
TSUKUBA J. MATH.
Vol. 39 No. 1 (2015), 15–28

GENERALIZED FOURIER-STIELTJES ALGEBRA

By

G. A. Bagheri-Bardi

Abstract. Let fGign
i¼1 be locally compact groups and H be

Hilbert space. We define the n-variable Fourier-Stieltjes algebra

Bð
Qn

1 Gi;BðHÞÞ consists all functions

f : G1 � � � � � Gn ! BðHÞ

for which there exists unitary representations pi : Gi ! BðHiÞ and a

diagram of bounded operators

H ��!V Hn ��!Tn�1
Hn�1 � � �H2 ��!T1

H1 ��!U H

with

fðs1; . . . ; snÞ ¼ Up1ðs1ÞT1p2ðs2Þ � � � pn�1ðsn�1ÞTnpnðsnÞV

We extend the pointwise product on Bð
Qn

1 Gi;BðHÞÞ under which it

forms a completely contractive commutative unital Banach algebra.

A diagram of its subalgebras will be introduced.

1. Introduction

Once and for all in this paper G1 and G2 are locally compact groups and H

is a Hilbert space with a fixed orthogonal basis E. We denote by BðHÞ ðKðHÞÞ
the algebra of all bounded (compact) operators on H.

The bi-Fourier-Stieltjes algebra B2ðG1 �G2Þ was introduced and studied as

a dual operator space in [9] and [16]. It consists all bi-coe‰cients of unitary

representations of G1 and G2: f : G1 �G2 ! C is in B2ðG1 �G2Þ if there exist

unitary representations pi : Gi ! BðHiÞ, (connector) bounded operator T : H2 !
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H1 and z A H1 and h A H2 such that

fðs; tÞ ¼ hp1ðsÞTp2ðtÞh j zi

In this paper we introduce the generalized bi-Fourier-Stieltjes algebra

B2ðG1 �G2;BðHÞÞ as an extension of the bi-Fourier-Stieltjes algebra. It consists

all operator bi-coe‰cients of unitary representations of G1 and G2: f : G1 �G2 !
BðHÞ is in B2ðG1 �G2;BðHÞÞ if there exist unitary representations pi : Gi !
BðHiÞ and a diagram of bounded operators

H �!V2
H2 �!

T
H1 �!

V �
1

H

such that

fðs; tÞ ¼ V �
1 p1ðsÞTp2ðtÞV2ð1:0:1Þ

We extend the pointwise product on B2ðG1 �G2;BðHÞÞ and prove under which

the generalized bi-Fourier-Stieltjes algebra is a completely contractive commu-

tative Banach algebra. We also illustrate it by using of the following operator

spaces identification

B2ðG1 �G2;BðHÞÞF ðBðG1Þ n
w �h

BðG2ÞÞnBðHÞð1:0:2Þ

In fact we calculate the imposed pointwise product on the right hand of above

and then obtain a diagram of well-behaved subalgebras. Finally we calculate the

maximal ideals space and have a discussion about the operator amenability for

some particular of those subalgebras.

2. Preliminaries

We define a matrix norm fk:kng on a linear space V to be an assignment of a

norm k:kn on the matrix space MnðVÞ for each n A N. An operator space is a

linear space V together with a matrix norm fk:kng for which

(1)
v 0

0 w

� ����� ����
mþn

¼ maxfkvkn; kwkmg

(2) kavbkn a kak kvknkbk

for all v A MnðVÞ, w A MmðWÞ and a A Mm;n, b A Mm;n. In [17] Ruan proved

operator spaces are just the abstract case of subspaces of C �-algebras.

Given operator spaces X and Y . We also let CBðX ;YÞ the linear space of

completely bounded linear maps, i.e. maps T : X ! Y for which the amplifi-
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cation, TðnÞ : MnðX Þ ! MnðYÞ, satisfy

kTkcb ¼ supfkTðnÞk : n A Ng < þy

Also T is called completely isometry (contraction) if TðnÞ is isometry (contraction)

for all n A N. We will assign X � ¼ CBðX ;CÞ the operator space from [4]. We will

make use of tensor product here but just recall those facts which will be used. For

definitions and basic properties see the corresponded references.

