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A NOTE ON A FORMALIZED ARITHMETIC WITH
FUNCTION SYMBOLS / AND +.
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Tsuyoshi YUurAMI

Introduction.

Let g be the first order language with function symbols /, + and the equality
symbol =. By & we denote the first order language obtained from £, by adding a
ternary predicate symbol P. The theory in g with the following axioms and axiom
schemata is signified by R.

(N- 1) Vz—(z'=0).

(N- 2) VaVy@'=y'Dz=y).

(N-3) Vz(@+0=2).

(N-4) VyVy@+y'=@+y)".

(N- 5) VzP(z,0,0).

(N- 6) V2VyVz{P(z, y, 2)DP(, y', z+2)}.

(N- 7) VaVyVzVw{(P(, y, 2) AP, ¥y, w)) Dz=w}.

(N- 8) Vz(z=2).

(N-9) VaVy{z=yDA@DAW))}.

(N-10) {AWAVz((A@) DA@'))} DV2A®).

(N-11) s=t¢, where s=t¢ is valid.

For a term ¢, b(¢) means the number of occurrences of bound varibles in ¢.
For a formula ¥, b() is defined inductively as follows. 1. b(»=s) =max(b(»), b(s)).
2. b(P(r, s, 1)) =max(b(r), b(s), b(®). 3. b(MAW=b@A). 4. bIAB) =b(AVB)
=max(b(2), b(B)). 5. b(VzA) =b(FzA) =b).

In we proved that:

For any formula A(a) of &; if there is a number m such that, for any natural
number n, there exists a proof R of ) in N with the following properties (1)
and (2), then YA (x) is provable in N.

(1) The length of B is less than m.

" (2) For any induction schema B in ® which is not a formula of L, b(B)<m.

The purpose of this paper is to prove the following theorem.

THEOREM. There are a formula U(a) and a natural number M such that: (a)
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VzU(x) is not provable in N. (b) For any natural number n, A7) is provable in
N with length <M.

We devote § 2 to proving the theorem. In §1 we prepare for the proof.

The author wishes to thank Dr. T. Uesu and Dr. M. Fukuyama, on whose
advices the author could simplify both the form of the formula 9((a) mentioned in
the theorem and the related arguments.

§ 2. Preparations for § 2.

LeMMA 1. If m-n=Fk, then P(m, @i, k) is provable in N with length 13.

Proor. Using (N-5) and (N-6), we can prove (1-1) and (1-2) with length <5.

a-1 Pum,0,0).

m m
P —
Qa-2) P(m, a,a+--+a)DP0im, a', a+-+a+m).
By (N-11), (1-3), (1-4) and (1-5) are axioms.
m

(1- 3) 0=0+-+0.

m m
A- 4 a+--+a+m=a +-+a'.

m

(1- 5) st tr=F

Using equality axioms with (1-1), (1-2), (1-3) and (1-4), we can deduce (1-6)
with length 10.

(1- 6) P(m, 0,0+ +0)AV2(P(m, 2, ¢+« +2) DP(im, 2, ' +---+2')).

From (1-6) with an iduction axiom, (1-7) is provable with lenght 11.

aA-7) VzP0m, z,2+---+2).

Hence we can deduce (1-8) with lenght 13 from (1-5) and (1-7).

(- 8) PGn, #, k).

LEMMA 2. If m+n=Fk and n+0, then k+m is provable in N with length 25.

Proor. By (N-11), (1-9) is an axiom.

A- 9 k=m+a.

The following formula is provable with length 17.

(1-10) VaVy(@+y=zDy=0).

We can deduce (1-11) with length 21 from (1-9) and (1-10) with equality axioms.

(1-11) k=m>D#i=0.

Hence (1-12) is provable with length 25 from (1-11) with the axiom (N-1).
(Note that n+#0.)

1-12) ~(k=m).

We define E-formulas inductively in the following manner. 1. Formulas of the
forms r=s, r+s and P(7, s, t) are E-formulas. 2. If % and 8 are E-formulas, then
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so are AAB and AVY. 3. If A is an E-formula, then so is J2Y.

LeMMA 3. Let Alay, -, a,) be an E-formula. Assume that every free variable
of Nay, -+, a,) is among ay, -+, @y,. Then there is a natural number M such that:
for any natural numbers ny, -+, n,, if (A, -+, #,) is true, then N(Fy, -, 71y) 1S
brovable in W with length <M.

is easily proved by the induction corresponding to the inductive difini-
tion of E-formulas. We use [Lemma 1] and [Lemma 2 in the basis step of the proof.

Let §(a,b,¢) be

Jz[P(b+c, b+c+1, 2)Aa+a=z+c+c].

By formalizing the ordinary informal proof that the function

J(z, y) = (x+y>(525+y+1)‘ +y

is a one-to-one function from ®? onto w, we can prove

(1-13) §a, b, o)AF(a, d, e)—b=dAc=e,

(1-14) V2Vy3F(z =, y)
and

(1-15) Vz3ayazg(=, y, 2).

