every simple ring is a left G-ring, but the converse is not
true. For a counter example, we may take the ring $Z$ of integers. The ring $Z_{n}$

of $n\times n$ matrices over $Z$ is a left and right G-ring by using Corollary 3.3, which
is not simple.

EXAMPLE 3.9. Every left G-ring is a left R-ring, but the converse is not
true. For a counter example, we may take the ring $R=Z/(p^{n})$ , where $p$ is a
prime and $n$ is an integer greater than 1. To prove $R$ is a (left) R-ring, we
verify that $R$ satisfies (2) of Theorem A. For any non-trivial ideal $I=(p^{i})/(p^{n})$

where $i=1,$ $\cdots,$ $n-1$ , we define $j=0$ if $2i-n\leq 0$ and $j=2i-n$ if $2i-n>0$ . Then
the correspondence $p^{i}+(p^{n})-(p^{j}+(p^{n}))+I$ is a nonzero R-homomorphism from $I$

to $R/I$ . Now remark that $R$ has the nonzero socle $(p^{n-1})/(p^{n})$ but $R$ is not sim-
ple artinian. Hence $R$ is not a (left) G-ring by Corollary 3.4. We remark, by
this example, a factor ring of a left G-ring need not be a left G-ring.

4. Some generalizations of left G-rings.

LEMMA 4.1. Let $I=\sum_{i=1}^{m}Ra_{i}$ be a finitely generated left ideal of R. Then $I$

is a generator for R-mod if and only if there exist subsets { $b_{ij}|i=1,$ $\cdots,$ $m$ ;

$j=1,$ $\cdots,$ $n$ } and $\{s_{ij}|i=1, \cdots, m;j=1, \cdots , n\}$ of $R$ such that (1) $\sum_{i=1}^{m}r_{i}a_{i}=0$

implies $\sum_{i=1}^{m}r_{i}b_{ij}=0$ for $\{r_{i}|i=1, \cdots, m\}\subseteq R$ and $j=1,$ $\cdots,$ $n$ and (2) $\sum^{n}\sum^{m}$ sijbij
$j=1i=1$

$=1_{R}$ .

PROOF. Put $K=\{(b_{1}, \cdots, b_{m})\in R^{m}|\sum_{i=1}^{m}r_{i}a_{i}=0$ implies $\sum_{i=1}^{m}r_{i}b_{i}=0$ for $r_{1},$
$\cdots$ ,

$r_{m}\in R\}$ . Then the correspondence $f-((a_{1})f, \cdots , (a_{m})f)$ is a bijection between
$Hom_{R}(I, R)$ and $K$. Now $RI$ is a generator for R-mod if and only if there exists
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a subset $\{f_{j}|j=1, \cdots, n\}$ of $Hom_{R}(I, R)$ such that $\sum_{j=1}^{n}(I)f_{j}=\sum_{j=1}^{n}\sum_{i=1}^{m}R(a_{i})f_{j}=R$ .
This is equivalent to the existence of a subset $\{(b_{1j}, \cdots, b_{mj})|j=1, \cdots, n\}$ of $K$

such that $\sum_{j=1}^{n}\sum_{i=1}^{m}Rb_{ij}=R$ .

PROPOSITION 4.2. The following properties are equivalent for a ring $R$ :
(1) Every nonzero finitely generated left ideal of $R$ is a generator for R-mod.
(2) Every finitely generated left R-module with nonzero dual is a generator

for R-mod.
(3) Every nonzero finitely generated torsionless left R-module is a generator

for R-mod.
(4) Every nonzero finitely generated submodule of a projective left R-module

is a generator for R-mod.

PROOF. (1) $\Rightarrow(2)$ . Let $M$ be a finitely generated left R-module with an
$f(\neq 0)\in Hom_{R}(M, R)$ . Then the finitely generated left ideal ${\rm Im}(f)$ generates $RR$ ,

and so $M$ generates $RR$ .
(2) $\Rightarrow(3)\Rightarrow(4)\Rightarrow(1)$ . Clear.

DEFINITION 4.3. A ring which satisfies one of the equivalent conditions of
Proposition 4.2 is called a left FGG-ring.

COROLLARY 4.4. If $R$ is left semihereditary, $R$ is a left FGG-ring if and
only if every nonzero finitely generated projective left R-module is a generator

for R-mod.