Similar to classical case the operator projective tensor product linearize

completely bounded bilinear maps i.e. (see [3] [12] or [13] section 7)

CBðX � Y ;CÞFCBðX ;Y �Þ ¼ ðX bnnY Þ�

For some particular case like Y � ¼ BðHÞ dual of the operator projective tensor

product may be expressed as the normal spacial tensor product i.e. (see [2] 1.6.5)

ðX bnnTðHÞÞ� ¼ CBðX ;BðHÞÞ ¼ X � nBðHÞð2:0:3Þ

where n is the normal spatial tensor product ([13] or [18] section 7) and TðHÞ is
the set of all trace class operators on H.

The operator injective tensor product is denoted by n
4

(see [12] [3] or [13]

section 8). In general we have

X � n
4

Y ,! CBðX ;YÞ

Therefore

X � n
4

BðHÞ ,! X � nBðHÞð2:0:4Þ

Finally the Haagerup tensor product ([10] or [13] section 9) is denoted by n
h

. In

[4] Blecher and Smith characterized the dual of the Haagerup tensor product in

terms of what they called the weak*-Haggerup tensor product i.e.

ðX n
h

Y Þ� ¼ X � n
w�h

Y �

Also u is in X � n
w �h

Y � if and only if u has a w*-representation
P

xi n yi where

½xi� A M1; I ðX �Þ, ½yi�I ;1 A MI ;1ðY �Þ for some cardinal number I and

kukw �h ¼ inffk½xi�k k½yi�k : ½xi� A M1; I ðX �Þ; ½yi�I ;1 A MI ;1ðY �Þg

which is actually achieved [4].

Let A be an algebra over complex numbers. We call A a completely con-

tractive Banach algebra if A is a complete operator space and the multiplication

A�A ! A is completely contractive, i.e. it extends on the operator projective
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tensor product A bnnA ! A. Equivalently, we have

k½ai; jbk; l �ka k½ai; j�k k½bi; j�k

for all a ¼ ½ai; j� and b ¼ ½bi; j� in MnðAÞ (See [13] section 17). Completely con-

tractive Banach algebra were first mentioned in [4]; it was observed there that the

Fourier algebras of a locally compact group were examples of these.

We fix o to be the isometry defined by

o : H ! Hn2 H : oe ¼ en e ðe A EÞð2:0:5Þ

Given a; b A BðHÞ, we regard an b as an element of BðHn2 HÞ and we define

the Schur product of a and b as

a � b ¼ o�ðan bÞoð2:0:6Þ

Equipped with the natural operator space and the Schur product, BðHÞ and

KðHÞ are completely contractive commutative Banach algebras (See 5.3.11 from

[2]). The main reference for the Schur product is [19].

3. Generalized Bi-Fourier-Stieltjes Algebra

Let X be a locally compact topological space. We denote by CbðX;BðHÞÞ
the set of all (norm) bounded continuous functions f : X ! BðHÞ. For each

n A N, we have the following natural linear spaces identification

MnðCbðX;BðHÞÞÞFCbðX;BðHnÞÞ

Therefore we may say the uniform norm determines an operator space structure

on CbðX;BðHÞÞ. We extend the pointwise product on CbðX;BðHÞÞ

f � gðxÞ :¼ f ðxÞ � gðxÞð3:0:7Þ

where f ðxÞ � gðxÞ is the Schur product of the operators f ðxÞ and gðxÞ [19].

Proposition 1. Under the point-wise product CbðX;BðHÞÞ is a completely

contractive commutative Banach algebra.

Proof. Since the Schur product is completely contractive on BðHÞ (See

5.3.11 from [2]) then the assertion is obtained. r

For given n A N, we say F : G1 �G2 ! BðHnÞ is h-bounded if it has an

h-Stinespring’s representation i.e. there exist unitary representations pi : Gi !
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BðHiÞ and a diagram of bounded operators

H �!V2
H2 �!

T
H1 �!

