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Abstract. The review on [1] in Mathematical Reviews points out

that the proof of its main result is incorrect. The aim of this paper is

to correct the previous paper’s argument and clarify the statement.

In [2] it is stated that the proof of [1, Theorem 1.1] is incorrect, i.e., the

map f does not satisfy ð�Þr, as claimed on line 4 of the first paragraph on

[1, p. 188]. In fact, diam f ðBðc ik ðx0Þ; 1ÞÞ ¼ diam a1ðBðx0; 1ÞÞ0 0 for each k A N.

In this paper, we redefine the map f ¼ 6
k AN fk : ðY ; rÞ ! ðBnþ1; sÞ, in particular

fk : c ik ðBðx0; kÞÞ ! Bnþ1, where let Bðx0; rÞ ¼ fy A X : dðx0; yÞa rg for r > 0.

Let ðX ; dÞ be a proper CATð0Þ space and let c : ðX ; dÞ ! ðX ; dÞ be an

isometry satisfying that fc iðxÞ : i A Zg is unbounded (see [1, Theorem 1.1]). Fix a

point x0 of X . For every x A X , let xx : ½0; dðx0; xÞ� ! X be the geodesic from x0

to x in ðX ; dÞ. Recall the projection map p1 : X ! Bðx0; 1Þ in [1, p. 187] defined

by p1ðxÞ ¼ xxðminfdðx0; xÞ; 1gÞ for each x A X .

Since fc iðxÞ : i A Zg is unbounded, we have a sequence i1; i2; . . . of N satisfy-

ing an additional condition: dðc ik ðBðx0; kÞÞ;c ik 0 ðBðx0; k0ÞÞ > maxfk; k 0g when-

ever k0 k 0 (see the second line from the bottom of [1, p. 187]). For every

k A N, now we define a continuous map qk : Bðx0; kÞ ! Bðx0; 1Þ by qkðxÞ ¼
xxðdðx0; xÞ=kÞ for each x A Bðx0; kÞ. Here, we redefine the map fk in the first

line of [1, p. 188] by a map a1 � qk � c�ik : c ik ðBðx0; kÞÞ ! Bnþ1. Let Y ¼
6

k AN c ik ðBðx0; kÞÞ and let f ¼ 6
k AN fk : Y ! Bnþ1.

We see that p1jBðx0;kÞ is homotopic to qk. Indeed, we have a homotopy

H : Bðx0; kÞ � ½0; 1� ! Bðx0; 1Þ : p1jBðx0;kÞ F qk defined by

Hðx; tÞ ¼ xxððdðx0; xÞ=k �minfdðx0; xÞ; 1gÞtþminfdðx0; xÞ; 1gÞ
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for each ðx; tÞ A Bðx0; kÞ � ½0; 1�. Thus, 00 ½ak� ¼ ½a1 � p1� ¼ ½a1 � qk� A
Hnþ1ðBðx0; kÞ;Sðx0; kÞÞ, where ak : ðBðx0; kÞ;Sðx0; kÞÞ ! ðBnþ1;SnÞ is the map in

the fifth line from the bottom of [1, p. 187]. Therefore, every fk is essential.

We show that f : ðY ; rÞ ! ðBnþ1; sÞ has property ð�Þr: for every r > 0 and

every e > 0, there exists a compact set K of Y such that diam f ðBðx; rÞVY Þ < e

for all x A YnK . Here r ¼ djY and s is the usual metric of Bnþ1. Let r > 0 and

let e > 0. By the uniformly continuity of a1, there exists d > 0 such that for

every EHBðx0; 1Þ with diam E < d, diam a1ðEÞ < e. We see that for every

r > 0 there exists k0 A N with k0 > maxfr; 4r=dg such that for every kb k0

and every DHBðx0; kÞ with diam Da 2r, diam qkðDÞ < d. Let kb k0 and

let x; y A Bðx0; kÞ with dðx; yÞa 2r. We note that qkðxÞ ¼ xxðdðx0; xÞ=kÞ and

qkðyÞ ¼ xyðdðx0; yÞ=kÞ. By the comparison triangle for sðx0; x; yÞ, we have

dðqkðxÞ; qkðyÞÞa dðx; yÞ=ka 2r=k < d=2. Thus, every DHBðx0; kÞ with diam D

a 2r satisfies that diam qkðDÞ < d. Let K ¼ 6k0�1

k¼1
c ik ðBðx0; kÞÞ, let x A YnK and

let k A N with kb k0 such that x A c ik ðBðx0; kÞÞ. Since Bðx; rÞVY Hc ik ðBðx0; kÞÞ,
c�ik ðBðx; rÞVYÞ ¼ Bðc�ik ðxÞ; rÞVBðx0; kÞHBðx0; kÞ. Since diam c�ik ðBðx; rÞ
VYÞa 2r, by the above we see that diam qk � c�ik ðBðx; rÞVYÞ < d. Hence

diam f ðBðx; rÞVY Þ ¼ diam fkðBðx; rÞVY Þ ¼ diam a1ðqk � c�ik ðBðx; rÞVYÞÞ < e.

Therefore, the map f has property ð�Þr.
Thus, there exists an extension f : Y

r ! Bnþ1 of f . By the same manner on

the second paragraph of [1, p. 188], we can show that g ¼ f jnrY : nrY ! Bnþ1 is

essential because every fk is essential. Therefore, dim ndX b dim nrY b nþ 1.
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