PROPOSITION 4.5. The following properties are equivalent for a ring $R$ :
(1) Every nonzero cyclic left ideal of $R$ is a generator for R-mod.
(2) $Ra^{lr}=R$ for every nonzero $a\in R$ , where $a^{lr}=Ann_{R}^{r}(Ann_{R}^{l}(a))$ .
(3) $RK=R$ for every nonzero annihilator right ideal $K(i.e$ . $K=Ann_{R}^{r}(X)$

for some subset $X$ of $R$) of $R$ .
(4) Every cyclic left R-module with nonzero dual is a generator for R-mod.
(5) Every nonzero cyclic torsionless left R-module is a generator for R-mod.
(6) Every nonzero cyclic submodule of a projective left R-module is a gen-

erator for R-mod.

PROOF. (1) $\Rightarrow(2)$ . By using Lemma 4.1, for a nonzero cyclic left ideal $I=Ra$

of $R,$ $I$ is a generator for R-mod if and only if there exist subsets $\{b_{1}, \cdots, b_{n}\}$

of $a^{lr}$ and $\{s_{1}, \cdots, s_{n}\}$ of $R$ such that $\sum_{j=1}^{n}s_{j}b_{j}=1_{R}$ , or equivalently, $Ra^{lr}=R$ .
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(2) $\Rightarrow(3)$ . Let $K$ be a nonzero annihilator right ideal of $R$ . For a nonzero
$a\in K,$ $a^{lr}\subseteq K$ implies $RK=K$ by the assumption (2).

(3) $\Rightarrow(4)$ . Let $L$ be a left ideal of $R$ such that $Hom_{R}(R/L, R)\neq 0$ . Then we
have $L^{r}\neq 0$ . For every $c\in L^{r}$, we define $\xi_{c}\in Hom_{R}(R/L, R)$ as $\xi_{c}(x+L)=xc$ . Now
consider an R-homomorphism $\xi=\sum\xi_{c}$ : $\bigoplus_{c\in L^{r^{R}}}(R/L)\rightarrow R$ . Then ${\rm Im}(\xi)=RL^{r}=R$ by

(3). Thus $R(R/L)$ is a generator for R-mod.
(4) $\Rightarrow(5)\Rightarrow(6)\Rightarrow(1)$ . Clear.

DEFINITION 4.6. A ring which satisfies one of the equivalent conditions of
Proposition 4.5 is called a left CG-ring.

PROPOSITION 4.7. The following properties are equivalent for a ring $R$ :
(1) $R$ is a left FGG-ring.
(2) For each positive integer $n$ , the ring $R_{n}$ of $n\times n$ matrices over $R$ is a

left CG-ring.

PROOF. (1) $\Rightarrow(2)$ . By Proposition 4.2, we see that a property “left FGG” is
Morita invariant.

(2) $\Rightarrow(1)$ . Let $I$ be any nonzero finitely generated left ideal of $R$ , say $I=$

$Ra_{1}+\cdots+Ra_{n}$ . In $R_{n}$ we put $\omega=(a_{ij})$ where $a_{i1}=a_{i}$ and all other entries are

zero. By the assumption, for some $k$ , we have an $R_{n}$-epimorphism $\bigoplus_{i=1}^{k}R_{n}\omega\rightarrow R_{n}$ ,

which is in fact an R-epimorphism under the change of rings $R\rightarrow R_{n}$ (canonical

map). Since $R_{n}\omega\cong\bigoplus_{j=1}^{n}I$ , there exists an R-epimorphism $\bigoplus_{i=1}^{k}\bigoplus_{j=1}^{n}I\rightarrow R_{n}$ . Combining

this with an R-epimorphism $R(R_{n})\rightarrow RR((c_{ij})-c_{11})$ , we obtain a desired R-epimor-

phism $\bigoplus_{i=1}^{k}\bigoplus_{j=1}^{n}I\rightarrow R$ .

Now we consider another generalization of left G-rings. Recall that a semi-
prime ring is characterized as a ring whose essential left ideals are faithful. In
[5], D. Handelman studied the structure of left strongly semiprime $(SSP_{-})rings$

( $i$ . $e$ . rings whose essential left ideals are cofaithful). Among others, a ring $R$ is
left $SSP$ if and only if $R$ is a finite subdirect product of left SF-rings. So we
shall consider a ring $R$ whose essential left ideals are generators for R-mod.

PROPOSITION 4.8. The following properties are equivalent for a ring $R$ :
(1) Every essential left ideal of $R$ is a generator for R-mod.
(2) Every ideal which is essential in $R$ as a left ideal is a generator for

R-mod.
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(3) Every module $RQ$ satisfying that $t_{Q}(R)$ is an essential left ideal is a
generator for R-mod.