V �
1

H

such that

Fðs; tÞ ¼ V �p1ðsÞTp2ðtÞWð3:0:8Þ

We denote B2ðG1 �G2;BðHÞÞ by the set of all h-bounded maps F : G1 �G2 !
BðHÞ and call it the generalized bi-Fourier-Stieltjes algebra. Note that for given

h-bounded maps i ¼ 1; 2

Fi ¼ V �
i pið:ÞTisið:ÞWi

We have

F1 þF2 ¼
V1

V2

� �� p1 0

0 p2

� �
T1 0

0 T2

� �
s1 0

0 s2

� �
W1

W2

� �
Therefore B2ðG1 �G2;BðHÞÞ is a subspace of CbðG1 �G2;BðHÞÞ. It is directly

to be checked that

MnðB2ðG1 �G2;BðHÞÞÞ ! B2ðG1 �G2;BðHnÞÞ : ½fi; j� ! F

is a linear spaces isomorphism, where Fðt; sÞ ¼ ½fi; jðt; sÞ�. From now on we

identify ½fi; j � and F.

Remark 2. It is well-known (see [6] or [13] corollary 9.4.6) for each

completely bounded map ~ff in CBðC �ðG1Þ n
h

C �ðG2Þ;BðHÞÞ there exist non-

degenerate *-representations epipi of C �ðGiÞ, bounded operator T : H~pp2 ! H~pp1 and

bounded operators V ;W : H ! H~ppi such that

f ¼ V �~pp1T ~pp2W ; kfkcb ¼ kVk kTk kWk

Let F ¼ ½fi; j� : G1 �G2 ! BðHnÞ. We define

k½fi; j�kn :¼ infkVk kTk kWk

where the infimum is taken over all h-Stinespring’s representations F ¼
V �pTsW . The matrix norms fk:kng

y
n¼1 puts an operator space structure on

B2ðG1 �G2;BðHÞÞ under which the following map is a completely isometry

isomorphism

B2ðG1 �G2;BðHÞÞ ! CBðC �ðG1Þ n
h

C �ðG2Þ;BðHÞÞð3:0:9Þ

V �pTsW ! V �~ppT ~ssW
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where ~pp and ~ss are the corresponding non-degenerate *-representations of p and s

on C �ðG1Þ and C �ðG2Þ respectively.

The generalized bi-Fourier-Stieltjes algebra B2ðG1 �G2;BðHÞÞ is closed

under the pointwise product (see 3.0.7). In other words it is a subalgebra of

CbðG1 �G2;BðHÞÞ. To prove it we take the h-Stinespring’s representations

fðs; tÞ ¼ V �
1 p1ðsÞTp2ðtÞV2; cðs; tÞ ¼ W �

1 s1ðsÞSs2ðtÞW2

Then

f � cðs; tÞ ¼ fðs; tÞ � cðs; tÞ

¼ o�ðfðs; tÞncðs; tÞÞo

¼ o�ðV �
1 p1ðsÞTp2ðtÞV2Þn ðW �

1 s1ðsÞSs2ðtÞW2Þo

¼ o�ðV1 nV2Þ�ðp1 p p2ÞðsÞðSnTÞðs1 p s2ÞðtÞðW1 nW2Þo

where

p1 p p2 : G1 ! BðHp1 n
2 Hp2Þ : s ! p1ðsÞn p2ðsÞ

Theorem 3. Let G1 and G2 be locally compact groups. Then the generalized

bi-Fourier-Stieltjes algebra B2ðG1 �G2;BðHÞÞ is a completely contractive com-

mutative Banach algebra under the point-wise product.

Proof. Let F1 ¼ ½fi; j �n�n and F2 ¼ ½ci; j�n�n be h-bounded maps and put

F1 nF2 ¼

ðf1;1 � ci; jÞ � � � ðf1;n � ci; jÞ
..
. ..

.

ðfn;1 � ci; jÞ � � � ðfn;n � ci; jÞ

2664
3775

We take the following h-Stinespring’s representations

F1 ¼ V �p1Tp2W ; F2 ¼ M �s1Ss2N

With

kF1k ¼ kVk kTk kWk; kF2k ¼ kMk kSk kNk

We consider the projections

Pi : H
n ! H : ðh1; . . . ; hnÞ ! hi

and put Ei ¼ P�
i . Then
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ðV � nM �Þðp1 n s1ÞðT nSÞðp2 n s2ÞðW nNÞ ¼
P1V

�

P2V
�

P3V
�

24 35n P1M
�

P2M
�

P3M
�

24 350@ 1A
ðp1 n s1ÞðT nSÞð½WE1 WE2 WE3�n ½NE1 NE2 NE3�Þ

¼ ½ðPiV
�Þp1Ts1ðMEjÞ�n�n n ½ðPkM

�Þp2Ts2ðNElÞ�n�n

¼ F1 nF2

Therefore

kF1 nF2ka kðV � nM �Þðp1 n s1ÞðT nSÞðp2 n s2ÞðW nNÞk

a ðkVk kTk kWkÞðkMk kSk kNkÞ

a kF1k kF2k r

By definition of the Schur product one may see in particular case H ¼ C the

pointwise product is given by the natural way.