We define E-formulas §,(a, by, **+, b,+1) by inductionon v: 1. Fola, b)) =a=b;.
2. F1(a, by, b)) =F(a, by, b2). 3. Fp+1(a, by, by -y bysyy byro) =32[Fr (@, byy -+ by DA
F@, bys1s bys2)].

Using (1-13), (1-14) and (1-15), we can prove by induction on v,

1-16) F.(a, by, 5 bus)AF(as €1, -+ Cyri)—=b1=c1A  Abyi1=Cpa,

A-17) V21 V2,113yF (¥, 21, -+ Zyar)
and

(1_18) anyl"'ayv+1%v(x’ ATIRAR yv+1)-
ReMARK. In connection with the definition of E-formulas, we state the following

lemma. But it is superfluous for our purpose. It is proved by formalizing the
proof of the theorem 1 in § 6 of the chapter 2 of [2].

LeMMA 4. Let &(a, b, ¢) be the standard formula which expresses the primi-
tive recursive Dredicate ‘a=b°". There is an E-formula $(a, b, ¢) such that
®(a, b, 0)=9Ha, b, ¢) is provable in N.

§2. Proof of the theorem,

2.1 Let T(2) be a recursively enumerable predicate which is not recursive.
By [1], there are polynomials f(2, ¥, -, ¥») and g%, ¥y, -, ¥,) With natural
number coefficients such that:

* T@oVy--Vy,(f@ ¥y - Y) =& Yo = ¥r)).

We can find an E-formula € (z, v;, -+, ¥,) which expresses naturally f(, y¥1,***,¥,)
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=9(z, ¥y, ***, ¥,). There is a primitive recursive function ¢(z) such that
¢(n) ="3y1-AY TG, Y1, 5 YD

2.2 To deduce a contradiction, we assume that, for any natural number #,
Jy,---3y,3 (A, Y1, -+, Yp) Or its negation is provable in N.

Then

**)  AzVy{[Proofa((¥)0 () & (y¥)1=0]

or [Proofa((y)o Neg(p(x))) & (y)1=11},

where Proofy is the proof predicate for R, and Neg is a function such that
Neg(TA™) ="=1U" for any formula .

We define

() = (py{[Proofn((¥)o $(m)) & (¥)1=0]
or [Proofr((#)o Neg(¢(m)) & (y)1=1]PD1.

From (**) and recursiveness of predicate Proofs and function Neg, we can
conclude that:

(*¥)  ¢(n) is recursive.

Furthermore we can conclude (¥*¥*) by the following arguments (a) and (b).

(k) A (T (@) o9 () =0).

(@) Assume T(n). By (*), 3y:---3v,TW, ¥, -+, Y») is true.
Because (%, y1, -+, ¥,) is an E-formula,

(¥k¥E%) - Vy Proofe(y, $(n)).
From the consistency of RN.

Cerrkxk)  ~Vy Proofn(y, Neg(¢(n))).
We can obtain the conclusion that ¢(#) =0 from (* ), (¥kFFRE) and the difini-
tion of ¢(n).

(b) Conversely assume ¢(n) =0. Then, by the difinition of ¢(n),
Vy Proofy (y, #(n)). Because every provable formula in ft is valid,
Jy:---3y, T A, Y1, -+ Yu) is true. Hence, by (%), T(n).

We can deduce a contradiction from (*¥*), (**¥*) and the hypothesis that
T(x) is not recursive. Hence we can obtain the conclusion that:

(exddxdky  For some m, Jy;---3y,T(%, vy, -, ¥») and its negation are not
provable in M. Furthermore 3y;---3y, (7, y1, -+, ¥y) is false, because
dy;---3y, TR, ¥y, -+, Yp) is an E-formula.

2.3 We can find an E-formula U(yy, .-+, ¥,) which expresses naturally
fm, yy, - y) #g(m, yy, -+, ¥») and for which

2-1) Uy = YD) =100 Y1 - Yo
is provable.

By (a), we denote the following formula:
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3Y1-3Yp{Fv-1(a Y1, 5 YD) AUYL o) U0 )
Note that %(a) is an E-formula. In the remainder of this paper, we shall prove
that A(a) has the two properties in the theorem.

2.3.1 Because of (¥®kkdkk) with (1-18) and (2-1), A(#) is true for any natural
number n. Hence, by we can conclude that: there is a natural number
M such that, for any natural number n, (%) is provable with length <M.

2.3.2 Using (1-16), (1-17) and (1-18), we can prove

(2-2) VzA@DVyr-Yy,U(y ) ¥s).

From (2-1) and (2-2), we can deduce

(2-3) V2UA@) D=3y 3y, T, Y1, - Yo).

Hence, from (r¥¥kx¥4) and (2-3), we can conclude that V2A(x) is not provable.
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