PROOF. (1) $\Rightarrow(2)$ . Clear.
(2) $\Rightarrow(3)$ . Assume, for a module $RQ,$ $t_{Q}(R)$ is essential in $R$ as a left ideal.

Since $Q$ generates $t_{Q}(R)$ and $t_{Q}(R)$ generates $RR,$ $Q$ is a generator for R-mod.
(3) $\Rightarrow(1)$ . Let $K$ be an essential left ideal of $R$ . Clearly we have $K\subseteq t_{K}(R)$

$\subseteq R$ , and so $t_{K}(R)$ is essential in $R$ as a left ideal. By (3), $K$ is a generator for
R-mod.

DEFINITION 4.9. A ring which satisfies one of the equivalent conditions of
Proposition 4.8 is called a left EG-ring.

PROPOSITION 4.10. (1) Every ring direct summand of a left EG-ring is a
left EG-ring.

(2) Every finite direct sum of left EG-rings is a left EG-rmg.

PROOF. (1). Let $T=R\oplus S$ be a ring decomposition of a left EG-ring $T$ . To
prove $R$ is a left EG-ring, let $A$ be any essential left ideal of $R$ . It is easy to
verify that $\tau(A\oplus S)$ is essential in $T$ . Hence for some $n$ , there exist a T-

epimorphism $\bigoplus_{i=1}^{n}(A\oplus S)\rightarrow T$ , which is also an R-epimorphism. The projection map
$T\rightarrow R$ is also an R-epimorphism. Composing these epimorphisms, we have an R-

epimorphism $\bigoplus_{i=1}^{n}(A\oplus S)\rightarrow T\rightarrow R$ . Now remark that every R-homomorphism $f$ :
$A\oplus S\rightarrow R$ vanishes $S$ , becanse $R((O, S)f)=(R(O, S))f=(O, O)f=0$ . Hence we have

an R-epimorphism $\bigoplus_{i=1}^{n}A\rightarrow R$ .
(2). Let $R=\bigoplus_{i=1}^{n}R_{i}$ be a direct sum of left EG-rings $R_{i}(i=1, \cdots, n)$ . For

each $i$ , we regard the projection map $\pi_{i}$ ; $R\rightarrow R_{i}$ as R-homomorphism. Then for
any essential left ideal $I$ of $R,$ $(I)\pi_{i}$ is an essential left ideal and also is an R-
submodule of $R_{i}$ . By the assumption, for some $k_{i}$ . there exists an $R_{i}$-epimorphism

$\bigoplus_{j-1}^{k_{i}}(I)\pi_{i}\rightarrow R_{i}$ which is also an R-epimorphism. Combining this with an R-epimor-

phism $I\rightarrow(I)\pi_{i}$ , we have an R-epimorphism $\bigoplus_{j=1}^{l_{i}}I\rightarrow R_{i}$ . Hence we have a desired

R-epimorphism $\bigoplus_{i=1}^{n}\bigoplus_{j=1}^{k_{i}}I\rightarrow\bigoplus_{i=1}^{n}R_{i}=R$ .
Note that an infinite direct product of left EG-rings need not be a left EG-

ring. For example, let $K$ be a field and $R=\prod_{i=1}^{\infty}K$. Then $I=\bigoplus_{i=1}^{\infty}K$ is an essential

ideal of $R$ , but is not cofaithful, and so $I$ is not a generator for R-mod.
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PROPOSITION 4.11. If $R$ is a left EG-ring and the classical left ring of quo-
tients $Q_{c1}$ of $R$ exists, then $Q_{c1}$ is also a left EG-ring.

PROOF. Let $A$ be an essential left ideal of $Q_{c1}$ . It is easy to verify that
$A\cap R$ is an essential left ideal of $R$ . Hence $A\cap R$ is a generator for R-mod, and
so $A$ is a generator for $Q_{c1}$-mod by the same argument of the proof of Proposi-

tion 3.7.