Corollary 4. The bi-Fourier-Stieltjes algebra B2ðG1 �G2Þ is a unital com-

pletely contractive Banach algebra under the pointwise product.

Now we begin to illustrate the generalized bi-Fourier-Stieltjes algebra. On the

basis [4], we have

ðC �ðG1Þ n
h

C �ðG2ÞÞ� ¼ BðG1Þ n
w�h

BðG2Þð3:0:10Þ

Therefore there is a completely isometry isomorphism from the bi-Fourier-

Stieltjes algebra B2ðG1 �G2Þ onto the weak*-Haagerup tensor product of the

Fourier-Stieltjes algebras BðG1Þ and BðG2Þ which we show by

j : BðG1Þ n
w�h

BðG2Þ ! B2ðG1 �G2Þð3:0:11Þ

We may also assume j is w�-continuous. Therefor we obtain the following dual

operator spaces identifications

B2ðG1 �G2;BðHÞÞ ¼ CBðC �ðG1Þ n
h

C �ðG2Þ;BðHÞÞ

¼ ððC �ðG1Þ n
h

C �ðG2ÞÞ bnnTðHÞÞ�
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¼ ðBðG1Þ n
w �h

BðG2ÞÞnBðHÞ

¼ B2ðG1 �G2ÞnBðHÞ

We partially calculate the imposed point-wise product on its tensor type.

One may conclude by the beginning part of section 7 of [11]

ð f1 n g1Þ:ð f2 n g2Þ :¼ f1 f2 n g1g2ð3:0:12Þ

induces a completely contractive multiplication on BðG1Þ n
w�h

BðG2Þ. First we

show that the bi-Fourier-Stieltjes algebra B2ðG1 �G2Þ and BðG1Þ n
w�h

BðG2Þ are

the same in the category of completely contractive Banach algebras which will be

done in the following three steps.

Step 1. In this step for given w�-representation

u ¼
X

fi nci A BðG1Þ n
w �h

BðG2Þ

we give a suitable h-Stinespring’s representation for jðuÞ (see 3.0.9).

Let the basic element fnc in BðG1ÞnBðG2Þ. Then

jðfncÞ ¼ hp1ðzp kÞs1h j hið3:0:13Þ

where

fðxÞ ¼ hp1ðxÞz j hi; cðyÞ ¼ hs1ðyÞh j ki

and

zp k : Hs ! Hp : h1 ! hh1jkiz

As in [4] we may assume

X
fi nci

��� ���
w�h

¼ k½fi�1; Ik k½ci�I ;1k

where ½fi� A M1; I ðBðG1ÞÞ and ½ci� A MI ;1ðBðG2ÞÞ. By the generalized Stinespring’s

theorem ([14] or [15] theorem 8.4) there is a continuous unitary representation pu,

bounded operator Tu : l
2ðIÞ ! Hp and hu A Hp with

½fi�1; I ¼ h�
upuTu; k½fi�1; Ik ¼ khuk kTuk

Similarly there is a continuous unitary representation su, bounded operator

Vu : l
2ðIÞ ! Hs and hu A Hs with

½ci�I ;1 ¼ V �
u suhu; k½ci�I ;1k ¼ khuk kVuk
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We put TuðeiÞ ¼ zi and VuðeiÞ ¼ ki where feig is the standard orthogonal

basis of l 2ðIÞ. Since ½fi�1; I and ½ci�I ;1 are row and column matrices respectively

then

fi ¼ hpuzi; hui; ci ¼ hsuhu; kii

We put for each finite subset FJ I

TF ¼ pu
X
F

zi p ki

 !
suhu j hu

* +
¼ pu

X
F

TuðeiÞpVuðeiÞ
 !

suhu j hu

* +

¼ pu Tu

X
F

ei p ei

 !
V �

u

 !
suhu j hu

* +

Therefore fTFgFJI is a uniformly bounded net and for each finite subset FJ I ,

TF is a corresponded h-Stinespring’s representation for
P

F fi nci and so is w�-

convergent (see 3.0.9). Now we show TF is w�-convergent to hpuTuV
�
u suhu j hui.