EXAMPLE 4.12. Every left G-ring is a left FGG-ring. Every left FGG-ring

is a left CG-ring, but the converse is not true. In fact, we shall give an example

of a left CG-ring $R$ having a finitely generated essential left ideal which is not

a generator for R-mod. Let $R=K[x, y]$ be a polynomial ring over a field $K$.
Since $R$ is a domain, every nonzero cyclic (left) ideal of $R$ is isomorphic to $R$ .
Thus $R$ is a (left) CG-ring. Now let $I=(x, y)$ be an ideal generated by $x$ and $y$ .
Remark that $I$ is essential in $R$ . We claim, for every R-homomorphism $f:I\rightarrow R$ ,

there exists an $r^{*}\in R$ such that $(z)f=zr^{*}$ for all $z\in I$ . Put $(x)f=r$ and $(y)f=s$ .
Then $(xy)f=xs=yr$ , and so there exists an $r^{*}\in R$ such that $r=xr^{*}$ and $s=yr^{*}$ .
Thus for every $z=ux+vy\in I$ where $u$ and $v$ are elements of $R,$ $(z)f=ur+vs=$

$(ux+vy)r^{*}=zr^{*}$ as desired. Hence for every $f\in Hom_{R}(I, R)$ , we have ${\rm Im}(f)\subseteq I$ ,

proving that $I$ is not a generator for R-mod.

EXAMPLE 4.13. Every left CG-ring is a left SP-ring, but the converse is not

true. Let $D=Z_{2}[x_{1}, x_{2}, x_{3}, \cdots]$ be the free non-commuting $Z_{2}$-algebra on $x_{i}$

$(i=1,2,3, \cdots)$ . Let $I$ be the two-sided ideal in $D$ generated by monomials of the
form $x_{i}x_{j}x_{k}$ with $i<j<k$ . As is shown in $[6, p9]$ , $R=D/I$ is a left SP-ring.

Now we show that a cyclic left ideal $A=(Dx_{3}+I)/I$ of $R$ is not a generator for
R-mod. For every R-homomorphism $f:_{R}A\rightarrow RR$ , we put $(x_{3}+I)f=m+I$ , where
$m\in D$ . Let $m=m_{1}+\cdots+m_{p}$ be a sum of (distint) monomials in $D$ . Since $x_{1}x_{2}x_{S}$

$\in I$ , we have $x_{1}x_{2}m=x_{1}x_{2}(m_{1}+\cdots+m_{p})\in I$ , and so $x_{1}x_{2}m_{i}\in I$ for $i=1,$ $\cdots$ , $p$ . We
may assume that each monomial $m_{i}=x_{j_{1}}x_{j_{2}}\cdots x_{J_{k}}\not\in I$ . Hence $j_{1}$ must be greater

than 2, and so $m\in\sum_{n=3}^{\infty}x_{n}D$ . Therefore ${\rm Im}(f)\subseteq(\sum_{n=3}^{\infty}Dx_{n}D+I)/I\neq R$ , proving that

$A$ is not a generator for R-mod.

EXAMPLE 4.14. Every left G-ring is a left EG-ring, but the converse is not

true. In fact, $R=Z\oplus Z$ is a (left) EG-ring by Proposition 4.10, but $R$ is not

prime. One may expect that, if $R$ is a left EG-ring, then every (essential sub-

module of a) projective left R-module is a generator for R-mod. But this is not

true. Once again let $R=Z\oplus Z$, and put $I=(Z, 0)$ be an ideal of $R$ . Clearly $RI$ is
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projective, but an easy verification shows that $t_{I}(R)=I$ , which means $RI$ is not a
generator for R-mod.

PROPOSITION 4.15. A ring $R$ is left $G$ if and only if $R$ is both left $EG$ and
left $R$ .

PROOF. $(\Rightarrow)$ : This was done in Example 4.14 and Corollary 3.6. $(\epsilon)$ : For
every idempotent preradical $\sigma$ for R-mod satisfying $\sigma(R)\neq 0$, we shall show that
$\sigma=1$ . Put a be the smallest radical larger than $\sigma$ ([16, p137]). Since $R$ is a left
R-ring, we have $\overline{\sigma}=1$ . We claim that $\sigma(R)$ is essential in $RR$ . Let $A$ be a left
ideal such that $A\cap\sigma(R)=0$ . Then $\sigma(A)\subseteq A\cap\sigma(R)=0$ , and so $A\in \mathcal{F}_{\sigma}=\mathcal{F}_{\overline{\sigma}}=\{0\}$

because $\overline{\sigma}=1$ . Now since $R$ is a left EG-ring, $\sigma(R)$ generates $RR$ . Thus for

some $n$ and a module $RN,\bigoplus_{i=1}^{n}\sigma(R)=R\oplus N$. Since $\sigma$ is idempotent, we also have
$\bigoplus_{i=1}^{n}\sigma(R)=\sigma(R)\oplus\sigma(N)$ . Therefore $\sigma(R)=R$ which means $\sigma=1$ as desired.