To prove it first we need to show the bounded net of finite ranks operators

f
P

Fðzi p kiÞg converges to TuV
�
u in the strong operator topology. Let hs A Hs.

Then

TuV
�
u hs ¼ Tu

X
hV �

u hs j eiiei
� �

¼
X

Tuðhhs jVuðeiÞiÞeiÞ

¼
X

hhs jVuðeiÞiTuðeiÞ

¼
X

ðTuðeiÞpVuðeiÞÞhs ¼
X

ðzi p kiÞhs

Let the basic element f n g A C �ðG1ÞnC �ðG2Þ. We may assume f , g are con-

tinuous functions with compact support.

hhpuTuV
�
u suhu j hui; f n gi

¼
ð ð

hpuðxÞTuV
�
u suðyÞhu j hui f ðxÞgðyÞ dxdy

¼
ð ð

hTuV
�
u suðyÞhu j puðx�1Þhui f ðxÞgðyÞ dxdy

¼ lim

ð ð X
F

zi p ki

 !
suðyÞhu j puðx�1Þhu

* +
f ðxÞgðyÞ dxdy
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¼ lim pu
X
F

zi p ki

 !
suhu j hu

* +
; f n g

* +

¼ limhTF; f n gi

Therefore

j u ¼
X

fi nci

� �
¼ hpuTuV

�
u suhu j huið3:0:14Þ

Indeed X
fi nci

��� ���
h
¼ khuk khuk kVuk kTuk

Step 2. Let the basic element fnc and w�-representation
P

fi nci. In this

Step we show

j
X

fi nci

� �
ðfncÞ

� �
¼ j

X
fi nci

� �
jðfncÞ

Just as in (3.0.13) and (3.0.14) we take the h-Stinespring’s representations

jðfncÞ ¼ hp1ðzp kÞs1h; hi; j
X

fi nci

� �
¼ hpuTuV

�
u suhu j hui

Since the multiplication on the Fourier-Stieltjes algebra BðGiÞ is w�-separately

continuous (i.e. it is a dual completely contractive Banach algebra) then

X
fi nci

� �
ðfncÞ ¼

X
fifncic

It is obvious that the bounded net fð
P

F zi p kiÞn ðzp kÞgF is convergent to

TV � n ðzp kÞ in the strong operator topology. We also note that for each finite

subset FJ I

j
X
F

fifncic

 !

¼ ðpu p p1Þ
X
F

zi p ki

 !
n ðzp kÞ

 !
ðsu p s1Þhu n h j hu n h

* +

Therefore similar to process in step 1

j
X

fifncic
� �

¼ hðpu p p1ÞððTV �Þn ðzp kÞÞðsu p s1Þhu n h j hu n hi
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Step 3. Since j is w�-continuous in the second variable then one conclude the

completely isometry j is also a homomorphism by using of similar method which

applied in step 2.

Theorem 5. Let G1 and G2 be locally compact groups. There is a completely

isometry isomomorphism form BðG1Þ n
w �h

BðG2Þ onto B2ðG1 �G2Þ.

Let fn n be a basic element in B2ðG1 �G2ÞnBðHÞ and the Stinespring’s

representation f ¼ hpTsz j hi. We define

Th : H ! Hp nH : k ! hn k

Sz; n : H ! Hp nH : h ! zn nh

Then we obtain a suitable corresponding Stinespring’s representation for fn n as

follows

fn n ¼ T �
h ðpp iÞðT n idÞðsp iÞSz; n

Where i is the trivial continuous unitary representation. If we consider the basic

elements fi n ni in B2ðG1 �G2ÞnBðHÞ ði ¼ 1; 2Þ with the Stinespring’s rep-

resentations

fi n ni ¼ T �
hi
ðpi p iÞðTi n idÞðsi p iÞSzi ; ni :