5. Rings without non-trivial left strongly idempotent ideals
(left E2-rings).

PROPOSITION 5.1. The following properties are equivalent for a ring $R$ :
(1) $\sigma(R)=0$ for every cotorsion radical $\sigma\neq 1$ for R-mod.
(2) There exist only two cotorsion radicals for R-mod.
(3) $R$ has no non-trivial idempotent ideals.

PROOF. Clear.
By using Proposition 1.4, we observe that the above property is Morita

invariant.

EXAMPLE 5.2. Every left R-ring has no non-trivial idempotent ideals, but
the converse is not true. For a counter example, consider $S=Z\times Q$ , where $Z$ is
the ring of integers and $Q$ the field of rational numbers. Define the addition on
$S$ by component wise and the multiplication on $S$ by

$(z_{1}, q_{1})*(z_{2}, q_{2})=(z_{1}z_{2}, z_{1}q_{2}+z_{2}q_{1})$ .
Then $S$ becomes a commutative ring without non-trivial idempotent ideals, but
as is shown in [2, Example 1.16] $S$ is not an R-ring.

DEFINITION 5.3. We shall call that an ideal $I$ of a ring $R$ is left strongly
idempotent, if $J=IJ$ holds for every left ideal $J\subseteq I$ .

Clearly every left strongly idempotent ideal is idempotent, but the converse
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is not true. For a counter example, let $R$ be the ring of $2\times 2$ upper triangular

matrices over a field $K$. One can check that $\left(\begin{array}{ll}0 & K\\0 & K\end{array}\right)$ is idempotent but not left

strongly idempotent. On the other hand, $\left(\begin{array}{ll}K & K\\0 & 0\end{array}\right)$ is left strongly idempotent.

THEOREM 5.4. The following properties are equivalent for a ring $R$ :
(1) $\sigma(R)=0$ for every exact radical $\sigma\neq 1$ for R-mod.
(2) There exist only two exact radicals for R-mod.
(3) If a nonzero injective module $RE$ satisfies the condition that, for a left

ideal $K,$ $Hom_{R}(R/K, E)=0$ implies $K+Ann_{R}(E)=R$ , then $E$ is faithful.
(4) There are no non-trivial ideals I such that $IN=N\cap IM$ for each $RN\subseteq RM$.
(5) There are no non-trivial (idempotent) ideals I such that $(R/I)_{R}$ are flat.
(6) $R$ has no non-trivial left strongly idempotent ideals.

PROOF. (1) $\Leftrightarrow(2)$ . Clear.
(1) $\Leftrightarrow(3)$ . For a left exact radical $\sigma$ for R-mod, there exists an injective

module $RE$ such that $\mathcal{F}_{\sigma}=t_{R}M|Hom_{R}(M, E)=0$}. In this case, $\sigma$ is an exact
radical if and only if, for a left ideal $K,$ $Hom_{R}(R/K, E)=0$ implies $K+\sigma(R)=R$

([15, Prop. 2.1]). Thus the equivalence of (1) and (3) is clear by noticing that
$\sigma(R)=Ann_{R}(E)$ .

(2) $\Leftrightarrow(4)$ . Clear.
(2) $\Leftrightarrow(5)$ . Let $\sigma$ be a cotorsion radical for R-mod. It is well known (for

example [12]) that $\sigma$ is left exact if and only if $(R/\sigma(R))_{R}$ is flat. Thus we
have an equivalence of (1) and (5).

(5) $\Leftrightarrow(6)$ . For an ideal $I,$ $(R/I)_{R}$ is flat if and only if $I$ is a left strongly
idempotent ideal ([10, Theorem 2]).

DEFINITION 5.5. A ring which satisfies one of the equivalent conditions of
Theorem 5.4 is called a left E2-ring.

COROLLARY 5.6. The property that a ring is a left E2-ring is Morita in-
variant.

PROOF. This is clear by (2) of Theorem 5.4 combined with Proposition 1.4.