Then for each e, f in E

hðf1 n n1Þ � ðf2 n n2ÞðxÞe j f i

¼ hT �
h1
ðp1 p iÞSz1n1 � T �

h2
ðp2 p iÞSz2;n2ðxÞe j f i

¼ hðTh1 nTh2oÞ
�ððp1 p iÞp ðp2 p iÞÞðxÞðSz1; n1 nSz2; n2oÞe j f i

¼ hððp1ðxÞn iðxÞÞn ðp2ðxÞn iðxÞÞÞðz1 n n1eÞ

n ðz2 n n2eÞ j ðh1 n f Þn ðh2 n f Þi

¼ hp1ðxÞz1 j h1ihp2ðxÞz1 j h1ihn1e j f ihn2e j f i

¼ f1ðxÞf2ðxÞho�ðn1 n n2Þoe j f i

¼ f1ðxÞf2ðxÞhn1 � n2e j f i

These calculations show that

ðf1 n n1Þ � ðf2 n n1Þ ¼ f1f2 n n1 � n2ð3:0:15Þ
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Since the pointwise product is norm continuous on B2ðG1 �G2;BðHÞÞ then we

have for given uniformly convergence series
Py

i¼1 fi n ui and
Py

j¼1 cj nwj in

B2ðG1 �G2ÞnBðHÞ

Xy
i¼1

fi n ui

 !
�
Xy
j¼1

cj nwj

 !
¼
Xy
i; j¼1

ficj n ui � wjð3:0:16Þ

As a result of the self-duality for the Haagerup tensor product ([8][5][4])

BðG1Þ n
h

BðG2ÞJBðG1Þ n
w�h

BðG2Þ

Also (see 2.0.4)

B2ðG1 �G2Þ n
4

BðHÞJB2ðG1 �G2ÞnBðHÞ

We use of the injectivity property of the Haagerup and operator injective tensor

product we obtain the following diagram of subalgebras of the generalized

Fourier-Stieltjes algebra B2ðG1 �G2;BðHÞÞ.

ðBðG1Þ n
w�h

BðG2ÞÞnBðHÞ���
ðBðG1Þ n

h

BðG2ÞÞ n
4

KðHÞ���
ðAðG1Þ n

h

BðG2Þ þ BðG1Þ n
h

AðG2ÞÞ n
4

KðHÞ./
ðAðG1Þ n

h

BðG2ÞÞ n
4

KðHÞ ðBðG1Þ n
h

AðG2ÞÞ n
4

KðHÞ/.
ðAðG1Þ n

h

AðG2ÞÞ n
4

KðHÞ���
0

It is well-known that

AðG1Þ bnnAðG2ÞFAðG1 �G2Þ

Since k � kh a k � k5 ([2] page 36) then we may transfer some properties from the

Fourier algebra AðG1 �G2Þ to bi-Fourier algebra AðG1Þ n
h

AðG2Þ by the fol-

lowing inclusion mapping

AðG1Þ bnnAðG2Þ ! AðG1Þ n
h

AðG2Þð3:0:17Þ
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Corollary 6. (1) The maximal ideal space of the bi-Fourier algebra

AðG1Þ n
h

AðG2Þ is the cartesian product G1 �G2 and so is semisimple.

(2) The bi-Fourier algebra AðG1Þ n
h

AðG2Þ is always weakly amenable.

(3) The bi-Fourier algebra AðG1Þ n
h

AðG2Þ is operator amenable if Gi are

amenable.

Proposition 7. Let G1 and G2 be compact groups. Then M is a w�-closed

maximal ideal of B2ðG1 �G2Þ if and only if there is ðx; yÞ A G1 �G2 such

that

M ¼ fhpTsz; hi : hpðxÞTsðyÞz; hi ¼ 0g

Therfore the bi-Fourier-Stieltjes algebra B2ðG1 �G2Þ is semisimple.

Proof. Let w be a w�-continuous character on B2ðG1 �G2Þ. Then the re-

striction of w is a non-zero character on AðG1Þ n
h

AðG2Þ and so it is in the form

of w1 n w2 where wi is a non-zero character of AðGiÞ. Since the spectrum of the

fourier algebras AðGiÞ are just Gi then there is a ðx; yÞ A G1 �G2 such that w ¼
lðxÞn lðyÞ. r
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