COROLLARY 5.7. If $R$ is a left weakly regular ring ( $i$ . $e$ . a ring whose left
ideals are idempotent), then the following conditions are equivalent:

(1) $R$ is a simple ring.
(2) $R$ is a left E2-ring.
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PROOF. (1) $\Rightarrow(2)$ . Clear.
(2) $\Rightarrow(1)$ . Let $I$ be a proper ideal of $R$ . Since every left ideal is idempotent,

$I$ is a left strongly idempotent ideal. Hence $I=0$ and so $R$ is simple.

EXAMPLE 5.8. There is a right $E2$-ring which is not a left $E2$-ring. Let
$D=F[x, y]$ be the free non-commuting algebra on $\{x, y\}$ over a field $F$. Then
$DxD=\bigoplus_{i=0}^{\infty}y^{i}xD\cong\bigoplus_{i=0}^{\infty}D_{D}$ . The ring $R=End(DxD_{D})$ is right $SP$ (cf. [6, Example

13.2]) and so is right $E2$ . But $R$ contains a non-trivial left strongly idempotent

ideal $K=\bigoplus_{i=0}^{\infty}e_{i}R$ , where $e_{i}$ denotes the matrix with 1 in the $(i, i)$ position, $0$ else-
where.

EXAMPLE 5.9. If $R$ is a left CTF-ring, then every nonzero flat right R-
module is faithful ([6, Prop. 13.9]). If $R$ has this property, then $R$ is left $E2$ by
(5) of Theorem 5.4. But the converse is not true. Let

$R=\{\left(\begin{array}{lll}a & 0 & 0\\b & c & 0\\d & e & a\end{array}\right)|a,$ $b,$ $c,$ $d,$ $e\in K\}$ ,

where $K$ is a field. One can check that there are only two non-trivial idempotent
ideals

$I_{1}=\{\left(\begin{array}{lll}a & 0 & 0\\b & 0 & 0\\d & e & a\end{array}\right)|a,$ $b,$ $d,$ $e\in K\}$ and $I_{2}=\left(\begin{array}{lll}0 & 0 & 0\\K & K & 0\\K & K & 0\end{array}\right)$ .

Put $J_{1}=\left(\begin{array}{lll}0 & 0 & 0\\K & 0 & 0\\K & K & 0\end{array}\right)\subseteq I_{1}$ and $J_{2}=\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & 0\\K & 0 & 0\end{array}\right)\subseteq I_{2}$ . Then $J_{i}\neq I_{i}J_{i}(i=1,2)$ . Thus $I_{i}$

$(i=1,2)$ are not left strongly idempotent ideals. This gives an example of left
$E2$-ring having non-trivial idempotent ideals. The same argument shows $R$ is
also a right $E2$-ring. Now put

$A=\left(\begin{array}{lll}0 & 0 & 0\\K & K & 0\\0 & 0 & 0\end{array}\right)$ and $B=\{\left(\begin{array}{lll}a & 0 & 0\\0 & 0 & 0\\d & e & a\end{array}\right)|a,$ $d,$ $e\in K\}$ .

Then $R=A\oplus B$ , and so $A_{R}$ is flat. But since $Ann_{R}^{r}(A)=\left(\begin{array}{lll}0 & 0 & 0\\0 & 0 & 0\\K & K & 0\end{array}\right)\neq 0,$ $A_{R}$ is not

faithful. Finally, we remark that $R$ is not semiprime.

EXAMPLE 5.10. We give an example of a prime ring which is not left $E2$ .
Let $V_{D}$ be an infinite dimensional vector space over a division ring $D$ . Put $R=$
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End $(V_{D})$ . Then $R$ is a regular and prime ring. Put $I=soc(R)$ , then $I$ consists
of $f\in R$ such that ${\rm Im}(f)_{D}$ is finite dimensional. Thus $I$ is a non-trivial (left)

strongly idempotent ideal. One may remark that $RI$ is not cofaithful, and so $R$

is not a left SSP-ring.

PROPOSITION 5.11. If $R$ is a left E2-ring, then no non-trivial ideals of $R$ are
direct summand as a right ideal.

PROOF. Let $I$ be a proper ideal and $K$ a right ideal such that $R=I\oplus K$. For
every left ideal $J\subseteq I$ , we have $KJ\subseteq KI\subseteq I\cap K=0$ , and so $IJ=(I\oplus K)J=RJ=J$ . By

the assumption, $I=0$ as desired.

EXAMPLE 5.12. By Proposition 5.11, every left $E2$-ring is indecomposable as
a ring, but the converse is not true. For a counter example, we may take the
ring of $2\times 2$ upper triangular matrices over a field.

A table of rings

indecomposable
ring
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